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Abstract

In this paper, we prove some results of a common fixed point for two self-mappings
on partial metric spaces. Our results generalize some interesting results of lli¢ et al.
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spaces.
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1 Introduction

In the mathematical field of domain theory, attempts were made to equip semantics do-
main with a notion of distance. In particular, Matthews [1] introduced the notion of a
partial metric space as a part of the study of denotational semantics of data for networks,
showing that the contraction mapping principle can be generalized to the partial met-
ric context for applications in program verification. Moreover, the existence of several
connections between partial metrics and topological aspects of domain theory have been
lately pointed out by other authors such as O’Neill [2], Bukatin and Scott [3], Bukatin and
Shorina [4], Romaguera and Schellekens [5] and others.

After the definition of the concept of a partial metric space, Matthews [1] obtained a Ba-
nach type fixed point theorem on complete partial metric spaces. This result was recently
generalized by Ili¢ et al. [6]. In this paper, we prove some results of a common fixed point
for two self-mappings on partial metric spaces. Our results generalize some interesting
results of Ili¢ et al. We conclude this paper with a new existence result of a fixed point for
set-valued mappings in a partial metric space.

2 Preliminaries

First, we recall some definitions and some properties of partial metric spaces that can be
found in [2, 5-27]. A partial metric on a nonempty set X is a function p: X x X — [0, +00]
such that for all x,y,z € X,

(p1) x=y & plx,x)=pxy) =p»y)

(p2) plx,x) <px,y),

(p3) p(x,y) =p(y,x),

(ps) px,y) < p(x,2) + p(z,y) - p(z,2).
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It is clear that (p4) implies the triangular inequality. A partial metric space is a pair (X, p)
such that X is a nonempty set and p is a partial metric on X. It is clear that if p(x, y) = 0, then
from (p1) and (p»), it follows that x = y. But if x = y, p(x, y) may not be 0. A basic example of
a partial metric space is the pair ([0, +o0o[, p), where p(x, y) = max{x, y} for all x,y € [0, +o0[.
Other examples of partial metric spaces, which are interesting from a computational point
of view, can be found in [1].

Each partial metric p on X generates a T, topology 7, on X which has as a base the
family of open p-balls {B,(x,¢) : x € X, & > 0}, where

B,(x,¢) = {y € X : p(x,y) < p(x, %) + £}

forallx e X and ¢ > 0.
If p is a partial metric on X, then the function p*: X x X — [0, +oo[ given by

P'(x,9) =2p(x,y) = p(x,%) = p(5,7)
is a metric on X.

Definition 1 Let (X, p) be a partial metric space.
(i) A sequence {x,} in (X, p) converges to a point x € X if and only if

P, x) =1imy,_, o0 (%, X5).

(i) A sequence {x,} in (X, p) is called a Cauchy sequence if there exists (and is finite)
1imy, 15 00 DX Xim)-

(iii) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in
X converges, with respect to 7,, to a point ¥ € X such that
plx,x) = 1imn,m—>+oop(xn: Xm).

(iv) A sequence {x,} in (X, p) is called 0-Cauchy if limy, ,— 400 (%4, %) = 0.

We say that (X, p) is 0-complete if every 0-Cauchy sequence in X converges, with respect
to 7, to a point x € X such that p(x,x) = 0.

On the other hand, the partial metric space (Q N [0, +oo[, p), where QQ denotes the set
of rational numbers and the partial metric p is given by p(x,y) = max{x,y}, provides an
example of a 0-complete partial metric space which is not complete.

It is easy to see that every closed subset of a complete partial metric space is complete.

Lemma 1 ([9]) Let (X,p) be a partial metric space and {x,} C X. If x, —> x € X and
px,x) =0, then lim,,_, oo p(x,,2) = p(x, 2) for all z € X.

Define p(x,A) = inf{p(x,a) : a € A}. Then a € A < p(a, A) = p(a,a), where A denotes the
closure of A (for details see [10], Lemma 1).

Let X be a non-empty set and 7,f : X — X. The mappings T, f are said to be weakly
compatible if they commute at their coincidence point (i.e., Tfx = fIx whenever Tx = fx).
A point y € X is called a point of coincidence of T and f if there exists a point x € X such
that y = Tx = fx.

Lemma 2 (Proposition 1.4 of [28]) Let X be a non-empty set and the mappings T, f : X —
X have a unique point of coincidence v in X. If T and f are weakly compatible, then v is a
unique common fixed point of T and f.
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3 Main results

Let (X,p) be a partial metric space and T, f : X — X be such that TX C fX. For every
xo € X, we consider a sequence {x,} C X defined by fx, = Tx,; for all » € N and we say
that {Tx,} is a T-f-sequence of the initial point x¢ (see [29]). Set

pf::inf{p(fx,fx):xeX} and Xf:{xeX:p(fx,fx):pf}.

It is not always X, # @. This is true if and only if oy = min{p(fx, fx) : x € X}. If X = [0, +00],
px,y) = max{x,y}, fx = x, x 70 and f0 > 0, then pr = 0 and Xy = .
Let (X,p) be a partial metric space. We denote with F the family of pairs (7,f) such
that:
(i) T andf are self-mappings on X with TX C fX;
(ii) for each «,y € X the following condition holds:

p(Tx, Ty) < max{kp(fx, fy), p(fx, fx), (3. /) }, 3.1)
where k € [0,1].

Remark1 If (T,f) € F, then for each x € X, we have

or < p(Tx, Tx) < p(fx, fx).

Indeed, because TX C fX, we have that {p(Tx, Tx) : x € X} = B C A = {p(fx,fx) : x € X}
from which follows inf A <inf B, that is, pr < pr < p(Tx, Tx) < p(fx, fx).

Lemma 3 Let (X, p) be a partial metric space with (T,f) € F and Xy # 0. If u,v € Xy are
coincidence points for T and f, then fu = fv.

Proof From

pfu,fv) = p(Tu, Tv) < max{kp(fu,fv),p(fu,fu),p(fv,fv)}

it follows that either (1 — k)p(fu, fv) = 0 or p(fu, fv) < p(fu,fu) = p(fv,fv) = pr. Now, from
(p2), it follows p(fu,fv) = oy = min{p(fx, fx) : x € X}, that is, fu = fv. g

Lemma 4 Let (X, p) be a partial metric space and (T,f) € F. If fX is a complete subspace
of X, then for each s € N, there is x € X such that

1
pfx, fx) = p(fx, Tx) < pr + o

Proof We fix xo € X and prove that each T-f-sequence {T%x,} of the initial point x; is a
Cauchy sequence in TX.

From Remark 1, we deduce that p(Tx,.1, Tx441) < p(fns1,f%ns1) = p(Tx4, Tx,,). Hence,
{p(Tx,, Tx,)} is a nonincreasing sequence. Set

7= inf{p(Tx,,, Tx,,)} = lim p(Tx,, Tx,) < p(fxo,fxo)

n—+00
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and

M := ﬁp(ﬂco, Txo) + p(fxos fxo)-
We prove that
p(fxo, Tx,) <M, forallmeN. (3.2)
Obviously, (3.2) is true for n = 0,1. Assume that (3.2) is true for some n > 1, then
P(fx0, Txni1) < p(fxo, Txo) + p(Txo, Thni1)
< p(fxo, Txo) + max{kp(fxo, Tx,), p(fxo, fxo) }
< p(fxo, Txo) + 1%kp(fxo; Txo) + p(fxo.fxo)
=M.

We fix ¢ > 0 and choose 1y € N such that p(Tx,, Tx,) < r + ¢ for all n > ny and 2k"°M <
r + ¢. For each m > n > 2ny, we have
p(Txn: Txm) S max{kp(Txn—lr Txm—l);p(Txn—ly Txn—l)}

< max{k*p(Tx,_2, Tm_2), P(Tn-2, Tin-2) }

< max{k" p(Txn-ny» Tm-no)» P Thn-ng» Thn-ny) }
< max{k" [p(Txu_nq»f%0) + P(fx0, Thm-ny) ]
P(Tongs Thnny) }

<r+e.
Now, from
r < p(Tx,, Tx,) < p(Tx,, Txy,) <17+ €
for each m > n > 2ny, we obtain that

lim p(Tx,, Tx,) =r=lim  p(fx,,fxm).
n,m—+00

n,m—>+00

Since fX is a complete subspace of X, there is z € fX such that

p(z,z) = lim p(z,Tx,) = lim p(Tx,, Tx,,) =r.
n—> +00 M= +00
Let x € X such that fx = z. We show that p(fx, fx) = p(fx, Tx) = r.
Now, from (3.1), we deduce that there exist I, I, I3 C N such that
(i) p(Tx,, Tx) < kp(fx,, fx) for all n € L;;
(i) p(Txy, Tx) < p(fxn, fx,) for all n € Iy;

Page 4 of 10
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(iii) p(Tx,, Tx) < p(fx,fx) for all n € I5.
Clearly, at least one of the sets I, I, I3 is infinite.
Then, from

P(fx, Tx) Ep(fxr Txn) +p(Txnr Tx) _p(Txnr Txn):
if I; (i = 1,2, 3) is infinite, taking the limit as n — +00 and # € [;, it follows that p(fx, Tx) <
p(fx, fx) and so p(fx, Tx) = p(fx, fx).
Now, if we choose xy € X such that p(fxo,fxo) < o + 1/s, we deduce that p(fx, fx)

<
P(fxo, fxo) < pr +1/s. If xo € X, also x € Xf. O

Lemma 5 Let (X, p) be a partial metric space and (T,f) € F. If X is a complete subspace
of X, then there exists u € Xy such that fu = Tu.

Proof By Lemma 4, there exists a sequence {x,} C X such that

1
P fxn) = p(fxn, Txy) < pr + P (3.3)

for all n € N. First, we prove that

lim  p(fxp, fxm) = pr. (3.4)

n,m—>+00

For ¢ > 0 fixed, we choose # > 3/¢(1 — k). From Remark 1, it follows
by = (T, T) = plfafin) = plfion T < py + < py + (1K)
which implies
p(fxy, Tx,) — p(Tx,, Tx,) < g(l - k).
Now, for all n,m > 3/e(1 — k), we have

Py fxm) < P, Taey) + p(Txn, Tp) + P(Tps fXon)
_p(Txn) Txn) _p(Txm’ Txm)

= p(fxns Txp) — p(Tx, Tip) + P(T s foon)

_p(Txmr Txm) +p(Txn: Txm)

< %s(l —k)+ max{kp(fx,,,fxm),p(fxn,fxn),p(fxm,fxm)}.
If maX{kp(fxmfxm)jp(fxn:fxn)ip(fxm’fxm)} = kp(fxnrfxm)j then
P, fXn) < ge(l — k) + kp(fxy, fxm),

and so p(fx,, fx,,) < %8. This implies that o < limy, ;- 400 P(fXn, fXn) = 0.
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If

max {kp (e, i), Do foor)s D Foom foem) |
= max{p(fx,,,fx,,),p(fxm,fxm)} <pr+ %8(1 - k),

then

2 1
Pr < p(fXn, fom) < ge(l —k)+pr+ ge(l — k).

This implies that

Lim  p(fx,, fxm) = pr.

n,m—+00

In both cases, (3.4) holds. Since fX is a complete subspace of X, there is z € fX such that
p(z2) = lim pzfe) = lim  p(fenfa.) = o

Let u € X such that fu = z. From p(fu, fu) = p(z, 2) it follows that u € X;. We prove that
pfu, fu) = p(fu, Tu). As p(fx,,fx,) = p(fx., Tx,) and pr < p(Tx,, Tx,) for all n € N, we get
that

pfu, Tu) < p(fu, fxn) + p(fn, Txn) + p(Tn, Tut)
= Pfxn fxn) = p(Tx, Txn)
= plfu, fxn) + p(Txn, Tu) = p(Txy, Txy,)
< p(fu, fxu) — oy + p(Tx,, Tut)
< plfu, fxn) — pr + max{kp(fx,, fir), p(ficn, fon), p(fus, fur) }.

As n — +00, we obtain p(fu, Tu) = p(fu, fu) = p(Tu, Tu) = pr and so fu = Tu. O

The following theorem of a common fixed point in a partial metric space is one of our

main results.

Theorem1 Let (X, p) be a partial metric space with (T,f) € F. IffX is a complete subspace
of X, then T and f have a unique point of coincidence z = fu = Tu with u € X;. Moreover, if
T and f are weakly compatible and fX; C Xy, then T and f have a unique common fixed
point z € X;.

Proof By Lemma 5 and Lemma 3, there exists u € Xy such that z = fu = Tu is a unique
point of coincidence for T and f with p(z,2) = pr. If T and f are weakly compatible and
fXy C Xy, by Lemma 3, from Tz = Tfu = fTu = fz € Xy, that is p(fz,fz) = py, it follows that
fz = fu. By Lemma 2, z is a unique common fixed point for T and f belonging to X;.  [J

Theorem 2 Let (X, p) be a partial metric space and T,f : X — X. Suppose that the follow-
ing condition holds:

(3.5)

p(Tx, Ty) < max [kp(fx,fy), IM } ,

2


http://www.fixedpointtheoryandapplications.com/content/2012/1/140

Di Bari et al. Fixed Point Theory and Applications 2012, 2012:140 Page 7 of 10
http://www.fixedpointtheoryandapplications.com/content/2012/1/140

foreach x,y € X, where k € [0,1[. If fX is a complete subspace of X, and T and f are weakly
compatible, then T and f have a unique common fixed point z € X.

Proof Clearly, (T,f) € F, by Lemma 5, there exists # € Xy such that z = fu = Tu. If ve X is
such that fv = Tv and p(fv, fv) = p(fu, fu), then fu = fv by Lemma 3. If p(fv, fv) > p(fu, fu),
from (3.5) we obtain either p(fu,fv) = p(Tu, Tv) < kp(fu,fv) or p(fu,fv) = p(Tu, Tv) <
p(fv,fv). In each of these cases, we deduce that fu = fv, and so T and f have a unique point
of coincidence. By Lemma 2, since T and f are weakly compatible, T" and f have a unique
common fixed point z € X. g

If in Theorems 1 and 2 we choose f(x) = x, we obtain Theorems 3.1 and 3.3 of Ili¢ et al.

Example1 Let X =[0,6] and p: X x X — R be defined by p(x, y) = max{x, y}. Then (X, p)
is a complete partial metric space. Let T,f : X — X be defined by

2x—1 ifxe(1,3],

Tx =
3 ifx €]3,6]
and
1 ifx=1,
2 ifxe]l,4/3],
. 11,4/3(
2x ifx e [4/3,3],
6 ifx€]3,6],
respectively.

In order to show that T and f satisfy the contractive condition (3.5) in Theorem 2 with
k =5/6, we consider the following cases.
Casel.x =y =1. We have

. pULf1) +p(f1,f1)
p(T1,T1) =1= 5

m ax{ kp(r1, 1), LIS ;p(fl,fl) }
Case 2. x,y € [1,4/3[ and x < y. We have
p(Tx, Ty) =2y -1< 22 < max{kp(fx,fy),w }

Case 3.x € [1,3],y € [4/3,3] and x < y. We have
5 ), 2,
p(Tx, Ty) =2y -1 < EZy < max{kp(fx,fy), w }

Case 4. x € [1,3] and y €]3, 6]. We have

p(Tx, Ty) = max{3,2x — 1} <

AN

6 < max{kp(fxfy) IM}

2
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Case 5. x,y €]3,6]. We have

p(Tx, Ty) =3 < %6 < maX{kp(fx,fy)fw }

Since fX is a complete subspace of X, and T and f are weakly compatible, by Theorem 2,
T and f have a unique common fixed point z = 1.

4 Fixed points for set-valued mappings
Investigations of the existence of fixed points of set-valued contractions in metric spaces
were initiated by Nadler [30]. The following theorem is motivated by Nadler’s results and
also generalizes the well-known Banach contraction theorem in several ways.

Denote with W the family of nondecreasing functions ¥ : [0, +oo[— [0, +oo[ such that
> r% w"(¢) < +oo for each ¢ > 0, where /" is the nth iterate of .

Lemma 6 For every function r € U, the following holds: v (t) < t for each t > 0.

Definition 2 Let (X, p) be a partial metric space and let T': X — C(X), where C(X) is the
family of nonempty closed subsets of X. T is y-contractive if there exists ¢ € W such that,
for any x;,x, € X and y; € Tx,, there is y, € Tx; with

Py y2) < W(P(xl»xz))~

Theorem 3 Let (X, p) be a 0-complete partial metric space and let T : X — C(X) be a -
contractive mapping. Then there exists z € X such that z € Tz, i.e, z is a fixed point of T,
and p(z,z) = 0.

Proof Fix xy € X and let x; € Txo. If p(x9,x1) = 0, then x; = x9 and x is a fixed point of T'.
Assume, hence, p(xg,x1) > 0; then there exists x, € Tx; such that p(xy,x,) < ¥ (p(xo,x1)).
Proceeding in this way, we have a sequence {x,} in X such that x,.,; € Tx, and p(x,,, x,41) <
Y (p(x4-1,%,)) for every n € N. Consequently,

P%u%i1) < V" (p(x0,%1)), forallmeN.

Since, the series Y% ¥ (p(x0,x1)) converges, we get that Y % p(x,,, ¥,41) converges too.
It follows, for m > n,

m-1 +00
PO %) < Y Pk xka) < ) ki) = 0, asn— +oo. (4.1)
k=n k=n

Now, from (4.1), we deduce that lim,, ;;— 00 p(®4, %) = 0 and hence {x,} is a 0-Cauchy
sequence in X. Since X is a 0-complete space, there exists z € X such that x, — z and
p(z,z) = 0. For x,, € Tx,,; there is y, € Tz such that p(x,,y,) < ¥ (p(x,-1,2)). From

p(z, Tz) < p(2,y,) < p(2,%4) + P(Xn, V)
< p(z, %) + ¥ (P(xn-1,2))

<p(z,%,) + p(X_1,2)

as n — +00, we obtain that p(z, Tz) < 0; since 77z is closed, we have z € Tz. (]
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Example 2 Let X = Q N [0,+00[ and p: X x X — R be defined by p(x,y) = i|x -y +
% max{x,y}. Then (X, p) is a 0-complete partial metric space. Let T : X — C(X) be defined
by

X X

Note that Tx is closed and bounded for all x € X under the given partial metric p.

We show that T is a v -contractive mapping with respect to v : [0, +oo[— [0, +oo[ de-
fined by ¥ (¢) = ¢/2 for all ¢ € [0, +ool. In fact, for all x1,x, € X and y; € Txy, if y; = kx1/2,
k € QN [1/2,1], then we choose y, = kx,/2. It implies that

1 1
pO1,Y2) = k|:§|x1 — x| + 1|x1 —le] = k¥ (p(x1,%2)) < ¥ (plx1,%2)).

By Theorem 3, T has a fixed point z = 0.
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