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Abstract

In this paper, we introduce the concepts of W-compatible mappings for mappings
F:XxXxX— Xandg:X— X, where (X,d) is an abstract metric space. We establish
tripled coincidence and common tripled fixed point theorems in such spaces. The
presented theorems generalize and extend several well-known comparable results in
literature, in particular the results of Abbas, Ali and Radenovi¢ (Appl. Math. Comput.
217:195-202, 2010). We also provide an example to illustrate our obtained results.
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1 Introduction

Fixed point theory has fascinated many researchers since 1922 with the celebrated Banach
fixed point theorem. This theorem provides a technique for solving a variety of applied
problems in mathematical sciences and engineering. There exists vast literature on this
topic and this is a very active area of research at present. Banach contraction principle has
been generalized in different directions in different spaces by mathematicians over the
years, for more details on this and related topics, we refer to [6, 10, 11, 13, 14, 21, 22, 24,
25, 27-30] and references therein.

Fixed point theory in K-metric and K-normed spaces was developed by Perov et al. [18],
Mukhamadijev and Stetsenko [16], Vandergraft [33] and others. For more details on fixed
point theory in K-metric and K-normed spaces, we refer the reader to a fine survey paper
by Zabreiko [32]. The main idea is to use an ordered Banach space instead of the set of
real numbers, as the codomain for a metric.

In 2007 Huang and Zhang [12] reintroduced such spaces under the name of cone metric
spaces and reintroduced the definition of convergent and Cauchy sequences in terms of
interior points of the underlying cone. They also proved some fixed point theorems in
such spaces in the same work. Afterwards, many papers about fixed point theory in cone
metric spaces appeared (see, for example, [1-4, 7,17, 19, 23, 26, 31]). In 2011, Abbas et al.
[1] introduced the concept of w-compatible mappings and obtained a coupled coincidence
point and a coupled point of coincidence for mappings satisfying a contractive condition in
cone metric spaces. Very recently, Aydi et al. [5] introduced the concepts of W-compatible
mappings and generalized the results in [1].

The aim of this paper is to introduce the concepts of W-compatible mappings. Based
on this notion, a tripled coincidence point and a common tripled fixed point for mappings
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F:X x X x X — X and g: X — X are obtained, where (X, d) is a cone metric space. It is
worth mentioning that our results do not rely on the assumption of normality condition of
the cone. The presented theorems generalize and extend several well-known comparable
results in literature. An example is also given in support of our results.

The following definitions and results will be needed in the sequel.

Definition 1 ([12, 32]) Let E be a real Banach space. A subset P of E is called a cone if and
only if:

(a) Pis closed, non-empty and P # {0},

(b) a,beR,a,b>0,x,y e Pimply that ax + by € P,

(c) PN (=P)={0g},
where O is the zero vector of E.

Given a cone, define a partial ordering < with respect to Pby x < yifand onlyif y—x € P.
We shall write x < y for y —x € Int P, where Int P stands for interior of P. Also we will use
x < y to indicate that x < y and x #y.

The cone P in the normed space (E, | - ||) is called normal whenever there is a number
k > 1 such that for all x,y € E, O < x < y implies ||x|| < k||y||. The least positive number
satisfying this norm inequality is called a normal constant of P.

Definition 2 Let X be a non-empty set. Suppose that d : X x X — E satisfies:
(d1) O < d(x,y) for all x,y € X and d(x,y) = O if and only if x = y,
(d2) d(x,y) =d(y,x) for all x,y € X,
(d3) d(x,y) xd(x,2) +d(z,y) forall x,y,z € X.
Then d is called a cone metric [12] or K-metric [32] on X and (X, d) is called a cone metric

space [12] or K-metric space [32].

The concept of a K-metric space is more general than that of a metric space, because
each metric space is a K-metric space where X = R and P = [0, +00). For other examples
of K-metric spaces, we refer to [32], pp.853 and 854.

Definition 3 ([12]) Let X be a K-metric space, {x,} a sequence in X and x € X. For every
¢ € E with ¢ > Of, we say that {x,} is
(Cl1) a Cauchy sequence if there is some k € N such that, for all n,m >k, d(x,, %) < ¢,
(C2) a convergent sequence if there is some k € N such that, for all n > &, d(x,,x) < c.
This limit is denoted by lim,_, ;00 X, = % Or X, — x as 1 — +00.

Note that every convergent sequence in a K-metric space X is a Cauchy sequence. A K-
metric space X is said to be complete if every Cauchy sequence in X is convergent in X.

2 Main results
For simplicity, we denote from now on X x X---X x X by X* where k € N and X is a
_.\(_ﬂ

k terms
non-empty set. We start by recalling some definitions.

Definition 4 (Bhashkar and Lakshmikantham [9]) An element (x, y) € X? is called a cou-
pled fixed point of the mapping F: X? — X if x = F(x, y) and y = F(y,%).


http://www.fixedpointtheoryandapplications.com/content/2012/1/134

Aydi et al. Fixed Point Theory and Applications 2012, 2012:134 Page 3 of 20
http://www.fixedpointtheoryandapplications.com/content/2012/1/134

Definition 5 (Lakshmikantham and Ciri¢ [15]) An element (x,y) € X? is called
(i) a coupled coincidence point of mappings F: X? — X and g: X — X if gx = F(x,)
and gy = F(y,x), and (gx, gy) is called a coupled point of coincidence;
(ii) a common coupled fixed point of mappings F: X> — X and g: X — X if
x=gx=F(x,y) and y = gy = F(y, ).

Note that if g is the identity mapping, then Definition 5 reduces to Definition 4.

Definition 6 (Abbas, Khan and Radenovié [1]) The mappings F: X?> — X and g: X — X
are called w-compatible if g(F(x,y)) = F(gx, gy) whenever gx = F(x,y) and gy = F(y,x).

In 2010, Samet and Vetro [20] introduced a fixed point of order N > 3. In particular, for
N =3, we have the following definition.

Definition 7 (Samet and Vetro [20]) An element (x,y,z) € X> is called a tripled fixed point
of a given mapping F : X% = Xifx = F(x,9,2), y = F(y,z,x) and z = F(z, %, 7).

Note that, Berinde and Borcut [8] defined differently the notion of a tripled fixed point
in the case of ordered sets in order to keep true the mixed monotone property. For more
details, see [8].

Now, we introduce the following definitions.

Definition 8 An element (x,y,z) € X2 is called
(i) atripled coincidence point of mappings F: X> — X and g: X — X if gx = F(x,y,2),
gy =F(y,%,2) and gz = F(z,%,y). In this case (gx, gy, gz) is called a tripled point of
coincidence;
(ii) a common tripled fixed point of mappings F: X> — X and g: X — X if
x=gx=F(x,9,2),y=gy=F(y,z,x) and z = gz = F(z,%,y).

Example 1 Let X = R. We define F: X> — X and g: X — X as follows:

F(x,y,z) = sin(x) sin(y) sin(z) and gr=1+x— %

for all x,y,z € X. Then (7, 7, 7) is a tripled coincidence point of F and g, and (1,1,1) is a

tripled point of coincidence.

Definition 9 Mappings F: X> — X and g: X — X are called W-compatible if

F(gx,gy,22) = g(F(x,7,2))
whenever F(x,y,z) = gx, F(y,z,%) = gy and F(z,y,x) = gz.

Example 2 Let X = R. Define F: X3 — X and g: X — X as follows:

F(x,y,2) = % and gx:;—c

for all x, 5,z € X. One can show that (x, y,z) is a tripled coincidence point of F and g if and
only if x =y =2z = 0. Here (0,0, 0) is a common tripled fixed point of F and g. Note that F
and g are W-compatible.
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Now we prove our first result.

Theorem 1 Let (X,d) be a K-metric space with a cone P having non-empty interior and
F: X3 — X and g : X — X be mappings such that F(X®) C g(X). Suppose that for any
x,9,2,u, v, w € X, the following condition

d(F(x,y, z), F(u,v, W)) =< uld(F( ) Y z),gx) + ﬂ2d(F()/, z, x),gy) + ﬂgd(F(Z, x,y),gz)
+ a4d(F(u, v, w),gu) + ﬂ5d(F(V, w, u),gv)
+ agd(F(w,u,v),gw) + azd(F(u,v,w), gx)
+ (lgd(F(V, w, u),gy) + agd(F(w, u, v),gz)
+ apd(F(x,y,2),gu) + and(F(y,z,%),gv)
+apd(F(z,%,), gw) + arz3d(gx, gu)
+ a1ad(gy, gv) + a15d(gz, gw)
holds, where a;, i = 1,...,15 are nonnegative real numbers such that 3"\°, a; < 1. Then F and
g have a tripled coincidence point provided that g(X) is a complete subspace of X.

Proof Let xo, o and z, be three arbitrary points in X. By given assumption, there exists
(#1,%1,21) such that

F(xO)y()vZO) :gxl; F@O;Zo;xo) =gyl and F(ZOrx07y0) :gzl-

Continuing this process, we can construct three sequences {x,}, {y,} and {z,} in X such
that

F(xmyn;zn) = &Xu+15 F(yn;znxxn) =gVn+1 and F(memyn) =89Zy41 VneN. (1)

Now, taking (x,y,2) = (X4, Yu, 2n) and (4, v, W) = (X441, Yu+1, Zn+1) in the considered contrac-

tive condition and using (1), we have

A(gxni1,8%ns2) = A(F(%n Y 2n)s F i1 Y1 Zns1))

< ard(F%us Vs Zn), §%n) + @2d(F (Vs 2y %) @Vn) + A3 (F(Zs X1y Yn)> &2n)
+ A4 (F it Ynits Zns1)s §5ns1) + AsA(F (Vits Znats X1 ) Qs
+ a6 (F(Zni1s %ne1s Y1) §2ni1) + A70(F Kty Vet Zni1) %)
+ agd(F (Vi1 Znits %n1)> @Vn) + A9A(F(Znits Xnss Yns1), 2n)
+ a10d (F (Xn» Yns Zn)s @ns1)
+ and(F (Vs Zns %n)s @Yns1) + @120 (F (21 X1s V) §21+1)
+ a13d(gxn, §xns1) + A14A(8Yn> EVns1) + A15A (821, 82n41)

= a1d(gxni1,8%n) + A2A(&Yn+1,&Vn) + A3A(g2141,82n) + Asd (€112, &%n11)
+ asd(@Yni2,&Vn1) + A6 A(€2n+2,82n11)


http://www.fixedpointtheoryandapplications.com/content/2012/1/134

Aydi et al. Fixed Point Theory and Applications 2012, 2012:134
http://www.fixedpointtheoryandapplications.com/content/2012/1/134

+ a7d(gxn12,8%n) + asA(gVni2,&Vn)
+ agd(gzy12,824) + A13A(gXy, Gni1)
+ 0144V 1) + Ar5A(g2u, 82ns1)-

Then, using the triangular inequality one can write for any n € N

(1 - as — a7)d(gxns2,g%n1) = (a1 + a7 + a13)d(@%pe1,8%n) + (a2 + ag + a14)A(gY s EYn+1)
+(az + ao + a15)d(824, §2n41) + (as + asg)Ad(@Vns2,Vn+1)

+ (a6 + a9)d(gzn+2:gzn+1)' (2)
Similarly, following similar arguments to those given above, we obtain
(1 - as — a7)d(@yns2,&nn1) = (@1 + a7 + a13)A(QVns1,8Vn) + (a2 + as + a14)d(gzy, g2n1)

+ (az + ag + a15)d(gx,, gxna1) + (a5 + ag)d (82,42, 92n41)

+ (a6 + a9)d (g2, §Xns1) (3)
and
(1 - a4 — a7)d(gzni2,82nn1) = (a1 + a7 + a13)d(g2441,824) + (a2 + ag + a1a)d(g%y, gXpi1)

+(as + ao + a15)A(gVn, gYns1) + (as + ag)d(gxu.2, 8%n+1)
+ (a6 + a9)A(gYni2:gYns1)- (4)

Denote

8 = d(gxni1,8%n) + A(@Vni1,8Vn) + A(g2141,820).-
Adding (2) to (4), we have

(1-a4—as—aec—a; —ag —ag)du.a

< (a1 +ay +as +a; +ag + dg + diz + dia + dis)d,. (5)
On the other hand, we have

A(@xni2: @%ni1) = A(FXsts Vo1 Znit)s F®ns Vs Zn))
= @1 d(FGoni1, Yot Zu)s 1) + @2 (F it Zuits K1), @)
+ asd(F @1, %ns1, Ys1)s @ansn ) + Aa@(E G Yoo 2)s 80)
+ asd(Fn 2 %n), )
+ a6 d(F(2n, %, Y1), 82n) + a7d(F (X, Ys 21), @11 )
+ asd(EQ 2n %), @ust) + a5 (F s s )y @nsr)

+ ﬂlOd(F(er—l; yn+1) Zn+1))gxn)

Page 5 of 20
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+ and(FOns1s Zns1s ¥ne1)8Vn) + 120 (F(Zns1, %01, Y1), §2n)
+ a13d(gxns1,8%n) + A14A(8Yn+1,8Yn) + A15A (82141, 82n)
= ad(gxn2, &%ns1) + A20(YVn+2,8Yn+1)
+a3d(gzni2,82n1) + Aad (%041, 8%n)
+ asd(@Yn1,8Yn) + A6A(g2ni1,82n)
+ a10d (g% 12, 8%n) + and(gVn+2,8Yn)
+ a12d(gzn+2,82n) + ar13d(gxy, §%n41)
+ a14d(gVn, &Yn+1) + ar5d(gzn, 82n11)-

Thus
(1— a1 — a10)d(gxns2, §%n+1)
< (a4 + 10 + a13)A(gXn41,8%4) + (a5 + a1 + a14)A(gY &Yns1)

+ (a6 + a1z + a15)d(gz4, g2ni1) + (a2 + an)A(@Vur2, EVns1)

+ (aS + alZ)d(gerngZrHl)'

Similarly,

(1 - a1 — a10)A(gYn+2:8Yns1)
=< (aq + a0 + a13)A(gYni1,gYn) + (as + an + a14)d(g24, 82n41)
+ (a6 + a1 + a15)d(gxy, §xnn) + (ag + an)d(@zu+2, 82n41)

+ (az + a12)d(g%42, 8Xn41)

and

(1 —a) — ﬂlo)d(mez,mel)
=< (a4 + a10 + a13)A(2n+1,824) + (a5 + an + a14)A(gxy, 8Xpi1)
+ (ae + ayy + a15)A(gYn, @Yns1) + (a2 + a11)A(gX 1142, §X 1)

+ (az + a12)A(Yn+2, EVns1)-

Adding (6) to (8), we obtain that

(I-a1—ay—az —ap — an — a12)8,a

< (a4 +as + ag + ayp + an + ayy + a1z + dia + dis)d,.

Finally, from (5) and (9), for any # € N, we have

12 15
<2 - Zﬂz‘) Spi1 < ((Z ﬂi) +ag3 +ay + ﬂls) S
i1 i1

(6)

7)

(8)

)

Page 6 of 20
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Se1 < K8, VmeNl, (11)
where

15

_ (Z,-=1 a;) + a3 + a1 + ais

- 12
2->La

Consequently, we have
Op X8y X k81 <+ 2 k"3p. (12)

If 8¢ = Of, we get d(gxo, gx1) + d(gyo,gy1) = d(gzo,gz1) = Of, that is, gxg = gx1, gyo = gy1 and
gzo = gz1. Therefore, from (1) we have

F(x0,90,20) = gx1 = g¥o, F(y0,20,%0) =gy1 =g¥o and  F(zo,%0,Y0) = g21 = g20,

that is, (%o, %0,20) is a tripled coincidence point of F and g. Now, assume that 8y > Of. If

m > n, we have

A 8%n) = A(GX> 88m-1) + A(@Xm—1, §m—2) + - - - + A(@X11,8%n),

AYm>gVn) X A@Ym» &Ym-1) + AV m-1,8Vm—2) + -+ + AV n+1,8Vn)5

and

A(gzm» g2n) = A(@2m> Zm-1) + A@Zm-1,8Zm-2) + - - - + A(@Zn+1,820).

Adding above inequalities and using (12), we obtain

d(gxm;gxn) + d(gym,gyn) + d(gzmrgzn) f am—l + 8m—2 +eet (Sn

< (K" " k)8

K}’l

=

8o.
1—K0

AsO < lefl a; <1, we have 0 < k < 1. Hence for any ¢ € E with ¢ 3> O, there exists N € N
such that for any n > N we have %80 < c. Furthermore, for any m > n > N, we get

A(gxm, gxn) + A @Y LYn) + (82> g21) K c.

This implies that {gx,}, {gy,} and {gz,} are Cauchy sequences in g(X). By completeness of
g(X), there exist x,7,z € X such that

gy — gx, gy —>gy and gz, —>gz as n— +0o. (13)
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Now, we prove that F(x,,2) = gx, F(y,2,%) = gy and F(z,x,y) = gz. Note that

d(F(x,y, z),gx) =< d(F(x,y, z),F(xn,yn,zn)) + d(F(x,,,y,,,zn),gx)
= d(F(x,y,z),F(x,,,y,,,z,,)) +d(gxy.1,8%). (14)

On the other hand, applying given contractive condition, we obtain

d(E(%,9,2), F (%, Yr 20))

< amd(F(x,,2),g%) + a2d(F(y,2,%),gy) + asd(F(z,%,9), g2)
+ a4 (F (6 Ynr 20, 85n) + asA(F (Vs Zns %), &) + A6 A (E (2> Xons Vi), 82n)
+ azd(F (%, Y 2n), 8%) + asd(F (Vs 2 %), &)
+ agd(F(2us %, Yn), g2) + arod (F(%,,2), %)
+ and(F(y,2,%),gyn) + arnd(F(z,%,9),82n)
+ arzd(gx, gxn) + a1ad(gy, gyn) + a15d(gz, gz,)

= md(F(x,y,2),gx) + axd(F(y,z,%),gy) + asd(F(z,%,y), gz)
+ Aad(@Xni1,8%n) + A5A(LYne1,8Yn)
+ aed(gzu1,82n) + a7d(gxy41, 8%) + asd(gVni1,£Y)
+ aod(gzns1,g2) + arod (F (%, 7, 2), g%n)
+ aud(F(y, z, x),gyn) + uud(F(z, x,y),gz,,)
+ ar3d(gx, gxn) + arad(gy, gyu) + arsd(gz, g2,).

Combining above inequality with (14), and using triangular inequality, we have

d(F(x,y, z),gx) =< ald(F(x,y, z),gx) + agd(F(y, z,x),gy)
+ agd(F(z, x,y),gz) + agd(gx,,1,8%y)
+ asd(gYni1,Yn) + A6A(g2141,82n) + A7A(GX 41, 8X)
+ agd(gyn+1,2Y) + a9d(gzn41,22)
+ alod(F(x,y, z),gx) + ayod(gx, gx,) + aud(F(y, z, x),gy)
+ and(gy,gyn) + a1d(F(z, %, ), g2)
+ a12d(gz, gzn) + arzd(gx, gx,) + a1ad(gy, V)
+ ay5d(gz, gz,) + d(gx 41, %)

Therefore,
(1 - a1 - a)d(F(x,y,2),gx) — (a2 + an)d(F(y, 2, %),gy) — (a3 + a12)d(F(z,%,),g2)
= a4 d(@xni1,8%n) + A5A(gYni1,LYn) + A6d(gZni1,82n) + (1 + a7)d(gxns1, gX)

+ asd(@yu,gY) + aod(gz,.1,82) + (a0 + a13)d(gx, gx,)
+ (an + a1a)d(gy, gyn) + (ara + ar5)d(gz, gzn). (15)

Page 8 of 20
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Similarly, we obtain

(- ay - a10)d(F(y,2,%),gy) — (a2 + an)d(F(z,%,y), g2) — (a3 + an)d(F(x,y,2),gx)
= a4d(@Vn+1,8Vn) + asd(g2ni1,82n) + A6d(@Xns1,g%n) + (1 + a7)d(gVn41,8Y)
+ agd(gzn41,82) + Aod(gxni1, gx) + (ar0 + a13)d(gy, gyn)
+ (an + a14)d(gz, gz,) + (a12 + ar5)d(gx, gxn), (16)

and

1-a- alo)d(F(z,x,y),gz) —(az + au)d(F(x,y, z),gx) —(as + ﬂlz)d(F()’» z,x),gy)
= asd(gzni1,82n) + a5d(gXni1,8%n) + A6A(Vn11,8Vn) + (1 + a7)d (@211, €72)
+ agd(gxn.1, 8%) + agd(gyni1,gy) + (@ + a13)d(gz, gz,)
+ (a1 + a1a)d(gx, gx,) + (a1 + a15)d (Y, ZVn). (17)

Adding (15) and (17), we get

(- ay - ay - az — a — an — ap)[d(F(x,,2),gx) + d(F(y,2,%),gy) + d(F(z,%,y),gz) ]
< (as +as + ag)d, + (1 + az + ag + ao)[d(gxn.1,g%) + A(@Vn+1,Y) + A(g2ns1,82) |
+ (a1 + an + ap + a3 + aia + a15)[d(gx,gx,,) +d(gy,gyn) + d(gz,gzn)]
< 8+ 2[d(gxni1,8%) + A(@Yni1,2)) + (@201, 82) |
+ [d(gx,gx,,) +d(gy,gyn) + d(gz,gz,,)].

Therefore, we have

d(F(x,y, z),gx) + d(F(y, z, x),gy) + d(F(z, x,y),gz)
2 b, + Bd(gxni1,8%) + Y A(@Vni1,8Y) + 0 (82011, 87)
+0d(gx, gxn) + §d(gy,8yn) + pd(gz,g2n)

where
1
0(:0:%‘:’0: ,
l-a)-ay—-az—ayp—an—an
2
B=o=y=

l-ay—ax—-az—ayp—an—an

From (12) and (13), for any ¢ >> O there exists N € N such that

c c
Oy X - d ) P
"= 7 (g g) = 7 max{f,0}
c c
d n» < 77 d n» 5 - . .
(& y) = 7 max{y,&} (621,£2) 7 max{o, p}
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for all #» > N. Thus, for all # > N, we have

d(F(x,y,2),gx) + d(F(y,2,%),gy) + d(F(z,x,9),82) < = +

c
7
It follows that d(F(x,y,z),gx) = d(F(y,z,x),gy) = d(F(z,%,7),gz) = O, that is F(x,y,z) = gx,
F(y,2,x) = gy and F(z,%,y) = gz. -

As consequences of Theorem 1, we give the following corollaries.

Corollary 1 Let (X,d) be a K-metric space with a cone P having non-empty interior. Let
F:X3 — X and g: X — X be mappings such that F(X3) C g(X) and for any x,y,z,u,v,w €
X, the following condition

d(F(x,,2), (v, w)) < oa[d(F(x,9,2),gx) + d(F(2,2),99) + d(F(5%,9),2) ]
+ o[ d(F (v, w), gu) + d(F(v, w, 1), gv) + d(E(w, 1,v), gw)]
+ as[d(F (v, w),gx) + d(F(v, w,u),gy) + d(Fw, u,v),g2)]
v aa[d(F(9,2), gu) + d(F(r2,2),gv) + d(Fz2,5),gw)]
+ o5 d(gx, gu) + d(gy, gv) + d(gz, gw) |

holds, where w;, i =1,...,5 are nonnegative real numbers such that Zil o; <1/3. Then F
and g have a tripled coincidence point provided that g(X) is a complete subspace of X.

Proof 1t suffices to take a; = ay = as = a1, as = as = a¢ = 02, A7 = dg = dg = 03, dip = d11 =
. . 5
a1z = a4 and ai3 = dia = di5 = o5 in Theorem 1 with ), o; <1/3. a

Corollary 2 (Abbas, Khan and Radenovic¢ [1]) Let (X, d) be a K-metric space with a cone P
having non-empty interior. Let F : X* — X and g : X — X be mappings satisfying F(X?) C
g(X), (g(X),d) is a complete subspace of X and for any x,y,u,v € X,
d(f-"(x,y),f-"(u, V)) < ald(f-"(x,y),gx) + agd(f-"(u, v),gu) + aga’(f-"(u, v),gx)
+ a;;d(f—"(x,y),gu) + asd(gx, gu) + aed(gy, gv), (18)

where a;, i = 1,...,6 are nonnegative real numbers such that Zf:1 a; <1. Then F and g have
a coupled coincidence point (x,y) € X?, that is, F(x,y) = gx and E(y,x) = gy.

Proof Consider the mappings F : X> — X defined by F(x,y,z) = F(x,y) for all x,y,z € X.
Then, the contractive condition (18) implies that, for all x,y,z,u,v,w € X
d(F(x,9,2), F(u,v,w)) = ard(F(x,,2),gx) + ard(F(u, v, w),gu) + azd(F(x,y,2),gu)
+ asd(F(u,v,w), gx) + asd(gx, gu) + asd(gy, gv).
Then F and g satisfy the contractive condition of Theorem 1. Clearly other conditions

of Theorem 1 are also satisfied as F(X?) C g(X) and g(X) is a complete subspace of X.
Therefore, from Theorem 1, F and g have a tripled fixed point (x,y,2) € X3 such that
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F(x,y,2) = gx, F(y,2,x) = gy and F(z,%,y) = gz, that is, F(x,y) = gx and F(y,x) = gy. This
makes end to the proof. d

Now, we are ready to state and prove the result of a common tripled coupled fixed point.

Theorem2 LetF: X3 — X andg: X — X be two mappings which satisfy all the conditions
of Theorem 1. If F and g are W -compatible, then F and g have a unique common tripled
fixed point. Moreover, a common tripled fixed point of F and g is of the form (u,u, u) for
some u € X.

Proof First, we will show that the tripled point of coincidence is unique. Suppose that
(x,9,z) and (x*,y%,z*) € X® with

g =F(xy,2), gx* = F(x*, 5%, z%),
gy = F(%Z,x); and gy* = F(}’*J*;x*),
gz =F(z,%,9), gz* = F(z",x%,y").

Using the contractive condition in Theorem 1, we obtain

d(gr,gx*) = d(F(xy,2), (x5 2"))
< ad(F(x,%,2),¢) + ad(F(,2,%),gy) + asd(Fz,x,7),g2)
+asd(F(x*,y",2%),gx") + asd(F(y*, 2", x*),gy*) + aed(F (z*, 5%, y*), 82")
+ azd(F(x*,y",2"), gx) +agd(F(y", 2", %%),gy)
+aod(F(z*,x%,y"),g2) + arod(F(x,y,2),gx")
+ and(F3r2%),9") + and(Fz,%,9),g2°)
+ay3d (g, gx*) + and (g, gy*) + arsd(gz, g2%)
= (a7 + aro + a13)d (gx", gx) + (as + an + aia)d(gy*, gy)

+ (a9 + ap + a15)d(gz*,gz).

Similarly, we have

d(¢9,9y") = d(F(,2,%), F(y",2",%%))
< (a7 + a0 + ar3)d(gy", gy) + (as + an + aw)d(gz*, g2)

+ (dg +app + als)d(gx*,gx)

and

d(gz.gz*) = d(F(z,x,y),F(z", 5%, 5"))
< ((l7 +dp + Il13)d(gZ*,gZ) + (618 +an + a14)d(gx*,gx)

+ (a9 +ap + als)d(gy*,gy)'
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Adding above three inequalities, we get

d(gx,gx") + d(gy,gy") + d(gz.g2") <Z a,) (gv,gx") + d(gr.2v") + d(gz.82%)]-

: 15 .
Since ) ;> a; <1, we obtain

d(gx,gx*) + d(gy,gy*) + d(gz.g2") = O,

which implies that

gax=gx’,

gy=gy and gz=gz", (19)

which implies the uniqueness of the tripled point of coincidence of F and g, that is,

(gx, gy, gz). Note that

d(gx.gy")

Similarly,

d(gy.gz") <

and

d(gz,gx*) =

= d(F(x,3,2), F(y",2",x"))

=< ald(F(x, ),gx) + azd(F(y, z,x),gy) + agd(F(z,x,y),gz)

+asd(F(y*,2%,%%),gy") + asd(F (z*, 5%, y*),g2%) + aed(F (x*,y",2"), gx*)
+a7d(F(y*, 2", x*),gx) + asd(F(2*,%%,5*),gy)
+aod(F(x*,y%,2"),g2) + awd(F(x,y,2),g")

+ and(E0,2,2),62") + and(E(z%,9),¢5°)

+ algd(gx,gy*) + al4d(gy,gz*) + a15d(gz,gx*)

= (a7 + aio + alg)d(gy*,gx) +(ag +an + 414)d(gz*,gy)

+ (ag + ap + u15)d(gx*,gz).

(a7 + aio + ﬂls)d(gZ*,g)’) +(ag +an + a14)d(gx*,gz)

+ (619 +dp + alg)d(gy*,gx),

(a7 + ayo + alg)d(gx ,gz) +(ag +ap + a14)d(gy*,gx)

+ (619 + dip + alg)d(gz*,gy).

Adding above inequalities, we obtain

d(gx,gy*) +d(gy.g2%) + d(gz, gx*) <Z a,) (gv.gy") + d(gy,g2") + d(gz. gx")).

Page 12 of 20
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The fact that 31> a; < 1 yields that
=gy gy=g7z" and gz=gx" (20)

In view of (19) and (20), one can assert that

&x =8y =8z (21)

That is, the unique tripled point of coincidence of F and g is (gx, gy, g2).
Now, let u = gx, then we have u = gx = F(x,y,2) = gy = F(y,2,%) = gz = F(z,%,%). Since F
and g are W-compatible, we have

F(gx,gy,2) = g(F(x,9,2)),
which due to (21) gives that
F(u,u,u) = gu.

Consequently, (#,u,u) is a tripled coincidence point of F and g, and so (gu,gu,gu) is a
tripled point of coincidence of F and g, and by its uniqueness, we get gu = gx. Thus, we

obtain
u=gx =gu=F(u,u,u).

Hence, (1, u, u) is the unique common tripled fixed point of F and g. This completes the

proof. d

Corollary 3 (Abbas, Khan and Radenovi¢ [1]) Let (X, d) be a cone metric space with a
cone P having non-empty interior. Let F : X* — X and g : X — X be mappings satisfying
F(X?) C g(X), (g(X),d) is a complete subspace of X and for any x,y,u,v € X,

d(f—"(x,y),f—"(u, v)) < ald(ﬁ(x,y),gx) + azd(?(u, v),gu) + agd(ﬁ(u, v),gx)

+ a;;d(f—"(x,y),gu) + asd(gx, gu) + aed(gy, gv),

where a;, i =1,...,6 are nonnegative real numbers such that Zil a; < 1. If F and g are
w-compatible, then F and g have a unique common coupled fixed point. Moreover, the
common fixed point of F and g is of the form (u,u) for some u € X.

Proof Consider the mappings F : X> — X defined by F(x,y,z) = F(x,y) for all x,y,z € X.
From the proof of Corollary 2 and the result given by Theorem 2, we have only to show
that F and g are W-compatible. Let (x,7,2z) € X> such that F(x, y, z) = gx, F(y,z,x) = gy and
F(z,%,y) = gz. From the definition of F, we get F(x,) = gx and F(y,x) = gy. Since F and g
are w-compatible, this implies that

g(E(x,9) = E(gx, gy). (22)
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Using (22), we have

F(gx,gy,g2) = F(gn,gy) = g(E(%,)) = g(F(x,9,2)).

Thus, we proved that F and g are W-compatible mappings, and the desired result follows

immediately from Theorem 2. O

Remark 1
+ Corollary 1 extends Theorem 2.9 of Samet and Vetro [20] to K-metric spaces
(corresponding to the case N = 3).
« Theorem 2 extends Theorem 2.10 of Samet and Vetro [20] to K-metric spaces (case

N=3).
+ Theorem 2 extends Theorem 2.11 of Samet and Vetro [20] to K-metric spaces (case
N =3).

Similar to Corollaries 2 and 3, by considering F(x,y,z) = fx for all x,y,z € X where f :
X — X, we may state the following consequence of Theorem 2.

Corollary 4 (Olaleru [17]) Let (X,d) be a K-metric space and f,g : X — X be mappings
such that

d(fx, fu) < ayd(fx, gx) + ard(fu, gu) + asd(fu, gx)
+ agd(fx, gu) + asd(gu, gx) (23)

forallx,u € X, wherea; € [0,1),i=1,...,5and Zle a; < 1. Suppose that f and g are weakly
compatible, f(X) C g(X) and g(X) is a complete subspace of X. Then the mappings f and g

have a unique common fixed point.
Now, we give an example to illustrate our obtained results.

Example 3 Let X = [0,00). Take E = C}[0,1] endowed with order induced by P = {¢ € E :
¢(t) > 0 for t € [0,1]}. The mapping d : X x X — E is defined by d(x, y)(¢) = |x—y|e’. In this
case (X, d) is a complete abstract metric space with a non-normal cone having non-empty
interior. Define the mappings F: X®> — X and g: X — X by

X—y+z
12

gng and F(x,y,2) =

We will check that all the hypotheses of Theorem 1 are satisfied. Since, forall x, y,z,u, v,w €

X, we have

d(F(x,y,2), F(u,v,w))

- |F(x,y,z) — F(u, V,W)|€t

1
< E|(x—y+z)—(u—v+w)|et

< %[d(gx,gu) +d(gy,gv) + d(gz,gw)],
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Then, the contractive condition is satisfied with @; =0 for all i = 1,...,12 and a3 = a4 =
ai5 = 1/4. All conditions of Theorem 1 are satisfied. Consequently, F and g have a tripled
coincidence point. In this case, (x,y,z) is a tripled coincidence point if and only if x = y =
z = 0. This implies that F and g are W-compatible. Applying our Theorem 2, we obtain
the existence and uniqueness of a common tripled fixed point of F and g. In this example,
(0,0,0) is the unique common tripled fixed point.

Example 4 Let X = [0,00) and d : X x X — E be defined as d(x, y)(¢) = |x — y|2°. Define
the mappings F: X3 — X andg: X — X by

*+24+%2 ifxe[0,1] and y,z € [0, 00),
F(x,y,2) = 5505 [0.1] % [ ) and
£+2+% ifxe(l,00)andy,z € [0,00)
3x ifx e [0,1],
gx) =
2x ifx € (1,00).
Leta1=a2=a7=---=a12=0andagza6=%,algzamzalg:%.Nowweshallprove

that the contractive condition in Theorem 1 holds for all x, y, z, u, v, w € X. By its symmetry

and without loss of generality, it suffices to prove it for x <y <z and u < v <z. Define

(D:x,9,z€[0,1], (i): u,v,w€[0,1],

(IN): %,y € [0,1],z € (1, 00), and (ii): u,v € [0,1],w € (1, 00),
(IlT): x € [0,1],,z € (1, 00), (iii): # € [0,1], v, w € (1, 00),
(IV):x,7,z € (1,00) (iv): u,v,w € (1, 00).

There are 16 possibilities which are (I, i), (I, ii), (I, iii), (I, iv), (1L, 1), (IL, ii), (IL, iii), (IL, iv),
(I, 1), (I, ii), (I, iii), (LTI, iv), (IV, i), (IV, ii), (IV, iii) and (IV, iv).
Case 1. If (I, i) holds, we have

d(F(x,9,2), F(u,v,w)) < v = ol + y =i + 2=l 2!
5 5 5
< ay3d(gx, gu) + arad(gy, gv) + ar5d(gz, gw).
Case 2. If (I, ii) holds, we have

d(F(x,,2), F(u,v,w))

z wl|].,
< -2
| 5]

1 1
< ay3d(gx, gu) + a1ad(gy,gv) + [E |3z —2w| + Ewi| 2!

X u

+
5 5

+

Y
5

v
5

2 (11
< ay3d(gx, gu) + a1ad(gy, gv) + a1sd(gz, gw) + = <—W 2 K)Zt

< ay3d(gx, gu) + a14d(gy, gv) + a15d(gz, gw) + a6d(F(w, u, v),gw).
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Case 3. If (I, iii) holds, we have

d(F(x,,2), F(u,v,w))

w22y
5 5 5 5 5 5
1 1 1 1
< aizd(gx, — 13y -2+ —w+ —|3z-2 —w|2¢
< a3 (gxgu)+[15| y V|+15W+15| z w|+15wj|

4 (11w u v
< a13d(gx, gu) + arad(gy, gv) + ar1sd(gz, gw) + = <? - g>2t

= ay3d(gx, gu) + a1ad(gy, gv) + aisd(gz, gw) + aGd(F(w, u, v),gw).
Case 4. If (I, iv) holds, we get

d(F(x,,2), F(u,v,w))

{

X u

5 6

z wll.,
+l=—=12
5 6

30 15 30 15 30

1 1 1 1 1 1 .
< E|3x—2u|+ — W+ —3y-2V|+ —w+ —[3z2-2w|+ —w |2

1
< ay3d(gx, gu) + a1ad(gy, gv) + a1sd(gz, gw) + G (? e

< ay3d(gx, gu) + arad(gy, gv) + arsd(gz, gw) + aed(F(w, u,v),gw).
Case 5. If (II, i) holds, we have

d(F(x,y,2), F(u,v,w))

< —ul y—vl lz=wll,
5 5 5

< a13d(gx, gu) + ard(gy,gv) + [% |2z - 3w| + %z 2!

< a13d(gx,gu) + aad(gy,gv) + aisd(gz, gw) + 42—5 e x_ Z)Zt

< ay3d(gx, gu) + arad(gy, gv) + arsd(gz, gw) + azd(F(z,%,), gz).
Case 6. If (I1, ii) holds, we have

d(F(x,y,2), F(u,v,w))

IR AN

5 5 5 5 5 5
< ansd(gr.gn) + mud(gy ) + | —122— 2wl + —w+ 2w 2"
= a3 X, gU) + dia Y, gV) + 15 Z— ZW +15W+15W

< ay3d(gx, gu) + a14d(gy, gv) + a15d(gz, gw)

2 (Mw u v\, 2 (1lz x y\_,
t—|—— === )2+ = —-=—=)2
45\ 6 6 6 45\ 6 6 6

< apzd(gx, gu) + a14d(gy, gv) + ai5d(gz, gw) + a6d(F(w, u,v),gw) + asd(F(z,%,7),gz).
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Case 7. If (I, iii) holds, we have

d(F(x,y,2), F(u,v,w))

I N I A
“ L5 5 5 5 5 5
1 1 1 1 1
< a13d(gr, gu) + [E|3y—2v| T B'ZZ_ZM t et EW}Zt

< ai3d(gx, gu) + a1ad(gy, gv) + ai5d(gz, gw)

4 (1w u v\, 2 (llz x y\_,
t—|— == 2+ = ——-=-Z)2
45\ 6 6 © 45\ 6 6 ©6

= ay3d(gx, gu) + arad(gy, gv) + aysd(gz, gw) + a6d(F(w, u, v),gw) + agd(F(z, x,y),gz).

Case 8. If (I1, iv) holds, we get

d(EF(x,y,2), F(u,v,w))

x ul |y v z w|l|.;
<ll==-=|+|z—-=|+|z——=
5 6 5 6 5 6
1 1 .
< | =13x-2ul+ —w+ =13y -2V|+ —w+ —|2z-2W|+ —z+ —w |2
15 30 15 30 15 15 30

< ai3d(gx, gu) + a1ad(gy, gv) + arsd(gz, gw)

1 /1w uw v\, 2 (llz x y\_,
t—|—— == )2+ =——-=-=)2
15\ 6 6 6 45\ 6 6 6

< ay3d(gx, gu) + a1ad(gy, gv) + a1sd(gz, gw) + a(,d(F(W, u, V),gw) + ﬂgd(F(Z, x,y),gz).

Case 9 corresponding to (II1, i) is as Case 3.
Case 10 corresponding to (I1I, ii) is as Case 7.
Case 11. If (II1, iii) holds, we have

d(F(x,,2), F(u,v,w))

I R N
5 5 5 5 5 5
1 1 1 2 2 .
<|—=13x-3ul+ =12y -2v|+ =2z -2w|+ —z+ —w |2
15 15 15 15 15

< ay3d(gx, gu) + a1ad(gy, gv) + ai5d(gz, gw)
45\ 6 6 6 45\ 6 6 6
= ay3d(gx, gu) + a1ad(gy, gv) + aysd(gz, gw) + a6d(F(w, u, v),gw) + ﬂgd(F(Z, x,y),gz).

Case 12. If (111, iv) holds, we get

d(F(x,,2), F(u,v,w))

X u
+

Y
5
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< ay3d(gx, gu) + a14d(gy, gv) + a15d(gz, gw)
+i H_W_E_K 21+i H_Z_f_J_) ot
15\ 6 6 6 45\ 6 6 6
< ar3d(gx, gu) + arad(gy, gv) + arsd(gz,gw) + acd(F(w, u,v),gw) + azd(F(z,%,y), gz).
Case 13 corresponding to (IV, i) is as Case 4.
Case 14 corresponding to (IV, ii) is as Case 8.

Case 15. If (IV, iii) holds, we have

d(F(x,,2), F(u,v,w))

X U y v z wl].,
<l|l==-=|+|==-=|+|===]||2

6 6 6 6 6 6

1 1 1 3 3 .
< | =12x-3u|l+ =12y -2v|+ =22 -2w|+ —z+ —w |2

15 15 15 30 30

< ay3d(gx, gu) + a1ad(gy, gv) + a15d(gz, gw)
1 /11 1 /11
+ — w_r_ v 2604 EEY ot
15\ 6 6 6 15\ 6 6 6
< apzd(gx, gu) + a1ad(gy, gv) + aisd(gz, gw) + a6d(F(w, u,v),gw) + azd(F(z,%,9),gz).

Case 16. If (IV, iv) holds, we have

d(F(x,y,2), F(u,v,w))

X u y v z wl].,
<ll==-=|+|=-=|+|==-=]|2

6 6 6 6 6 6

1 1 1 3 3 .
< | =12x-2u|l+ =2y -2v| + — |2z -2w|+ —z+ —w |2

15 15 15 30 30

< ai3d(gx, gu) + a1ad(gy, gv) + aisd(gz, gw)

1 /1w uw v\, 1/1lz x y\_.,
Pl (s A | Y (A D
15\ 6 6 6 15\ 6 6 6
< apzd(gx, gu) + a14d(gy, gv) + aisd(gz, gw) + a6d(F(w, u,v),gw) + azd(F(z,%,9),gz).

All the conditions of Theorem 1 are fulfilled. Moreover, (0,0,0) is a common tripled
coincidence point of F and g.
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