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1 Introduction

Throughout this paper, we assume that H is a real Hilbert space with zero vector 6, whose
inner product and norm are denoted by (-,-) and || - ||, respectively. Let K be a nonempty
subset of H and T be a mapping from K into itself. The set of fixed points of T is denoted
by F(T). The symbols N and R are used to denote the sets of positive integers and real
numbers, respectively.

Let C and K be nonempty subsets of real Banach spaces E; and E,, respectively. Let
A : E; — E; be a bounded linear mapping, T' a mapping from C into itself with F(7T) # ¢
and f a bi-function from K x K into R. The classical equilibrium problem is to find x € K
such that

fxy) =0, VyeKk. 11)
The symbol EP(f) is used to denote the set of all solutions of the problem (1.1), that is,
EP(f)={ueK:f(u,v)>0,VveK}.

The equilibrium problem contains optimization problems, variational inequalities prob-
lems, saddle point problems, the Nash equilibrium problems, fixed point problems, com-
plementary problems, bilevel problems, and semi-infinite problems as special cases and
have many applications in mathematical program with equilibrium constraint; for detail,
one can refer to [1-4] and references therein.

In this paper, we study the following split common solution problem (SCSP) for equi-
librium problems and fixed point problems of nonlinear mappings A, T and f:
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(SCSP) Find p € C such that p € F(T) and u := Ap € K which satisfies f(u,v) > 0, Vv € K.
The solution set of (SCSP) is denoted by

' ={pe F(T): Ap € EP(f)}.

Many authors had proposed some methods to find the solution of the equilibrium prob-
lem (1.1). As a generalization of the equilibrium problem (1.1), finding a common solution
for some equilibrium problems and fixed point problems of nonlinear operators, it has
been considered in the same subset of the same space; see [5-15]. However, some equi-
librium problems and fixed point problems of nonlinear mappings always belong to dif-
ferent subsets of spaces in general. So the split common solution is very important for the
research on generalized equilibriums problems and fixed point problems.

Example 1.1 Let E; = E;, =R, C:=[1,+00) and K := (—00,-2]. Let A(x) = —2x forallx ¢ R
and Tx = % forallx e C.Letf: K x K — R be define by f(u,v) = 2(u —v) for all u,v € K.
Clearly, A is a bounded linear operator, 7(7) = {1} and A1) = -2 € EP(f). So' = {p €
F(T):Ap € EP(f)} # .

Example 1.2 Let E; = R? with the norm ||| = (a? + a%)% for a = (a1,a;) e R? and E; =R
with the standard norm | - |. Let C := {« = (a1,a,) € R?|a? + a3 <1} and K := [-2,2]. Let
Aa = —2a; for a = (aj,a,) € E; and Ta = (a?,a?) for all @ = (a1,a;) € C. Then F(T) =
{(0,1),(1,0),(0,0)} and A is a bounded and linear operator from E; into E; with ||A]| = 2.
Now define a bi-function f as f(u,v) = v — u for all 4,v € K. Then f is a bi-function from
K x K into R with EP(f) = {-2}.

Clearly, p = (1,0) € F(T), Ap=-2 € EP(f).So ' ={p e F(T): Ap € EP(f)} # 0.

Remark 1.1 Itis worth to mention that the split common solution problem in Example 1.1
lies in two different subsets of the same space and the split common solution problem in
Example 1.2 lies in two different subsets of the different space. So, Examples 1.1 and 1.2
also show that the split common solution problem is meaningful.

In this paper, we introduce a weak convergence algorithm and a strong convergence al-
gorithm for the split common solution problem when the nonlinear operator T is a quasi-
nonexpansive mapping. Some strong and weak convergence theorems are established. We
also give some examples to illustrate our results.

2 Preliminaries
We write x,, — x to indicate that the sequence {x,} weakly converges to x and x,, — x will
symbolize strong convergence as usual.

A Banach space (X, || - ||) is said to satisfy Opial’s condition, if for each sequence {x,} in
X which converges weakly to a point x € X, we have

liminf ||, — x|| < liminf||x, —y|, VyeX,y+#x.
n— 00 n—00

It is well known that any Hilbert space satisfies Opial’s condition.

Let K be a nonempty subset of real Hilbert spaces H. Recall that a mapping 7: K — K
is said to be nonexpansive if || Tx — Ty|| < ||x — y|| for all x, y € K and quasi-nonexpansive if
F(T)#@and |Tx - Tp|| < |lx - p|| for all x € K, p € F(T).
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Example 2.1 Let H = R with the inner product defined by (x,y) = xy for all x,y € R and
the standard norm | - |. Let C:= [0, +00) and Tx = 242 forallx € C. Obviously, F(T) = {2}.

1+x

It is easy to see that

ITx-2|= ——|x-2|<|x-2| forxeC
1+x

and

1 5 1
TO) -T(=)|==>]0-=|.
3)| 12 3

Hence, T is a continuous quasi-nonexpansive mapping but not nonexpansive.

Definition 2.1 (see [16]) Let K be a nonempty closed convex subset of a real Hilbert space
H and T a mapping from K into K. The mapping T is said to be demiclosed if, for any
sequence {x,} which weakly converges to y, and if the sequence {1,} strongly converges
to z, then Ty = z.

Remark 2.1 In Definition 2.1, the particular case of demiclosedness at zero is frequently
used in some iterative convergence algorithms, which is the particular case when z = 6,
the zero vector of H; for more detail, one can refer to [16].

The following concept of zero-demiclosedness was introduced in [17].

Definition 2.2 (see [17]) Let K be a nonempty, closed, and convex subset of a real Hilbert
space and T a mapping from K into K. The mapping T is called zero-demiclosed if {x,} in
K satisfying ||x, — Tx,|| = 0 and x, — z € K implies Tz = z.

The following result was essentially proved in [17], but we give the proof for the sake of
completeness.

Proposition 2.1 Let K be a nonempty, closed, and convex subset of a real Hilbert space
with zero vector 0 and T a mapping from K into K. Then the following statements hold.
(a) T is zero-demiclosed if and only if I — T is demiclosed at 6;
(b) If T is a nonexpansive mappings and there is a bounded sequence {x,} C H such that
l%: — Tx,]| = 0 as n — 0, then T is zero-demiclosed.

Proof Obviously, the conclusion (a) holds. To see (b), since {x,} is bounded, there is a
subsequence {x,,} C {x,} and z € H such that x,,, — z. One can claim 7% = z. Indeed, if
Tz # z, it follows from the Opial’s condition that

liminf ||x,, —z|| < liminf|x,, — 1Z||
k— o0 k—o00
< liminf{||x,, — Tx,, || + || T, — Tzl }
k—o00
= liminf || Tx,, — 1z||
k—o00

< liminf ||x,, —z||,
k—o00

which is a contradiction. So 7z = z and hence T is zero-demiclosed. O
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Example 2.2 Let H, C, and T be the same as in Example 2.1. Let {x,} be a sequence in C.
If x, — z and x, — Tx,, — 0, then z € F(T) = {2}. Indeed, since T is continuous, we have
Tz=zand z € F(T) = {2}. Hence, T is zero-demiclosed.

Example 2.3 Let H = R with the inner product defined by {x,y) = xy for all x,y € R and
the standard norm | - |. Let C:= [0, +00). Let T be a mapping from C into C defined by

2x
Tx = x2+17

0, x € [0,1].

x € (1, +00),

Then T is a discontinuous quasi-nonexpansive mapping but not zero-demiclosed.

Proof Obviously, F(T) = {0}, and T is a quasi-nonexpansive operator. On the other hand,
letx, =1+ % for all n € N, then it is not hard to prove that x, — 1, x, — Tx,, — 0 and
1¢ F(T).So T is not zero-demiclosed. a

Let H; and H, be two Hilbert spaces. Let A : Hy — H, and B: H, — Hj be two bounded
linear operators. B is called the adjoint operator (or adjoint) of A, if for all z € Hy, w €
H,, B satisfies (Az, w) = (z, Bw). It is known that the adjoint operator of a bounded linear
operator on a Hilbert space always exists and is bounded linear and unique. Moreover, it
is not hard to show that if B is an adjoint operator of A, then ||A|| = ||B|.

Example 2.4 Let H; = R® with the norm ||| = (@} + a3 + a%)% for o = (a1,as,a3) € R?
and H, = R* with the norm ||y || = (¢} + & + ¢} + cﬁ)% for y = (c1,¢2,¢3,¢4) € R%. Let
(a, B) = a1by + axby + asbs and (y,n) = c1dy + cady + c3d3 + c4dy denote the inner prod-
uct of H; and H,, respectively, where « = (a1, a2,as), B = (b1, b2, b3) € Hi, y = (c1,¢2,¢3,¢a),
n = (dy,d>,d3,dy) € Hy. Let Aa = (as, a1 + a,, ay — ay, az) for a = (ay,a»,a3) € H;. Then A is
a bounded linear operator from H; into H, with ||A] = /2. For y = (c1,¢2,C3,C4) € Hy,
let By = (¢y + ¢3,¢3 — ¢3,¢1 + c4). Then B is a bounded linear operator from H; into
H; with ||B|| = /2. Moreover, for any « = (aj,as,a3) € H and y = (c1,¢2,¢3,¢4) € Ho,
(A, y) = (o, By), so B is an adjoint operator of A.

Let K be a closed and convex subset of a real Hilbert space H. For each point x € H,
there exists a unique nearest point in K, denoted by Pgx, such that ||x — Pgx| < [|x -y,
Vy € K. The mapping P is called the metric projection from H onto K. It is well known
that Py has the following characterizations:

(i) (x—y,Pxx— Pxy) > ||Pxx — Pxy|? for every x,y € H.
(ii) forxe H,andz€ K, z=Px(x) & (x—z,z—y) > 0,Vy € K.

(i) ||y = Px(@®)]|® + |lx = Px(x)||> < |lx — y||> forallx € H and y € K.

The following lemmas are crucial in our proofs.

Lemma 2.1 (see [1]) Let K be a nonempty, closed, and convex subset of H and F be a bi-
Sfunction of K x K into R satisfying the following conditions.

(Al) F(x,x) =0 forall x € K;

(A2) F is monotone, that is, F(x,y) + F(y,x) <0 forall x,y € K;

(A3) foreach x,y,z € K, limsup, o F(tz + (1 - £)x,y) < F(x, y);

(A4) foreach x € K, y > F(x,y) is convex and lower semicontinuous.
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Let r > 0 and x € H. Then there exists z € K such that F(z,y) + %(y —z,z—x) >0, for all
yeK.

Lemma 2.2 (see [3]) Let K be a nonempty, closed, and convex subset of H and let F be a

bi-function of K x K into R satisfying (A1)-(A4). For r > 0, define a mapping TF : H — K

as follows:
TF(x)—{zeK F(z,y)+ (y-zz2- x)>0VyeK} (2.1)

for all x € H. Then the following hold:
(i) TE is single-valued and F(TF) = EP(F) for any r > 0 and EP(F) is closed and convex;
(i) TE is firmly nonexpansive, that is, for any x,y € H,
ITF %= T yl? < (Tfx = T7y,x~y).

Lemma 2.3 (see, e.g., [9]) Let H be a real Hilbert space. Then the following hold.
@) llx+yI> < Iyl* +2(x, 2+ y) and |lx = y|I*> = ||| + ly|* = 2(x,y) for all x,y € H;
(D) Nax+ (1 -yl =allx|®> + A-a)yl* -« - a)|lx-y|* forall x,y € H and
a €1[0,1].

The following result is simple, but it is very useful in this paper; see also [18].

Lemma 2.4 Let the mapping TF be defined as (2.1). Then for r,s > 0 and x,y € H,

1 TF ) = TEW)|| < llx = y||+ HTF(y -y

In particular, | TE (x) = TE)|| < llx - y|| forany r > 0 and x,y € H, that is T is nonexpan-
sive for any r > 0.

Proof For r,5 >0 and x,y € H, by (i) of Lemma 2.2, T¥(x) = z; and TZ(y) = z, for some
21,2 € K. By the definition of Tf , we have

1
F(zi,u)+ -(u—2z1,z1—x) >0, Vuek (2.2)
r
and
1
F(zo,u)+ —(u—2z9,20-y) >0, Vuek. (2.3)
s

So, combining (2.2), (2.3), and (A2), we get

1 1
;(Zz — 21,21 —X) + ;(ZI -22,20-Y) >0,

or

zZ1—X 2=y
<Zz -z, > - <Zz -2z, >0,
r s
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or
s
Z5 — 21, ;(zl -x))—(zy -2,z —-y) =0,
or
r
<Zz -z, —x— —(22 —y)> >0,
s
or

r
<22 —za -2+ —x— —(2 —y)> >0,
S
which implies

r
z—x——(22—-Y)
S

’

r
2
lzz —z1” < <22 —21,20 — X — ;(22 —y)> <llz -zl
and hence

|TE ) = TE W) = llz2 -2

=<

r
zy—x— —(22 —y)H
S

()

= lly =l + 'S;—'"'HTf(y)—yH.

<lly-=l+

In particular, the last inequality show that for any r > 0, 77 is nonexpansive. The proof is
completed. d

3 Main results
In this section, we first introduce a weak convergence iterative algorithms for the split
common solution problem.

Theorem 3.1 Let Hy and H, be two real Hilbert spaces and C C Hy and K C H, be
two nonempty closed convex sets. Let T : C — C be zero-demiclosed quasi-nonexpansive
mappings and f : K x K — R be bi-functions with T = {p € F(T) : Ap € EP(f)} # {. Let
A: Hy — H, be a bounded linear operator with its adjoint B.

Given x; € C and n € (0,1). Let {x,} and {u,} be sequences generated by

Uy = T{,,Axm
K1 = (1 - an)yn + o, Ty, (3.1)

Y =Pc(x, + eB(T{n —-DNAx,), VmeN,

1
1BI2
operator from H, into C and {«,} satisfies o, € [n,1—n] forn e N. Then x, — p € I and

u, — Ap € EP(f).

where {r,} C (0, +00) with liminf,_, ., r, >0, € € (0, ) is a constant, P¢c is a projection
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Proof Letx* € I'. Then Ax* € EP(f). For each n € N, by Lemmas 2.2 and 2.3, we have

| ¢ Ax, - T/ Ax*|* < (Tf Ax, - T/ Ax*,Ax, — Ax")

- %{n T, Ax, — Ax* |* + | Ax, - Ax*||? = | TS A, — A, |}
So,
| T/ Ay — Ax*|)* < | Ax, - Ax*||? - | TS A, - Ax,||* foranyneN. (32)
By (b) of Lemma 2.3 and (3.2), for each 1 € N, we get

2e(x, —x*, B(T/ —1)Ax,)

= 26{A@, — &%) + (T~ 1) Axy — (Tf, — 1) Axy, (TS, — I) Axy)

= 286 | T Ax, - Ax*|)* + % (T - 1) Ax,|* - %lle,, —Ax*|)? - (T, - 1) A, ||2>
1
<2631, - s, - (7], - Dam ) = e (7, -1, 33)

Note that for any n € N,

|B(T4, - 1)Ax,|” < 1BI? (T, - 1) Ax,|”

) (3.4)
so it follows from (3.1), (3.3), and (3.4) that

-
= (M=) |y =" + ]| T — %[> = (0 = @)ty — Tyl
< lyw =" = 12 llyn - Tyull®
= | Pe(n + B(TL, 1) Ax,) = Pex*|* = 0?11y - Tyall®
< [l + BT, - 1) Ay =" ||* = 1 llyu = Tyall®
= Ja =[|* + | eB(T], = D) A ||* + 26(xs = 2", B(T], = 1) Ass) =l = Tyl
< oen = [* + 2UBIP | (T, — 1) A, | — ]| (T], = DA |* = 0y = Tral?

= on = |* — £ (L= 2l BIP)| (T, = ) A |* = 019 — Tyul®. (3.5)
Since ¢ € (0, W), e(1-¢|B|?) > 0, by (3.5), we obtain
[t =] = "] < ] (3.6)
and

19 — Tyl + (1 - el BI?) | (T, - 1)Ax, |

< [|on - x* ”2 = |1 — x* ||2 for any n € N. (3.7)

Page 7 of 14
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The inequality (3.6) implies that lim,,_, » ||x, —x*|| exists. Further, from (3.6) and (3.7), we

get
lim ||x,, —x* || = lim ||yn —x*, (3.8)
n— 00 n— o0
lim |y, — Tyull = 0 (3.9)
n—00
and
lim || (77, ~1)Ax, | = 0. (3.10)
From (3.1) and (3.10), we have
190 = %ull = | Pc(¥n + eB(TY, —I)Axs) — Pcain |
<¢|B(T/, - 1)Ax,| > 0 asn— cc. (3.11)

Since lim,,_, » ||x, — x*|| exists, {x,} is bounded and hence {x,} has a weakly convergence
subsequence {x, }. Assume that x,, — p for some p € C. Then Ax,, ~ Ap € K, y,;, = p
and Tfnij,,/. — Ap by (3.10) and (3.11).

We argue p € T'. Since T is a zero-demiclosed mapping, by (3.9) and y,, — p, we ob-
tain p € F(T). Applying Lemma 2.2, EP(f) = ]-'(T{) for any r > 0. We claim Tpr = Ap.
If T{Ap # Ap, since Ax,, — T{nAx,, =(- T{n JAx, — 0 as n — oo from (3.10) and applying
Opial’s condition, we have

liminfllenj - Apl|l
J—> 00
<liminf||Ax,, - T/Ap|
Jj—00
=liminf||Ax,, — T/ Ax,, + T}, Ax, - T/Ap||
Jj—>00 J 7
< 11113})2&{ |Ax,, - TZ, A |+ |7 Ay T/ Ap|}
= liminf|| T/ Ax,, - T/ Ap||
Jj—>o0 7
=liminf| T/Ap - T/, A, |
J—>o0 ]

|7y, = 7|
<lim inf<||Ax,,}, —Ap||+ 22— (2t Ay, — Axy, ||) (by Lemma 2.4)
j—>o0 rn/ 7

= liminf | Ax,, - Apl,
Jj—00

which lead to a contradiction. So Ap € F (T{ ) = EP(f), and hence we showp e I'.
Now, we prove {x,} converges weakly to p € I'. Otherwise, if there exists other subse-
quence of {x,} which is denoted by {x,,} such that x,, — g € I" with g # p. Then, by Opial’s

condition,
liminf ||x,, — gl < liminf ||x,, — p|| < liminf|x,, —g].
l—o00 I—o00 I—00

This is a contradiction. Hence, {x,} converges weakly to an element p € I'.
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Finally, we prove {u,} = {T{nAxn} converges weakly to Ap € EP(f). Since x,, — p, we have
Ax, — Ap as n — oo. Thus, by (3.10), we obtain u,, — Ap € EP(f) as n — 0o. The proof is
completed. g

Corollary 3.1 Let Hy and Hy be two real Hilbert spaces. Let T : H — Hj be a zero-
demiclosed quasi-nonexpansive mapping with F(T) # 0 and f : Hy, x Hy — R be a bi-
function with EP(f) # (). Let A : Hy — H, be a bounded linear operator with its adjoint B.
Given n € (0,1). Let {x,,} and {u,} be sequences generated by

X1 € Hl,
up =T, Ax

nT e (3.12)
Xn+l = (1 - an)yn + oy Tym

Y = %n + eB(T], —DAx,, VneN,

where ¢ € (0, W) and {r,} C (0,+00) with liminf,_, 7, > 0. Suppose I = {p € F(T) :
Ap € EP(f)} # V) and the control coefficient sequence {c,} satisfies o, € [n,1—n] forn e N.
Then the sequence {x,} converges weakly to an element p € I" and {u,} weakly to Ap € EP(f).

Next, we introduce a strong convergence algorithm for the split common solution prob-
lem.

Theorem 3.2 Let C C Hy and K C H be two nonempty, closed, and convex sets, T : C —
C zero-demiclosed quasi-nonexpansive mappings and f : K x K — R a bi-function with
I'={peF(T):Ap € EP(f)} # . Let A : Hl — H, be a bounded linear operator with the
adjoint B. Given x; € C, C; = C and n € (0,1). Let {x,,} and {u,} be sequences generated by

U, = TJ,;Ax,,,

In =1 —an)zy + anTzy,

Zn = Pc(%, + eB(TS, — DAx,)), (3.13)
Conn={veCy:llyn—vl < llzu—vIl < %, = VI},

KXn+l = PC,,Hl (xl)’ neN,

where {r,} C (0,+00) with liminf,_, . r, > 0, Pc is a projection operator from H, into C
and ¢ € (0, W) is a constant, {o,} satisfies o, € [n,1—n] forn e N, then x, — p € I'" and
u, — Ap € EP(f).

Proof First, we claim I" C C,, for n € N. In fact, let p € I. Following the same argument as

in Theorem 3.1, we have
2e(x, - p, B(T), —1)Ax,) < —¢ | (T, - 1) Ax, |, (3.14)
and

|B(T/ - 1)Ax,||* < 1BIP||(T, - 1)Ax,|* foranyneN. (3.15)
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By (3.13), (3.14), and (3.15), we get

17 - pII?
<z - pI* - A = an)atullzy — Tz
< |%u +eB(TL = 1) A, - p||* = 1 ll2n — Tl
= llan = I + |eB(TL, = 1) Ay |* + 26(x — p, B(TL, — 1) Ax,) = 11|z — Tz
< llxa = pI> + 2 1BIP| (T, D) Aa]|” — | (7], - 1) Ax,|* = |20 = Tzl
< llen = pI” = (1 = el1BI*) | (T, = 1) Ax,|* = 012 = Tel”

for any n € N. (3.16)
Notice ¢ € (0, W), e(1—¢||B||?) > 0. It follows from (3.16) that
ly. —pll <llzw —pll < %, —pll forallzeN,

and hence p € C,, for all n € N. Hence, I' € C,, and C,, # ¥ for all n € N.

Now, we prove C, is a closed convex set for each n € N. It is not hard to verify that C, is
closed for each n € N, so it suffices to verify that C, is convex for each n € N. Indeed, let
wy, Wy € Cyy1. For any y € (0,1), since

lyn = (w1 + @ = y)ws) H2

2
= |y On—w1) + (L= y) (3 —ws) |
=y lyn = will* + L= ) llyn = wal* =y A= y)llwi — wa||?
<ylze—=wil* + A=)z = wall* = y (L= p)llw1 — wa|*

2

’

= |zu = (yw1 + 1 = y)ws)

we have ||y, — (yw1 + A — y)wa) || < |z, — (ywy + (1 — y)wy)]|. Similarly, we also have ||z, —
(ywr+ A —y)wy)| < ||z, — (ywr + (1 —y)wy)|, which implies ywy + (1 —y)w, € C,,1. Hence,
we show that C,,,; is a convex set for each n € N.

Notice that C,,; C C,, and %41 = Pc,,,, (%1) C Cy, then [[x41 — %1 || < |Ix, — 1| for m e N
with n > 2. It follows that lim,,_, o ||, — x1|| exists. Hence {x,} is bounded, which yields
that {z,} and {y,} are bounded. For any k,n € N with k > i, from x; = Pc, (x;) C C, and the

character (iii) of the projection operator P, we have
2 2
lloen = x> + llxer = k)1 = |20 = P (1) ||* + |01 = Py (x0) |~ < Nlovn — a1 (317)
Since limy,_, o [|%, — %1 || exists, by (3.17), we have lim,,_, « ||x, — x|| = 0, which implies that
{x,} is a Cauchy sequence.

Letx, — p. One claim p € I". Firstly, by 4,1 = Pc,,, (%0) € Cys1 C Cy, from (3.13) we have

”yn _xn” = ”yn _xn+1” + ||xn+1 _xn” = 2||xn+l _xn” —0 asn— o0 (318)
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and
”Zn _xn” = ”Zn _xn+l|| + ”xVH-l _xn” = 2”xn+1 _xn” —0 asn— oo (319)
Setting p = £(1 — || B||?), from (3.16) again, we have

o[ (T, = DA%, |* + 12120 = Tzl < It = pII* = 1y — I

= “xn _yn”{”xn —P|| + “yn —P||}~

So
lim |7z, —z,|| =0 (3.20)
and
i f _ _
lim |7, - 1)Ax, | = 0. (3.21)

Let r > 0. Since x, — p as n — 00, Lemma 2.4 and equation (3.21) imply that

| T Ap - Ap|| < | TLAp - T Axy| + | T, Axy — Axu| + 1| A%, — Apl|

<2||Ax, — Ap| + (1+ M) || T{nAxn —Axn” —0 asun— oo.
Ty

So T{Ap = Ap, which say that Ap € F(Tl) = EP(f). On the other hand, since x,, —z, — 0 by
(3.19) and x,, — p, we have z, — p. Notice that T is zero-demiclosed quasi-nonexpansive
mappings, by (3.20), Tp = p, namely, p € F(T). So p € I'. From (3.21), we also have {u,} =
{Tanxn} converges strongly to Ap € EP(f). The proof is completed. O

Corollary 3.2 Let Hy and H, be two real Hilbert spaces. Let T : Hy — H, be a zero-
demiclosed quasi-nonexpansive mappings with F(T) # ) and f : H x H — R be a bi-
function with EP(f) # (. Let A : Hy — Hy be a bounded linear operator with the adjoint B.
Given x; € Hy, Cy = Hy, and n € (0,1). Let {x,,} and {u,} be sequences generated by

Uy = T{nAxm
In =1 =)z, + @y Tzy,
Zn =Xy + eB(T{n - DAx,, (3.22)

Cin={veCullyn—vIl < llzn — vl < = vII},

Xna =P, (%1), meN,

where {r,} C (0,+00) with liminf, . r, >0, and ¢ € (0, W) is a constant. Suppose that
I'={pe F(T): Ap € EP(f)} # @ and the control coefficient sequence {w,} satisfies a,, €
[n,1=n] for n € N, then the sequence {x,} converges strongly to an element p € I and {u,}
converges strongly to Ap € EP(f).
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Example 3.1 Let H; = H, = R with the inner product defined by (x,y) =xy forallx,y e R
and the standard norm | - |. Let C := [0,+00) and Tx = ’i—*f for all x € C. From Exam-
ples 2.1 and 2.2, we know that 7 is an zero-demiclosed quasi-nonexpansive mapping with
F(T)={2}.

Let K := [-00,0] and fi(x,y) = (y —x)(x + 4) for all x,y € K|, then f satisfies the condition
(A1)-(A4) and EP(f) = {—4}. Let Ax = —2x for all x € R, then A is a bounded linear operator
with B (the adjoint of A) = A and ||A]| = ||B] = 2.

Obviously, I' = {p € F(T): Ap € EP(f)} = {2} = F(T),so I #@. Let x; € C, {x,} and {u,}

be sequences generated by

Uy = T{V,Axm
K1 = (1 - ‘Xn)yn + oy Tym (3.23)

9 = Pcly + LB(T), ~DAx,), VneN,

where, 7, =1and «, € (0,1) for all n € N, P¢ is a projection operator from Hj into C. Then
the sequence {x,} converges strongly to 2 € I" and {u, } converges strongly to A(2) = —4 €

EP(f).
Proof

(i) Firstly, for given r, =1 for n € N, we prove that for any {x,} C C, there exists a

unique sequence {u,},en = {—%, — 2},en in K such that
fu,v)+ (v—u,u, —Ax,) >0, VveK,neN. (3.24)
Because (3.24) is equivalent with

(v = t) (v + 4 + (i + 2,,))
:(V—u,,)(u,,+4+(u,,—Axn)) >0, VYveK,neN, (3.25)
while (3.25) is true if and only if u, = —(x,, + 2) for all n € N. So the conclusion is
true.

(ii) Secondly, it is not hard to compute B(TJ:n - DAx, = B(u, — Ax,)) = —2(x,, — 2) for all
n € N. Hence,

1 3 1
X + gB(TJr; —1)Ax, = 2t € C forallmeN.

(iii) By (i) and (ii), for x; € C, we can rewrite the algorithm (3.23) as follows:

3 1
Xner = L= )yn + 0TV, Y= 2ty (3.26)

and

Un =T, Axy=—(x,+2), VneN. (3.27)
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As in Example 2.1, we easily obtain | Ty, — 2| < |y, — 2|. Hence, from (3.26) and
(3.27), we get

(a1 — 2| < (l_an)b/n =2| + ay| Ty, - 2|
3

= |yn_2| = 1|xn_2|
<.
3 n
= (1) lx1—2], VneN,

which shows x,, — 2 € F(T) =T. Since u, = —(x,, + 2), n € N, we obtain
u, — —4 = A(2) € EP(f).
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