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1 Introduction
Let E be a real Banach space with norm | - || and C be a nonempty closed convex sub-
set of E. Let E be the dual space of E and (-,-) denote the pairing between E and E". For
q > 1, the generalized duality mapping J; : E — 2E is defined by J,(x) = {f € E": (x,f) =
1, |If]] = ll||21} for all x € E. In particular, if g = 2, the mapping / is called the nor-
malized duality mapping and, usually, write J, = J. Further, we have the following prop-
erties of the generalized duality mapping J,: (i) J,(x) = [|x[|7*/>(x) for all x € E with x # 0;
(ii) J,(#x) = t97Y,(x) for all x € E and ¢ € [0,00); and (iii) J,(-x) = —J,(x) for all x € E. It is
known that if E is smooth, then J is single-valued, which is denoted by j. Recall that the
duality mapping j is said to be weakly sequentially continuous if for each x, — x weakly,
we have j(x,) — j(x) weakly-*. We know that if E admits a weakly sequentially continuous
duality mapping, then E is smooth (for the details, see [24, 25, 29]).

Let f: C — C be a k-contraction mapping if there exists k € [0,1) such that ||f(x) —
FfI <kllx—-yl,Vx,y € C.Let S: C — C anonlinear mapping. We use F(S) to denote the
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set of fixed points of S, that is, F(S) = {x € C: Sx = x}. A mapping S is called nonexpansive
if ||Sx — Syl < |l — |, Yx,¥ € C. A mapping f is called weakly contractive on a closed
convex set C in the Banach space E if there exists ¢ : [0,00) — [0, 00) is a continuous and
strictly increasing function such that ¢ is positive on (0,00), ¢(0) = 0, lim;_, o, ¢(£) = 00
andx,y e C

If @) =) | < lx -yl = o(llx - y1l). (11)

If () = (1 — k)t, then f is called to be contractive with the contractive coefficient k. If
¢(£) =0, then f is said to be nonexpansive.
A family S = {T'(¢) : £ > 0} of mappings of C into itself is called a nonexpansive semigroup
(see also [14]) on C if it satisfies the following conditions:
(i) T(0)x =« forallx € C;
(if) T(s+t)=T(s)T(¢) foralls,t > 0;
(iii) 1 T(s)x—T(s)yll <llx—y| forallx,y € Cand s> 0;
(iv) forallx € C, s+ T(s)x is continuous.
We denote by F(S) the set of all common fixed points of S, that is,

F(S)=(F(T(®) = {xe C: T(hx=x0 <t <oo}.
t=0

It is known that F(S) is closed and convex. Moreover, for the study of nonexpansive semi-
group mapping, see [5, 14—16, 26] for more details.

In 2002, Suzuki [21] was the first one to introduce the following implicit iteration process
in Hilbert spaces:

Xy =+ 1 —0a,)T(t,)(x,), n>1 (1.2)

for the nonexpansive semigroup. In 2007, Xu [28] established a Banach space version of
the sequence (1.2) of Suzuki [21]. In [4], Chen and He considered the viscosity approx-
imation process for a nonexpansive semigroup and proved another strong convergence
theorems for a nonexpansive semigroup in Banach spaces, which is defined by

Kot = auf () + (L= ) T(t)%,  VneN, (13)

where f: C — C is a fixed contractive mapping. Recall that an operator A : C — E is said
to be accretive if there exists j(x — y) € J(x — y) such that

(Ax = Ay, j(x—y) >0

for all x,y € C. A mapping A : C — E is said to be B-strongly accretive if there exists a
constant 8 > 0 such that

(Ax - Ay, jx ~y)) = Bla-yI*, VxyeC.
An operator A : C — E is said to be B-inverse strongly accretive if, for any g > 0,

(Ax - Ay, j(x - y)) > BllAx - Ay|*
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for all v,y € C. Evidently, the definition of the inverse strongly accretive operator is based
on that of the inverse strongly monotone operator. To convey an idea of the variational
inequality, let C be a closed and convex set in a real Hilbert space H. For a given operator
A, we consider the problem of finding x" € C such that

(Ax#,x - x> >0

for all x € C, which is known as the variational inequality, introduced and studied by Stam-
pacchia [22] in 1964 in the field of potential theory. In 2006, Aoyama et al. [1] first consid-
ered the following generalized variational inequality problem in a smooth Banach space.
Let A be an accretive operator of C into E. Find a point x € C such that

(Ax,jy-x)=0 (1.4)

for all y € C. This problem is connected with the fixed point problem for nonlinear map-
pings, the problem of finding a zero point of an accretive operator and so on. For the prob-
lem of finding a zero point of an accretive operator by the proximal point algorithm, see
Kamimura and Takahashi [10, 11]. In order to find a solution of the variational inequal-
ity (1.4), Aoyama et al. [1] proved the strong convergence theorem in the framework of
Banach spaces which is generalized by liduka et al. [8] from Hilbert spaces.

Motivated by Aoyama et al. [1] and also Ceng et al. [3], Qin et al. [18] and Yao et al.
[29] first considered the following new general system of variational inequalities in Banach
spaces:

Let A: C — E be a B-inverse strongly accretive mapping. Find (x',y") € C x C such that

(AMy +x -y, jlx-x)) >0, VxeC, L5)
(WAX" +y —x',j(x—y)) >0, VxeC. '

Let C be nonempty closed convex subset of a real Banach space E. For two given oper-
ators A, B: C — E, consider the problem of finding (x,y") € C x C such that

(AMy +x -y ,jx-x)) =0, VxeC, w6
(uBx" +y —x",j(x-9)) >0, VxeC, '

where A and p are two positive real numbers. This system is called the general system of
variational inequalities in a real Banach spaces. If we add up the requirement that A = B,
then the problem (1.6) is reduced to the system (1.5).

By the following general system of variational inequalities, we extend into the general
system of finite variational inequalities which is to find (x,%5,...,%,,) € Cx C x -+ x C
and is defined by

(AApxyg + %) — %y, j(x —%7)) >0, VxeC,
(AMaAM-1%yy 1 + %y — Xy 1, j(x—2,)) >0, VxeC,

1.7)

(AaAoxy + %5 — %y, j(x —x3)) > 0, VxeC,

(MAx] + 5y —xp,j(x —x,)) >0, VxeC,
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where {Al}?fl : C — E is a family of mappings, »; > 0,/ € {1,2,...,M}. The set of solutions
of (1.7) is denoted by GSVI(C, A;). In particular, if M =2, A1 =B, Ay = A, A1 = i, Ay = A,
x, =x and x, =y, then the problem (1.7) is reduced to the problem (1.6).

In this paper, motivated and inspired by the idea of Ceng et al. [3], Katchang and Ku-
mam [12] and Yao et al. [29], we introduce a new iterative scheme with weak contraction
for finding solutions of a new general system of finite variational inequalities (1.7) for fi-
nite different inverse-strongly accretive operators and solutions of fixed point problems
for nonexpansive semigroups in a Banach space. Consequently, we obtain new strong con-
vergence theorems for fixed point problems which solve the general system of variational
inequalities (1.6). Moreover, we can apply the above theorem to finding solutions of zeros
of accretive operators and the class of k-strictly pseudocontractive mappings. The results
presented in this paper extend and improve the corresponding results of Ceng et al. [3],
Katchang and Kumam [12], Wangkeeree and Preechasilp [26], Yao et al. [29] and many
other authors.

2 Preliminaries
We always assume that E is a real Banach space and C is a nonempty closed convex subset
of E.

Let U = {x € E : ||x|| = 1}. A Banach space E is said to be uniformly convex if, for any
€ €(0,2], there exists § > 0 such that, for any x,y € U, ||x — y|| > € implies || ’% <1-6.1t
is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach

space E is said to be smooth if the limit lim,_ ¢ w

exists for all x,y € U. It is also
said to be uniformly smooth if the limit is attained uniformly for x,y € U. The modulus of

smoothness of E is defined by

1
p(t) = sup{§(||x+y|| +llx—yl) -1:x,y € E |lxll =1, [lyll = r},

where p : [0,00) — [0, 00) is a function. It is known that E is uniformly smooth if and only
if lim; ¢ @ = 0. Let g be a fixed real number with 1 < g < 2. A Banach space E is said
to be g-uniformly smooth if there exists a constant ¢ > 0 such that p(t) < ct? for all 7 > 0:
see, for instance, [1, 24].

We note that E is a uniformly smooth Banach space if and only if J, is single-valued and
uniformly continuous on any bounded subset of E. Typical examples of both uniformly
convex and uniformly smooth Banach spaces are L?, where p > 1. More precisely, L? is
min{p, 2}-uniformly smooth for every p > 1. Note also that no Banach space is g-uniformly
smooth for g > 2; see [24, 27] for more details.

Let D be a subset of C and Q: C — D. Then Q is said to be sunny if

Q(Qx + t(x — Qw)) = Qx,

whenever Qx + t(x — Qx) € C for x € C and ¢ > 0. A subset D of C is said to be a sunny
nonexpansive retract of C if there exists a sunny nonexpansive retraction Q of C onto D. A
mapping Q: C — C is called a retraction if Q* = Q. If a mapping Q: C — C is a retraction,
then Qz = z for all z in the range of Q. For example, see [1, 23] for more details. The fol-
lowing result describes a characterization of sunny nonexpansive retractions on a smooth

Banach space.
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Proposition 2.1 ([19]) Let E be a smooth Banach space and let C be a nonempty subset
of E. Let Q: E — C be a retraction and let ] be the normalized duality mapping on E. Then
the following are equivalent:
(i) Q is sunny and nonexpansive;
(i) |Qx—QylI* < (x—,J(Qx — Qy)), Vx,y € E;
(iii)) (x—Qx,J(y—Qx)) <0,VxeE, yeC.

Proposition 2.2 ([13]) Let C be a nonempty closed convex subset of a uniformly convex
and uniformly smooth Banach space E, and let T be a nonexpansive mapping of C into
itself with F(T) # (. Then the set F(T) is a sunny nonexpansive retract of C.

A Banach space E is said to satisfy Opial’s condition if for any sequence {x,} in E, x, — x
(n — o0) implies

limsup ||x, — x| < limsup ||x, —y|l, Vye€Ewithx#y.
n—0oQ n—0o0
By [7, Theorem 1], it is well known that, if E admits a weakly sequentially continuous
duality mapping, then E satisfies Opial’s condition and E is smooth.

We need the following lemmas for proving our main results.

Lemma 2.3 ([27]) Let E be a real 2-uniformly smooth Banach space with the best smooth
constant K. Then the following inequality holds:

e+ ¥1% < [0l + 20y, J) + 2 KylI>,  Vx,y € E.

Lemma 2.4 ([20]) Let {x,} and {y,} be bounded sequences in a Banach space X and let
{B.} be a sequence in [0,1] with 0 < liminf,_, B, < limsup,_, ., B, < 1. Suppose x,,1 =
(1- :Bn)yn + ﬂnxnfor all integersn >0 and lim Supn—mo(”y;ﬂl = Ynll = 1%n41 — %5 ) <0. Then,

limy, s o0 |y — %ull = 0.

Lemma 2.5 (Lemma 2.2 in [17]) Let {a,} and {b,} be two nonnegative real number se-
quences and {,} a positive real number sequence satisfying the conditions: y -, o, = 00

and lim,,_, o 2—” = 0. Let the recursive inequality
Ans1 < ap — (@) + by, n>0,

where ¢(a) is a continuous and strict increasing function for all a > 0 with ¢(0) = 0. Then

lim,,_ o0 @, = 0.

Lemma 2.6 ([6]) Let E be a uniformly convex Banach space and B,(0) := {x € E : ||x|| <r}
be a closed ball of E. Then there exists a continuous strictly increasing convex function
g:[0,00) — [0, 00) with g(0) = 0 such that

A%+ py + yzl* < Alxll® + wlyll® + v 21> = Aug(lx - 1)

forallx,y,z € B,(0) and A, u,y € [0, 1] with L+ pu+y =1
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Lemma 2.7 ([2]) Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space E and let T be nonexpansive mapping of C into itself. If {x,} is a sequence of
C such that x, — x weakly and x, — Tx,, — 0 strongly, then x is a fixed point of T.

Lemma 2.8 (Yao et al. [29, Lemma 3.1]; see also [1, Lemma 2.8]) Let C be a nonempty
closed convex subset of a real 2-uniformly smooth Banach space E. Let the mapping A :

C — E be B-inverse-strongly accretive. Then, we have
| = 24)x = (1 = 2A)y||* < llx = yII> + 20 (AK? = B) | Ax — Ay]>.
If B > AK?, then I — LA is nonexpansive.

3 Main results
In this section, we prove a strong convergence theorem. In order to prove our main results,

we need the following two lemmas.

Lemma 3.1 Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach
space E. Let Q¢ be the sunny nonexpansive retraction from E onto C. Let the mapping
A;: C — E be a Bj-inverse-strongly accretive such that B; > \K? where l € {1,2,...,M}. If
Q: C — C is a mapping defined by

Q) = Qc = AmAm)Qc — Ap1Apm-1) -+ - Qe — 22A42)Qc — MA)x, VxeC,

then Q is nonexpansive.

Proof Taking Q% = Qc(I-MA)Qc(—Ai1Ar1) -+ - QeI =12A2)Qc(I - A1), L € {1,2,3,...,
M} and Q2 = I, where I is the identity mapping on E, we have Q = Q¥. For any x,y € C,

we have
| Q) - Qv = | Q¥x - QMy|
= |Qcl = AmAm) Q¥ % = QeI - AnAm) Q¥ |
< | = 2ptAn) Q2% = (I = AsAn) Q2|

= o x- Q|

< | Q%x - QY|

= llx=yll.
Therefore, Q is nonexpansive. O
Lemma 3.2 Let C be a nonempty closed convex subset of a real smooth Banach space E.

Let Qc¢ be the sunny nonexpansive retraction from E onto C. Let A; : C — E be nonlinear

mapping, where l € {1,2,...,M}. Forx, € C, 1 € {1,2,...,M}, (x},%,,...,%,,) is a solution of
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problem (1.7) if and only if

%1 = Qcl = AAm)x,
%y = Qe = MAy)x),
%3 = Qcl — AaAz)xs, (3.1)

%y = Qe = A1 Am-1)%y_ 15
that is

%= Qe = AiAm)Qc — Ayr1An1) - - Qe — kaA2) QeI — A Ar)x,.
Proof From (1.7), we rewrite as

(%) = (¥ — AtAuxy), j(x — 7)) =0, VxeC,

(X3 — (g — Avc1Amaxy ), jlx — %)) = 0, Vx€C,

(3.2)
(x5 — (g — ApAoxy),j(x —x3)) >0, VxeC,
(x5 — (%] — MALx)),j(x —x,)) >0, VxeC.
Using Proposition 2.1(iii), the system (3.2) is equivalent to (3.1). (I

Throughout this paper, the set of fixed points of the mapping Q is denoted by F(Q).
The next result states the main result of this work.

Theorem 3.3 Let E be a uniformly convex and 2-uniformly smooth Banach space which
admits a weakly sequentially continuous duality mapping and C be a nonempty closed
convex subset of E. Let S = {T(t) : t > 0} be a nonexpansive semigroup on C and Q¢ be
a sunny nonexpansive retraction from E onto C. Let A;: C — E be a pj-inverse-strongly
accretive such that p; > MK?, where [ € {1,2,...,M)}, and K be the best smooth constant.
Let f be a weakly contractive mapping on C into itself with function ¢. Suppose F := F(Q)N
F(S) # 0, where Q is defined by Lemma 3.1. For arbitrary given xy = x € C, the sequence
{x,} is generated by

Yn = Qe — AAm)Qcl — Apr—1Ap—1) - - - Qe = A2A2)Qc (I — MA)Xy,
Xn+l = ar(f(xn) + ﬂnxn + ynT(Mn)ynr

(3.3)

where the sequences {a,,}, {B,} and {y,} are in (0,1) and satisfy {a,} + {Bn} +{yu} =1L, n>1,
{in} € (0,00), and A, L =1,2,..., M are positive real numbers. The following conditions are
satisfied:

(C1) lim,_ o0, =0 and Yoo oty = 00

(C2) 0 <liminf, .« B, <limsup,_, By <L

(C3) limy— o0 ftn = 0;

(C4) lim,_, o supc¢ | T(tne1)y — T(n)yll = 0, C bounded subset of C.
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Then {x,} converges strongly to x; = Qxf (x1) and (x1,%, ..., %) is a solution of the problem

(1.7) where Qr is the sunny nonexpansive retraction of C onto F.

Proof First, we prove that {x,} is bounded. Let p € F, taking
QL = Qcl = MANQcU = hiiAr1) - - QeI = 2A2)Qc - MAY),  1€{1,2,3,..., M},

Qg = I, where I is the identity mapping on E. From the definition of Q¢ is nonexpansive
then Qlc, l1€{1,2,3,...,M} also. We note that

lyn = pll = | Qexn — Qep| < llxu—plI. (3.4)
From (3.3) and (3.4), we also have

I%ne1 = Il = [ otnf () + Bukn + ¥ T (1tn)yn — p |
< @, |[f () = p| + Bulltn = pll + ¥ | T(1tn)yn — T(wa)p|
< a[l1%: = pll = (1%, = pll)] + @ [ f @) = | + Bulls = Il + ¥ullyn — Pl
< llxn = pll = (%0 = p1l) + 2 f(0) - 1|
Fw) -pl}. (35)

< max{|lx1 - pl, o (%1 - pll),

This implies that {x,} is bounded, so are {f(x,,)}, {y,}, and {T(1,,)yn}.
Next, we show that hmnﬁoo ”xn+l —Xn || = 0. Notice that
Yns1 = yull = ” ng[x,m - QI(\;/[xn ”
- ” QC(I - )LMAM) ZC\‘/I_leHl - QC(I - )VMAM)QZC\’/I_lxn ”
< | = AntAn) QF %1 — (I = At Apr) QF ot |

= || Q]g[ilxrnl - ZC\'/Iilxn ||

= || Q%xVHI - Q%xn ||

= %1 — Xl

Setting x,,,1 = (1 — Bu)zn + Bux, for all n > 0, we see that z, = W Then we have

”Z z ” _ KXn+2 — ;3n+1xn+l Xn+l — Iann
L - - _
" " 1- ﬁnﬂ 1- ,Bn
_ enstf @nid) + Vurr T(ns)yner— @nf (%) + 7T (1) Y
1- :3n+1 1- ,Bn
_ Ofn+1f(xn+1) + V1 T(Mn+l)yn+1 _ Oln+]f(xn) + an+]f(xn)
1- ﬂn+1 1- ﬁn+l 1- /gn+1

_ Va1 T ()Y + Vn+l T(/Ln)yn auf (%) + Vu T(Mn)yn
1- ,Bn+1 1- ,Bn+1 1- ﬂn
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= H 1 fr;iﬂ (f (ne1) = f () + : 1/72;1 (T(ns1)yns1 = T(in)yn)

il Vn+1 Yn
' (1_’3”+1 1- ﬂﬂ)f(xn)+ (1_:31'1+1 _l—ﬂn)T(Mn)yn

2 5 )]+ 1 TGt s~ TG
||

(o778
1- n+1

Uyl
= 1- B “f(an) —f(xn) ”

) Vn+l

1- :8n+1 —Optl
et
1- :3n+1

Uyl oy
* 1_,3n+1 - 1 _ﬂn ‘ ”f(‘x")H *

||yn+1 _yn” + ” T(Mn+l)yn - T(Mn)yn ”)

l_ﬂn+1_an+1 _l_ﬁn_an
1_/3;1+1 l_ﬂn

= 1 i{nﬂ:ﬂ (1% = %l = @ (1%n1 — x4) ]
+ (1 - 10{”_*1> 1yt = yull + | Ttns)yn = T )y )
- :3n+1
(7781 o,
" - T n n
+ 1- B 1 ﬂn ”f(x )” 1-8, ‘” (u )y ||
< 1 il 1%ne1 = %l + 1Yie1 — yull + H T(Mn+l)yn —_ T(Mn)yn H
- :3n+
78]

[ ()] + | TG )

= 1 %01 = %]l + (X041 = %4l + sUpP H T(ns1)y - T(/'Ln)y”

— Pn+1 y€{yn}

Qa1
| ] + I
Therefore,

Uzt = Znll = i1 = Fall < 2 01— ] + sup [ TG40y = T

_ﬂn+ yelyn}

o, oy,
1_7/;;1 ~ 1= g, | W@+ 1 TGuya])-

It follows from the conditions (C1), (C2) and (C4), which implies that
tim sup (5.1 = 21l = llns1 = 2ll) < 0.

Applying Lemma 2.4, we obtain lim,_, « |z, — %4|| = 0 and also
[%n1 = %ull = 0 = Bu) Iz — x|l — O

as n — 00. Therefore, we have

lim (%, —x,( = 0.
n— 00

)i

Page9of 16
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Next, we show that lim,,, oo || T ()Y — ¥4l = 0. Since p € F, from Lemma 2.6, we obtain

1 =PI = [lotaf @) + Bt + vu T )y - ||
< au[f@) - p|” + A== v 2 =PI + vullyn - 21
= o[£ Gn) = | + (= et = I = v (1150 = 217 = llyn — 2I1)
= o [f @) = p|* + (= )l — pII?
(1% = 21l = 19 = 21) (12 = 21 + 13 — 1))

< au|f o) = || + 1960 = P11 = Yl = yull*

Therefore, we have

Vlln = yul® < @ [f ) = 2| + 1% = pII = %001 — pII?
< au|f @) = p| + (160 = 2l + 19001 = P 156 = Zoroa .

From the condition (C1) and (3.6), this implies that ||x, — y,|| = 0 as n — co. Now, we
note that

”xn - T(/'Ln)yn ” S ”xn _xn+1” + ||xn+1 - T(//«n)yn ||
= [y = Xpaa |l + ”ar(f(xn) + Buxn + Vu T (Wn)yn = T (1n)yn ”
= o = X1l + ”an(f(xn) - T(Mn)yn) + ,Bn(xn - T(Hn)yn) ”

< %0 — Xl + an Hf(xn) = T(n)yn ” + B ”xn = T(n)yn ”

Therefore, we get

1 oy,
”xn = T(tn)yn ” = 1-8, %6 = %pia |l + m |Lf(xn) = T(n)yn ”
From the conditions (C1), (C2) and (3.6), this implies that ||x,, — T(u,,)y,|| — 0 as n — oo.

Since

”xn = T(n)xn ” = Hxn = T(1n)yn H + ” T(wn)yn = T(1n)xn ”

< |%n = Ten)yu + llyn = xall,

and hence it follows that lim,,_, o0 || T(14s)%, — %, = O.

Next, we prove that z € F := F(Q) N F(S). By the reflexivity of E and boundedness of the
sequence {x,}, we may assume that x,, — z for some z € C.

(a) First, we show that z € F(S). Put x; = x,,;, & = ;5 Bi = By, Vi = V; and p; = p,, for
i €N, lett; > 0 be such that

1T ()i =l
AN
i

i —> 0 and 0, i— oo.


http://www.fixedpointtheoryandapplications.com/content/2012/1/114

Onjai-uea et al. Fixed Point Theory and Applications 2012,2012:114
http://www.fixedpointtheoryandapplications.com/content/2012/1/114

Fix ¢ > 0. Notice that

[t/1ni]-1
|xi = T@p| < Y |T(k+ Dpwe)ai = Tkpeidoes| + | T (18 il i) = T ([ il )z
k=0

+ | T ([t midwi)z - T(e)z|
< [t/u) | T(o)oi = x: || + llosi = pll + || T (¢ = [£/ i i)z — 2|
< t”T(Mt’)xi_xi” .
Wi
- t”T(Mt’)xi_xi”

1

llxi = pll + | T(¢ = [t/ i)z - 2|
+ [l = pll + max{|| T(s)z 2] : 0 <5 < i}
For all i € N, we have
limsup |x; — T(£)z]| < limsup ||lx; - 2.
o0 o0

Since the Banach space E with a weakly sequentially continuous duality mapping satisfies
Opial’s condition, this implies T'(£)z = z. Therefore, z € F(S).
(b) Next, we show that z € F(Q). From Lemma 3.1, we know that Q = Qé’[ is nonexpan-

sive; it follows that
19 = Qynll = | Q% — Q|| < 1w = yull.
Thus lim,—, o [y, — Qyx|l = 0. Since Q is nonexpansive, we get

l96n = Qtull < 1% = yull + 10 = Lyl + | Qyn — Ll

< 2060 = yull + l1yn — Qyull,
and so
lim ||x, — Ox,|| = 0. (3.7)

By Lemma 2.7 and (3.7), we have z € F(Q). Therefore, z € F.
Next, we show that limsup,,_, .. ((f — )X1,] (%, — %1)) < 0, where X; = Qxf(%;). Since {x,}
is bounded, we can choose a sequence {x,,} of {x,} where x,, — z such that

lim sup((f — 11, (5, — %)) = lim ((f = D, /o, — ). (3.8)

n—00

Now, from (3.8), Proposition 2.1(iii) and the weakly sequential continuity of the duality

mapping J, we have

fim sup((f — D)%, J(x — %)) = lim ((f — D)3, ] (e, - 1))

n—00

((f = Dx1,J(z - %)) < 0. (3.9)

Page 11 of 16
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From (3.6), it follows that

limsup((f — 1)&1,J (%41 — %1)) < 0. (3.10)

n—00

Finally, we show that {x,} converges strongly to ¥; = Q£f(x;). We compute that

In = Zil? = (1 = F1,) (e = F))
= (ot (tn) + Butn + Vn T (n)yn — X1, ] (K1 — 51))
= (ot (f () = %1) + Bulotn = %1) + VT (1n)yn — %1), ] K1 — 1))
= u{f (en) = f (R0),] (K1 — %0)) + 2t (31) — %1, ] (001 — %1))
+ Bulxn — 21, T K1 — X0) + Vil T (i)Y — X1, ] (a1 — %1))
< [ 120 = Z1ll = @ (1% = X1 l1) J196ma1 = Zo ]| + tnlf R1) — B0, T (001 — %1))
+ Bullxn — X1l 16001 = X1l + Yullyn = X1l 101 — 21l
< oyl = Znll %01 = Z1ll = ctnp (1120 — &1 1) %01 — Z1
+ u(f (1) — %1, (K41 — 51))
+ Bullxn = X1l 101 = X1l + Yl — X1l 1%1 — %1
= [l = X[l %01 — Z1ll = cu@ (112 — 2111 [%1 — Z1

+ 0[,,(f(5€1) - &I;J(xnﬂ - 9_61))
= = (lwn =20l + lne1 = 2111%) = €n (60 = R0 1) 11 — 1 |
2

+ an(f(;cl) - &lr](xnﬂ - 9_51))

By (3.5) and since {x,,1 — X1} is bounded, i.e., there exists M > 0 such that ||x,.; — %1 || <M,
which implies that

%1 = Z1ll* < N9 = Z0lI* = 200 Mo (1260 — Z111) + 2000{f (R1) = %1, ] (a1 — 1)), (3.11)

Now, from (C1) and applying Lemma 2.5 to (3.11), we get ||x,, — X1|| — 0 as n — oo. This
completes the proof. d

Corollary 3.4 Let E be a uniformly convex and 2-uniformly smooth Banach space which
admits a weakly sequentially continuous duality mapping and C be a nonempty closed
convex subset of E. Let S = {T(t) : t > 0} be a nonexpansive semigroup on C and Qc be a
sunny nonexpansive retraction from E onto C. Let A : C — E be a -inverse-strongly accre-
tive such that B > AK?* where K is the best smooth constant. Let f be a weakly contractive
mapping of C into itself with function ¢. Let the sequences {a,}, {B,} and {y,} be in (0,1)
with {a,} + {Bu} + {vu} =1, n>1, {u,} C (0,00) and satisfy the conditions (C1)-(C4) in
Theorem 3.3. Suppose F := F(Q) N F(S) # 0, where Q is defined by

Q(x) = Qcl = 2A)Qc( - AA)--- Qc(l - A A)x, VxeC,
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and ) be a positive real number. For arbitrary given xy = x € C, the sequences {x,} are
generated by

Yn = QcI =AA)Qc( = AA)--- Qc(I — LA)xy,
Xn+l = anf(xn) + ﬁnxn + ynT(Mn)yn'

(3.12)

Then {x,} converges strongly to X1 = Qxf (x1), where Qr is the sunny nonexpansive retrac-

tion of C onto F.

PTOOf PuttingA =AM =AM_1 = =A2 =A1, ﬂ =ﬂM = ,BM—I == ﬂz =,81 and A = )\M =
Ap-1 =+ = Ay = A in Theorem 3.3, we can conclude the desired conclusion easily. This
completes the proof. d

Corollary 3.5 Let E be a uniformly convex and 2-uniformly smooth Banach space which
admits a weakly sequentially continuous duality mapping and C be a nonempty closed
convex subset of E. Let S = {T(t) : t > 0} be a nonexpansive semigroup on C and Qc be
a sunny nonexpansive retraction from E onto C. Let A;: C — E be a f-inverse-strongly
accretive such that B; > K%, where | € {1,2} and K be the best smooth constant. Let f be a
weakly contractive mapping of C into itself with function . Let the sequences {a,}, { B} and
{yn} be in (0,1) with {a,} + {Bu} + {vu} =1 n>1, {iu,} C (0,00) and satisfy the conditions
(C1)-(C4) in Theorem 3.3. Suppose F := F(Q) N F(S) # 0, where Q is defined by

Q) = Qcl — 2A42)Qc = MA)x, VYxeC,

and Ay, hy are positive real numbers. For arbitrary given xo = x € C, the sequences {x,} are
generated by

I = Qcll = 22A2)Qc( — A1 A1)xy,
Xntl = anf(xn) + BuXn + Vi T(:U«n)yn'

(3.13)
Then {x,} converges strongly to X1 = Qxf(x1) and (x1,%,) is a solution of the problem (1.6),
where Qr is the sunny nonexpansive retraction of C onto F.

Proof Taking M =2 in Theorem 3.3, we can conclude the desired conclusion easily. This
completes the proof. d

4 Some applications
4.1 (I) Application to strictly pseudocontractive mappings

Let E be a Banach space and let C be a subset of E. Recall that a mapping T': C — C is said
to be k-strictly pseudocontractive if there exist k € [0,1) and j(x — y) € J(x — y) such that

. 1-k
(T = Ty, jlx - y)) <l = yI* - — |- T)x -1 - T)y|? (4.1)
for all x,y € C. Then (4.1) can be written in the following form:

(L= Ty == Tl je =) = =5 = Ty - 1= T (4.2)
2
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Moreover, we know that A is =X-inverse strongly monotone and A~0 = F(T) (see also

2
[9D).

Theorem 4.1 Let E be a uniformly convex and 2-uniformly smooth Banach space and C
be a nonempty closed convex subset of E. Let S = {T(t) : t > 0} be a nonexpansive semi-
group on C and T;: C — C be a k;-strictly pseudocontractive mapping with L, < (;fz’),
lefl,2,...,M}. Let f be a weakly contractive mapping of C into itself with function ¢ and

suppose the sequences {a,}, {B,} and {y,} in (0,1) satisfy {o,} + {Bu} + {yu} =1, n>1and
{in} C (0,00). Suppose F := F(S) N (ﬂ?ﬁl F(T))) # 9 and let 1, 1 =1,2,...,M be positive
real numbers. If the following conditions are satisfied:
(1) limy, ooy =0andy 2 a, =00;

(i) 0 <liminf, . B, <limsup,_, . B. <L

(iii) 1lim,_ o0 iy = O;

(iv) lim,_, s supc¢ |l T(ns1)y — Tyl =0, C bounded subset of C.
Then the sequence {x,} is generated by xy =x € C and

Y= (L= Ap0) + A Ta) (L = Apgo1) + A1 Tarcr) - - (1= A2) + Ao 1)
X ((1 — )»1) + )\,1 Tl)xn, (43)
Xn+l = ‘Xrtf(xn) + Buxn + VnT(,un)yn

converges strongly to Qr, where Q r is the sunny nonexpansive retraction of E onto F.

Proof Putting A; =1-T;, [ €{1,2,...,M}. From (4.2), we get A; is %-inverse strong-
ly accretive operator. It follows that GSVI(C,A;) = GSVI(C,I — T;) = F(T;) # ¥ and
(ﬂ?ﬁl GSVI(C,I - T)) = F(Q) < is the solution of the problem (1.7) (see also Ceng et al.

[3, Theorem 4.1, pp.388-389] and Aoyama et al. [1, Theorem 4.1, p.10]).

(@ =21) + M T1)xn = Qc((1 = A1) + Ay T1) %,

(@ =200 + 2 Tar) -+ (A= A1) + A1 T1) %

= Qc((1=Am) + A Tyt) - - Qe (@ = A1) + A1 T1) %,
Therefore, by Theorem 3.3, {x,} converges strongly to some element ¥; of F. O

4.2 (ll) Application to Hilbert spaces
In real Hilbert spaces H, by Lemma 3.2, we obtain the following lemma:

Lemma 4.2 For given (x,,%,,...,%,,), a solution of the problem is as follows:

(AApxy + %] =%y, x—x1) >0, VxeC,
(AM1AM_1%yy 1 + Xy — Xy X —%,) >0, VxeC,
(4.4)

(AaAoxy + X3 — Xy, X —x3) >0, VxeC,

(MAx] +xy —x,8—%,) >0, VYxeC,
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if and only if
%1 = Pc(I = ktAa)Pcl = Ap1Api-r) - - PoI = AaA2)Pe(l — MAr)x,
is a fixed point of the mapping P : C — C defined by
P(x) = Pc = AmAm)Pc — Ay1Am-1) - - - Pcl = kaA2)Pc(l — MA1)x, VxeC,

where Pc is a metric projection H onto C.

It is well known that the smooth constant K = % in Hilbert spaces. From Theorem 3.3,

we can obtain the following result immediately.

Theorem 4.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A;: C — H be a Bj-inverse-strongly monotone mapping with A; € (0,26), [ € {1,2,...,M}.
Let S = {T(t) : t > 0} be a nonexpansive semigroup on C and f be a weakly contractive
mapping of C into itself with function ¢. Assume that F := F(P) N F(S) # 0, where P is
defined by Lemma 4.2 and let A;, [ =1,2,...,M be positive real numbers. Let the sequences
{a,}, {Bn} and {y,} in (0,1) with {a,} + {B,} + {yu} = 1, n > 1 and the following conditions
be satisfied:
() lim, ooy =0andy o a, =00;

(i) 0 <liminf,_, o By <limsup,_, . Bu <1l

(iii) lim,_ o0 piy = O;

(iv) lim,_, o sup,¢ |l T(ns1)y — Tyl =0, C bounded subset of C.
For arbitrary given xo = x € C, the sequences {x,} are generated by

Yn =Pc = AnAm)Pc — Ay1Ap-) - - - Poll — AaAo)Pc( — M A)X, 45)

KXnl = ar(f(xn) + Buy + VnT(,un)yw

Then {x,} converges strongly to %, = Pxf(x1) and (X1, %, ...,%y) is a solution of the problem
(4.4).

Remark 4.4 We can replace a contraction mapping f to a weak contractive mapping by
setting ¢(¢) = (1 — k)t. Hence, our results can be obtained immediately.
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