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Introduction and preliminaries

Banach contraction principle is one of the core subject that has been studied. It has so
many different generalizations with different approaches. One of the remarkable gener-
alizations, known as ®-contraction, was given by Boyd and Wong [1] in 1969. In 1997,
Alber and Guerre-Delabriere [2], introduced the notion of a weak ¢-contraction which
generalizes Boyd and Wong results, so Banach’s result. Very recently, inspired from
the notion of weak @-contractions, a new concept of ( y, @)-contractions was intro-
duced (see e.g. [3-7]).

Mustafa and Sims [8] introduced the notion of generalized metric spaces or simply G-
metric spaces as a generalization of the concept of a metric space. Based on the concept
of G-metric space, Mustafa et al. [9-11] proved several fixed point theorems for mapping
satisfying different contractive condition. The study of common fixed point was initiated
by Abbas and Rhoades [12]. The first result for contractive mappings in ordered G-
metric spaces was obtained by Saadati et al. [13]. Bhashkar and Lakshmikantham [14]
introduced the concept of a coupled fixed point of a mapping F: X x X — X and proved
some coupled fixed point theorems in ordered metric spaces. Some authors obtained
some interesting coupled fixed point theorems in G-metric spaces (see e.g. [15-18]). For
more results on G-metric spaces, one can refer to the papers [9-13,15-28].

Throughout the paper, N* is the set of positive integers. In 2004, Mustafa and Sims
[8] introduced the concept of G-metric spaces as follows:

Definition 1. (see [8]). Let X be a non-empty set, G : X x X x X — R" be a function
satisfying the following properties

(G1) G(x,9,2) =0ifx =y =z

(G2) 0 <G(x, x, y) for all w, y € X with x = y,

(G3) G(x, x, ) < G(x, 9, 2) for all x, y, ze X withy = z,

(G4) G(x, y, 2) = G(x, z, ¥) = G(, 2z, x) = ... (symmetry in all three variables),

(G5) G, y, 2) < G(x, a, a) + G(a, y, z) for all %, ¥, z, a € X (rectangle inequality).
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Then the function G is called a generalized metric, or, more specially, a G-metric on
X, and the pair (X, G) is called a G-metric space.
Every G-metric on X defines a metric dg on X by

da(x,y) = G(x,7,y) + G(y, x,x), forall x,yeX. (1)

Example 2. Let (X, d) be a metric space. The function G : X x X x X — [0, +c0),
defined by

G(x,y,z) = max{d(x, ), d(y, z), d(z, x)},
or
G(x,y,2) =d(x,y) +d(y, z) +d(z x),

for all x, y, z € X, is a G-metric on X.
Definition 3. (see [8]). Let (X, G) be a G-metric space, and let {x,} be a sequence of
points of X, therefore, we say that {x,} is G-convergent to x € X if

W}lig}roo G(x, Xn, Xm) = O, that is, for any ¢ > 0, there exists N € N such that G(x, x,, x,,)

<g, for all n, m = N. We call x the limit of the sequence and write x, — x or

lim x, = x
n—+0oo

Proposition 4. (see [8]). Let (X,G) be a G-metric space. The following are equivalent:

(1) {x,,} is G-convergent to x,

(2) G(x,, %,y x) = 0 as 1 —> +oo,

(3) G(x,, x, x) = 0 as n — +oo,

(4) G(x,, %, x) = 0 as n, m —> +oo,

Definition 5. (see [8]). Let (X, G) be a G-metric space. A sequence {x,} is is called a
G-Cauchy sequence if, for any ¢ > 0, there is N € N such that G(x,, x,,, x;) <& for all
m, n, | > N, i.e, G(x,, x,, x)) = 0 as n, m, [ — oo.

Proposition 6. (see [8]). Let (X, G) be a G-metric space. Then the following are
equivalent:

(1) the sequence {x,} is G-Cauchy,

(2) for any € > 0O, there exists N € N such that G(x,, x,,,, x,,,) <& for all m, n > N.

Definition 7. (see [8]). A G-metric space (X, G) is called G-complete if every G-Cau-
chy sequence is G-convergent in (X, G).

Definition 8. Let (X, G) be a G-metric space. A mapping F: X x X x X — X is said
to be continuous if for any three G-convergent sequences {x,}, {,,} and {z,} converging
to %, y and z respectively, {F(x,, y,, z,)} is G-convergent to F(x, y, z).

Following the paper of Berinde and Borcut [29], Aydi, Karapinar and Postolache [30]
introduced the following definitions:

Definition 9. (see [30]). Let (X, <) be a partially ordered set and F: X x X x X — X,
g : X = X. The mapping F is said to has the mixed g-monotone property if for any x,
y,ze X

x1,% €X, gx1 < gxo = F(x1,¥,2) < F(x2,¥,2),
y1.72€X, g < g2 = F(x,y1,2) = F(x,y2,2), (2)
z1,20 € X, g8z =<8z = F(x,y,21) < F(x,y,22).

Definition 10. (see [30]). Let F: X x X x X > X and g: X — X. An element (x, y, 2)
is called a tripled coincidence point of F and g if
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F(x,y,z) =gx, F(y,xy)=8y F(zyx)=g

The point (gx, gy, gz) is called a point of coincidence of F and g.
Definition 11. (see [30]). Let F: X x X x X - X and g: X — X. An element (x, y, z)
is called a tripled common fixed point of F and g if

F(x,y,z)=gx=x, F(yxy)=8r=y. Flzyx)=g=z

Definition 12. (see [30]). Let X be a non-empty set. Let F: X x X x X > X and g: X —
X are such that

8(F(x,y,2)) = F(gx, gy, 8)

whenever x, y, z € X, then F and g are said to be commutative.

Khan et al. [31] introduced the concept of altering distance function as follows:

Definition 13. (altering distance function, [31]) The function y : [0, + o) — [0, + )
is called an altering distance function if the following properties are satisfied:

(1) y is continuous and non-decreasing,
(2) w(2) = 0 if and only if £ = 0.

Let ¥ be the set of altering distances. Again, we denote by @ the set of functions ¢ :
[0, +0) — [0, 4+0) such that

(i) @ is lower-continuous and non-decreasing,
(ii) @(2) = 0 if and only if £ = 0.

The notion of a fixed point of N-order was first introduced by Samet and Vetro [32].
Later, Berinde and Borcut [29] proved some tripled fixed point results (N = 3) in par-
tially ordered metric spaces (see also [33-36]). In this paper, we establish tripled coinci-
dence point results for mappings F : X> - X and g : X — X involving nonlinear
contractions in the setting of ordered G-metric spaces. Also, we present an application
and some examples in support of our results.

Main results
Before stating our results, we give the following useful lemma.

Lemma 14. Consider three non-negative real sequences {a,}, {b,} and {c,}. Suppose
there exists o0 > O such that

lim max{a,, b,} =0 and lim max{a, b, c,} = «.
n—+00 n—+00

Then. limsup ¢, = a.
’ n—+00
Proof. First, we have ¢, < max{a,, b,, c,}, then

limsupc, < a. (3)
n—+00

For all n € N, we have

0 < max{ay, by, ¢4} — ¢y < max{ay, by} + ¢, — ¢, = max{ay, by},
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which implies that lirgfip(max{an, bn, ¢n} = ¢n) < 0. Having in mind that

lim sup(max{ay, by, cn} — ¢4) > lim sup max{a,, b,, ¢y} — limsup ¢, = « — limsup c,,
n—+00 n—+00 n—+00 n—+00

so it follows that

limsup ¢, > «a. (4)
n— +00

By (3) and (4), we get that hnrgfgop =0 D

The aim of this paper is to prove the following theorem.

Theorem 15. Let (X, <) be a partially ordered set and (X, G) be a G-metric space
such that (X, G) is G-complete. Let F: X> — X and g : X — X. Assume there exist y €
Y and ¢ € O such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv
and gz > gc = gw, we have

V¥ (G(F(x,y,2), F(a, b, c), F(u,v,w))) < ¢ (max{G(gx, ga, gu), G(8y. 8b, 8v), G(gz, 8¢, gw)})

5
— ¢(max{G(gx, ga, gu), G(gy, gb, gv), G(gz 8¢, gw)}). ©)

Assume that F and g satisfy the following conditions:

(1) FOXC) € gx),
(2) F has the mixed g-monotone property,
(3) F is continuous,

(4) g is continuous and commutes with F.

Suppose there exist xq, Yo, 2o € X such that gxy < F(xo, Yo, 20), &0 = F(yo, x0, yo) and
820 < F(zo, Yo, %0), then F and g have a tripled coincidence point in X, i.e., there exist x,
v, z€ X such that

F(x,y,z) =gx, F(y.xy)=8y. F(zyx)=gz

Proof. Suppose xg, Yo, zo € X are such that gxy < F(xo, y0, 20), 20 = F(yo, %0, ¥o), and
20 < F(zo, yo, %0). Since F(X?) € g(X), we can choose gx; = F(xo, Yo, 20), &1 = F(yo, %0,
yo) and gz; = F(zo, yo, %0).- Then g < gx1, gy = gy1 and gzo < gz;. Similarly, define gx,
= F(x1, y1, 21), &> = F(y1, x1, y1) and gz, = F(z1, y1, %1). Since F has the mixed g-mono-
tone property, we have grg < gx; < gxo, gy» < gy1 < @Yo and gzp < gz1 < gz,. Continuing
this process, we can construct three sequences {x,}, {y,} and {z,} in X such that

8%n = F(xn—1,Yn-1,2n-1) < §%ns1 = F(Xn,Yn, 20n),
&Vn+1 = F(an Xn,s )/n) <&Vn = F(Ynflrxnfll Ynfl)/

and
82n = F(zu—1, Yn—1,%n-1) < 8&n+1 = F(2n, Yn, Xn).

If, for some integer ny, we have (§Xn,+1,8Vno+18%ne+1) = (8%nos &¥nos §ny )y then
F(Xny: Vnor Zng ) = 8%ngs F(Vngs Xnos Yng ) = &Vne and F(Zny, Yngs Xny ) = §2ng 1-€., (Xngs Vg Zny ) 18
a tripled coincidence point of F and g. Thus we shall assume that (gx,.1, 2,1, £2,+1)
# (g%, @V g2,) for all m e N; i.e., we assume that either gx,,; # gx, or gy,.1 # gy, or
92,41 # g2, For any n € N*, we have from (5)
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W (G(8Xns1, 8%n, 8%n)):=V (G(F(Xn, Yns 2n), F(Xn—1, Yn—1,2n-1), F(Xn—1, Yn—1,2u-1)))
< ¥ (max{G(8xn, §xn—-1,8%n—-1), G(8¥n, &¥n—1,8¥n-1), G(82n-1,82n-1)})
— ¢(max{G(gxn, gXn—1,8%n—1), G(8Yn, 8¥n—1,8¥n—1), G(82n, §2n—1, §2n—1)})
< ¥ (max{G(gxn, §%n—1, 8%n—1), G(8Yn, 8¥n—1)8¥n—1), G(82n, §&n—1, §2n—1)}),

(6)

V(G(8Yn, 8¥ns Vn+1)) = Y (G(F(Vn-1, Xn—1,Yn-1), F(Yn—1, Xn—1, Yn-1), F(¥n, Xn, ¥u)))
< Y (max{G(gyn-1,8¥n-1,8Yn), G(&%n—1, 8%n—1, §%n)}
— ¢(max{G(gVn—1,8Yn—1,8¥n), G(§xn—1, 8Xn—1, 8%n)})
< Y (max{G(gyn, 8¥n—1,8¥n—1): G(8%n, 8%n—1,8%n—1), G(82n, §&n—1, 8&n-1)}),

7)

and

YV (G(8zn+1, 82n, 82n)) =V (G(F(2n, Yn, Xn), F(2n—1, Yn-1, %n—1), F(2n—1, ¥n-1,%n-1)))
< ¥ (max{G(gzn, §2n—1, 8&n—1), G(&Vns §¥n—1, 8¥n—1), G(8Xn, §¥Xn—1,8%n—1)})
— ¢(max{G(F(zu, yn, %u), F(@n—1, ¥n—1,%n-1), F(zn—1, Yn-1,%n-1))})
< ¥ (max{G(8zn, §2n-1, 82n—1), G(8Vn &¥n—1, 8Vn—1), G(&%Xn, §xn—1, 8%n-1)})-

8)

Since y:[0,4+0) — [0, +°) is a non-decreasing function, for a, b, ¢ € [0,+), we have
yw(max{a, b, c}) = max{y(a), y(b), w(c)}. Then, from (6), (7), and (8), it follows that

W (max{G(gXn+1, §%n, %n), G(8Yn, Vs Z¥n+1 ), G(8Zn+1, §Zns Z2n)})
= max({y (G(gxn+1, 8%n, 8%n)), ¥ (G(8Yn 8¥n: 8¥n+1)), ¥ (G(82n+1, 82n,s 82n))})
< ¥ (max{G(gxn, 8%n—1, 8%n—1), G(&Vn: &Vn—1, 8¥n—1), G(82n, §2n-1, §2n-1)})-

The fact that y is non-decreasing yields that

max{c(gxn+1/gxn/ gxn)/ G(g)/n/ 8Vns 8Vn+1 )/ G(gzn+1/gzn/ an)}

)
< max{G(gxn, §n—1,8%n—1), G(&¥n, 8¥n—1, &Vn—1), G(82n, §2n—1,82n—1)}.

Thus, {max{G(gx,.1, g% 2%,.),G(@V,» &> ©n+1),G(€241, 82 €2,)}} IS @ positive non-
increasing sequence. Hence there exists r > 0 such that

lim max{G(gxn+1, §%n, 8%n), G(8Vns &Vns &Vn+1), G(82n+1, 82n, §2n)} = 1. (10)

n—+00
Having in mind that ¢ is non-decreasing, then

¢ (max{G(gxn, gXn—1,8%n—1), G(&Vn, &¥n—1, &¥n-1), G(82n, 8&n—1, 82n-1)})

11
> ¢(max{G(gxn, §%n—1,8%n—1), G(&Vns &¥n—1,8Vn-1)}), ()

so from (6)-(8), we get that

¥ (max{G(gxn+1, 8%n, &%), G(8¥n, &¥n, &Vn+1), G(82n+1, 82n: &2n)})
= max({y (G(8xn+1, 8%n, 8%n)), ¥ (G(8Yn: 8¥n: §¥n+1)), ¥ (G(82n+1, 82n, 82n))})
< ¥ (max{G(gxn, g¥n—1,8%n—1), G(&¥ns 8¥n—1, 8Vn-1), G(82n, §Zn—1, 82n-1)})
— ¢(max{G(gxn, §xn—1,8%n—-1), G(8Vns &¥n-1,8Vn-1)})-

(12)

On the other hand,

0< maX{G(gxn, 8Xn—1,8Xn—1 )r G(g}’nfllgynflrgyn)}

(13)
< max{G(8xn, §%n—1,8%n—1), G(&Vn—1, 8Vn—1,8Vn): G(82n, §2n—1, 82n-1)},

so by (10), the real sequence {max{G(gx,, gx,..1, €%,,.1),G(Vs-1, &1, &)} is bounded.
Thus, there exists a real number r; with 0 < r; < r and subsequences {x,,4)} of {x,} and
Wnw} of {y,} such that

Page 5 of 22
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kLiIPOO max{G(gXn(k)+1, &%n(k) §%n(k))s G(&Yn(k)s &Vn(k), &¥n(k)+1)} = T1. (14)

We rewrite (12)

Y (max{G(&Xn(t)+1, §¥n(k), &n(k) ) G(8Vn(k)s 8¥n(k)s §¥n(k)+1) G(8Zn(k)+1, &Zn(k)s &Zn(k)})
< ¥ (max{G(gxn(t), §¥n(l)—1, 8%n(l)—1)r G(&Vn()s 8Vn(ik)—1/ &¥Vn(i)—1), G(&Zn(te): &Zn()—1, en(ik)—1)}) (15)
— ¢(max{G(gxn(k), 8Xn(k)—1, &¥n(i)~1): G(&Vn(t)s 8Yn(l)—1, &¥n(i)-1)})-

Letting k — +eo in (15), having in mind (10), (14), the continuity of  and the lower
semi-continuity of ¢, we obtain

¥ (r) = lim sup ¥ (max{G(§Xn(k)+1, §Xn(k), &¥n(k) ) G(8Vn(k)s 8¥n(t)r &¥n(ie)+1)r G(8Zn(i)+1, &2n(k)s §Zn(i))})

k—+00

< lim sup ¥ (max{G(gxn(k), §¥n(k)—1, §xn(t)-1) G(&Vn(k)s ¥Yn()—1, &¥n(i)-1): G(8Zn (), §Zn(ie)~1, &Zn(i)-1)})
k>-+00

- l}izm+i£f¢(max{c(gxn(k)rgxn(k]—lrgxn(k)—l)r G(&Vn(t), &Vn(l)—1, 8¥n(k)-1)})
<y(r) —é(n),

which implies that ¢(r;) = 0, and using a property of ¢, we find r; = 0. Thanks to
Lemma 14 together with (10) and (14), it yields that

r=: klimm max{G(&Xn(k), §Xn(l)—1, §¥n(k)—1)» G(8Yn(k): &Vn()—1, &Yn(k)—1)s G(8Zn(k), &Zn(l)—1, §en(k)—1)}
.

. 16
= lim sup G(gzn(k),gzn(k)q s &n(k)-1 ). ( )

[,
For any k € N, we rewrite (8) as

Y (G(82n(k)+1/ &an(k)s §Zn(k)))
< ¥ (max{G(8zn(k), §2n(k)—1, §2n(k)—1), G(&Vn(k)s S¥Yn(k)—1, 8¥Yn(k)—1)r G(&Xn(k): §Xn(i)—1, &Xn(k)-1)}) (17)
— ¢ (max{G(82n(k), 8zn(k)-1, 8Zn(1)-1), G(&Yn(k): 8Vn(k)~1+ 8¥n(1)-1), G(&%n(k), 8Xn(l)—1, &Xn(k)-1)})-

Again, letting k — +c0 in (17), having in mind (10), (16) and by the properties of y,
¢, we obtain

‘/’(T) = lim sup '//(G(gzn(h)ﬂr &Zn (k) an(k)))

k—+00

< lim sup ¥ (max{gz,(k), &2n(k)—1, 82n(k)—1), G(8Vn(k): 8Yn(k)—~1+ 8Vn(k)—1)r G(&Xn(k)s 8%Xn(l)—1, &Xn(i)—1)})

k—+00

- l}igl }or;f ¢ (max{G(8zn(k), &n(k)~1, 8Zn(l)-1), G(8Yn(k): 8Yn(t)~1+ 8¥n(1)—1) G(8%n(k), §Xn(k)—1, §¥n(i)—1)})
< ¥(r) —o(n)

which gives that ¢(r) = 0, so r = 0, i.e,, by (10),

nl—i>IPoo max{G(8xn+1, 8%n, §xn), G(8Yn, 8Vns §¥n+1), G(§Zn+1, §2n, §2n)} = 0. (18)
Our next step is to show that {gx,}, {gy,} and {gz,} are G-Cauchy sequences.
Assume the contrary, i.e., {gx,}, {gy,} or {gz,} is not a G-Cauchy sequence, i.e.,

limoo G(g%m, gxngxn) #0, or lim  G(gYm, &Vn, &Vn) # 0,

n,m—+ n,m—+00

or nrrlti—r>r-l+oo G(82Zm, 82n, 82n) # 0. This means that there exists ¢ > 0 for which we can

find subsequences of integers {m,} and {1} with n; >my >k such that
max{G(8gxm,, 8¥n.r 8%n.)r G(8Vmyr 8V &V )r G(8Zmys §2myr 82m )} = €. (19)

Further, corresponding to m1; we can choose 7 in such a way that it is the smallest
integer with n; >m; and satisfying (19). Then

max{G(gxm,. §%m,—1, §%m—1), G(&Ymy §Vn,—1, 8Vm—1), G(8Zmys §Zm,—1, 8Zm—1)} < 6. (20)

Page 6 of 22
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By (G5) and (20), we have
G(gxmk' &%y r 8Xmy, ) = G(gxmk’ &Xn—1s 8Xmy—1 ) + G(gxnk—lf &%y r &Xmy, )
< &+ G(8%n,—1, §%nr §%ny,)-
Thus, by (18) we obtain

lim G(g%m,, 8%n,  &%n,) < lim G(gXm,, &Xn—1, §¥n—1) < €.
k—+00 k—+00

Similarly, we have

Jm G(8Ym, 8V &¥n,) = M G(gYm,s &m—1,8Ym,—1) = e.

Jm G(8am,, 82, 82n,) = M G(gzm,, §am—1, 8zn,—1) = €.

Again by (G5) and (20), we have

G (8% 8%n,r 8%n,) < G(&Xmys 8Xmy,—1/ §Xmy—1)
+ G(8%mu—1/8%n—1, §%np—1) + G(%n,—1, §¥ns §%n,,)
= G(gxmw &%my—1, 8%my,—1 ) + G(gxmkflf 8&%myr gxmk)
+ G(8%m, s 8%n—1, 8%n—1) + G(§Xn,—1/ §%nyr 8%ny,)
< G(8%myr §%my—1,8%myu—1) + G(8%my—1, §¥%myr §Xmy, )

+ &+ G(gXn,—1, §%n,r 8%ny,)-
Letting kK — +c and using (18), we get

lim G(gxm, 8%n,  8%n,) < lim G(gXm,—1,8Xn—1, §%n—1) < &,
k—+00 k—+00
lim G(gym 8Ynr 8¥n,) < M G(gYm—1, 8¥n—1,&¥me—1) < &
k—+00 k—+00

lim G(8zm,, 82n,, §zn,) < lim G(8zm,—1, 82Zn,—1,82n,—1) < €.
k—+00 k—+00

Using (19) and (24)-(26), we have

hl_ifloo max{G(8xm,, 8%n,, 8%n, ): G(&Ymyr 8¥ner 8¥n,)r G(8Zm,s 82n,+ §2n, )}

= lim max{G(gxm,—1, §%n,~1, &%m,—1), G(&Vm—1, 8¥n,—1 &¥me—1)s G(8Zm—1, 8Zmy—1, 8Zn,—1)

k—+00

=¢£.
Now, using inequality (5) we obtain

VY (G(8%myr &ner 8%m,)) = ¥ (G(F(Xmy—1, Ymye—1/ Zm—1)s F (=1, Ym—1, Zng—1) F (%~ 1, Y1, 2 1))
< Y (max{G(xm,—1, X~ 1, Xme—1), GWme—1, Yme—1, Y1), G(Zmy—1, Zn—1, Zm—1)})

— ¢ (max{G(Xm,—1, Xm,—1, Xm—1)s GVmy—1, V=1, Yme—1), G(Zm—1, Zm—1, Zm—1)})

Y (G(8Ymr &Vmir 8¥nmi)) = ¥ (G(F(Ym—1s Xm—1, Ym—1)s F(Vme—10 X1, Ym=1)s F(Vm=1/ X1, Yme—1)))
= 1/’(rna-x{c(xm,l—1/ Xny—1s xnk—l)r G()/m;(—lr}’nk—lr)/nh—l)})
— ¢(max{G(xm,—1, %Xn—1, Xn,—1), G(Ymy—1, Ym—1, Ym—1)})

and

Y (G(82m 82nyr 8zn,)) = W (G(F(zm—1, Ym—1, Xm—1), F(2me=1, V=1, Xn=1), F(Zme—1, Yme—1, X —1)))
= w(ma‘x{c(xmrﬁl/ Xny—11 xﬂkfl)/ G(ymrl/ Yme—1, yﬂrl)/ G(Zwﬁllznhflrznkfl)})
— ¢(max{G(m,—1, %1, Xny—1), CWme—1s Y= 1, Yre—1)s GZmy—1, Zn—1, Zn,—1)})

(21)

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)
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We deduce from (28)-(30) that

¥ (max{G(8xm,, 8%n,s 8%n, ): G(8Vmyr 8¥mes 8¥nmi)r G(8Zmy s 82, §2m, )}
= max{y (G(gxmh' 8Xnys gx”k))’ 4 (G(g)’mk' Vs &Yny, ))' 1p(G(gz‘mk' &ny,s gzﬂk))}

(31)
= l//(Inax{c(xm;ﬁll Xnp—11 Xy, —1 )' G(ymk,l, VYme—1:Ym—1 )' G(kafl, Zny—11 Zm,—1 )})
- ¢(max{G(xm,{,1 + Xn—1s X —1 )I G(ymlﬁl 1 Ye—1:Ym—1 )})
On the other hand, since
rnax{G(xmh_l, Xng—17 Xny—1 )' G(ymh—l’ Vm—1, yﬂk—l)} (32)

= max{c(xmk—lz Xnp—1s xnk—l)/ G(Ymk—lz V-1, }’nk—l)/ G(ka—ll Znp—11 an—l)}/
then from (27),

lim sup max{c(xmk—lr Xnp—1s Xmy—1 )' G(ymk—l’ Vm—1, Ym—1 )} =&
k—+00

Therefore, the real sequence {max{G(Xm,—1,%n—1,Xn,—1); G(Ym—1, Ym—1, Ym—1)}} is
bounded. Thus, up to a subsequence (still denoted the same), there exists &; with 0 <
&1 < ¢ such that

lim max{G(xm—1, Xne—1, 1), G¥me—1, Ym—1, Ym—1)} = €1. (33)

k—+00

Inserting this in (31) and using (27), (33) together with the properties of v, @, we get

that
¥(e) = lim Sup v (max{G(gXmy, &nyr 8% )s G(&Ymyr &Y mis &Y )s G(82ms §2ms 82 )}
k—> +00
< lim sup lp(nrla-X{G(xmk—l/ Xnk—1/s Xnk—1 )r G(Ymk—l 1 Ynk—1/ Ynk—1 )/ G(ka—lr Znk—1+, znk—l)})
k—+00

— liminfk — +oo¢(max{G(Xm,—1, Xn,—1, Xm—1)s GYme—1, Yre—=1, Ym—1)})
< ¥ (e) — o(e1),
which leads to ¢(e;) = 0, so & = 0. By this and (27), due to Lemma 14, we obtain

lim sup G(zm,—1, Zn,—1, Zm—1) = €.
k—+00

Combining this to (19) and (26), we find

lim sup G(ka’ Ly r znk) = €.
k—+00

Letting k — o in (30) and using (27), we deduce
v(e) = v(e) —o(e)

i.e., ¢ = 0, it is a contradiction. We conclude that {gx,}, {gy,} and {gz,} are G-Cauchy
sequences in the G-metric space (X, G), which is G-complete. Then, there are x, y, z €

X such that {gx,}, {gy,} and {gz,} are respectively G-convergent to %, y and z, i.e., from
Proposition 4, we have

nlﬁir{lij G(gxn, gxn, x) = nlirpw G(gxn, x,x) =0, (34)
im G(gyn gyn,y) = lim G(gyn y,¥) = 0, (35)

lim G(gzy, §2n,2) = lim G(gzy,z,z) = 0. (36)
n—+00

n— +00
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From (34)-(36) and the continuity of g, we get thanks to Proposition 8

Jim  G(g(gxn), 8(8xn) 8x) = lim G(g(gxn), g% 8%) = O, (37)
Jim G(g(8yn). 8(8yn), gy) = lim G(g(gyn). 8y, 8y) = 0, (38)
Jim G(g(821), 8(820), 82) = lim G(g(82n), 82, 82) = 0. (39)

Since gx,.1 = F(X, Yo 20)s @ne1 = FO %, ¥,) and gz,,.1 = F(2,, ¥ %,,), so the com-
mutativity of F and g yields that

8(8%n+1) = 8(F(Xu, Yn, zn)) = F(8%n, &Yn: 82n), (40)
8(8yne1) = 8(E(Yns Xn, yn)) = F(8Vn: 8%n, 8¥n), (41)
8(8zn+1) = 8(F(2n, ¥n, xn)) = F(82n, §¥n, §Xn)- (42)

Now we show that F(x, y, z) = gx, F(y, x, y) = gy and F(z, y, x) = gz.

The mapping F is continuous, so since the sequences {gx,}, {gy,} and {gz,} are,
respectively, G-convergent to x, y and z, hence using Definition 8, the sequence {F(gx,,
w 82,)} is G-convergent to F(x, y, z). Therefore, from (40), {g(gx,,,1)} is G-convergent
to F(x, y, z). By uniqueness of the limit, from (37) we have F(x, y, z) = gx.

Similarly, one finds F(y, x, y) = gy and F(z, y, x) = gz, and this makes end to the
proof. O

Corollary 16. Let (X, <) be a partially ordered set and (X, G) be a G-metric space
such that (X, G) is G-complete. Let F : X> — X and g : X — X. Assume there exists k €
[0,1) such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv and gz >
gc > gw, we have

G(F(x,y.2),F(a,b,c), F(u,v,w)) < kmax{G(gx, ga, gu), G(gy. gb, gv), G(gz, gc, gw)}.

Assume that F and g satisfy the following conditions:

(1) F(X°) < gx),

(2) F has the mixed g-monotone property,
(3) F is continuous,

(4) g is continuous and commutes with F.

Suppose there exist xqo, Yo, 2o € X such that gxy < F(xo, Yo, 20), &0 = F(yo, x0, yo) and
2o < F(zo, yo, %0), then F and g have a tripled coincidence point in X, i.e., there exist x,

v, z € X such that
F(xy.2) =gx, F(yxy) =gy, F(zyx) =g

Proof. 1f follows by taking w(f) = t and ¢(¢) = (1 - k)¢ for all £ > 0. O

Corollary 17. Let (X, <) be a partially ordered set and (X, G) be a G-metric space
such that (X, G) is G-complete. Let F : X> — X and g: X > X. Assume there exists k €
[0,1) such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga = gu, gy < gb < gv and gz >
gc > gw, we have
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k
G(F(xy2), F(a, b,c), F(u,v,w)) = [ (G(8x, ga, gu) + G(8y, b, gv) + G(8z 8¢, 8w)).

Assume that F and g satisfy the following conditions:

(1) F(X°) sg(X),

(2) F has the mixed g-monotone property,
(3) F is continuous,

(4) g is continuous and commutes with F.

Suppose there exist xq, Yo, 2o € X such that gxy < F(xo, Yo, 20), &0 = F(yo, x0, yo) and
2o < F(zo, Yo, %0), then F and g have a tripled coincidence point in X, i.e., there exist x,
v, z € X such that

F(x,y,z) =gx, F(yxy)=8y. F(zyx) =gz

Proof. 1t suffices to remark that

5 (G(gx, a, gu) + G(gy, 8b, gv) + G(8z, 8¢, Q) (43)
< kemax{G(gx, ga, gu), G(gy, 8b, gv), G(8z, 8¢, gw)}-

O

In the next theorem, we omit the continuity hypothesis of F. We need the following
definition.

Definition 18. Let (X, <) be a partially ordered set and G be a G-metric on X. We
say that (X, G, <) is regular if the following conditions hold:

(i) if a non-decreasing sequence {x,} is such that x,, — x, then x,, < x for all n,

(ii) if a nomn-increasing sequence {y,} is such that y, — vy, then y < y,, for all n.

Theorem 19. Let (X, <) be a partially ordered set and (X, G) be a G-metric space.
Let F: X*> — X and g: X — X. Assume there exist y € ¥ and ¢ € ® such that for x, y,
z,a,b,¢c,u, v, we X, with gx > ga > gu, gy < gb < gv and gz > gc > gw, we have

¥ (G(F(x,y,z), F(a, b, c), F(u,v,w))) < ¥ (max{G(gx, ga, gu), G(gy, gb, gv), G(gz, 8¢, gw)})

44,
— ¢(max{G(gx, ga, gu), G(gy. gb, gv), G(8z, gc, gw)}). (44

Assume that (X, G, <) is regular. Suppose that (g(X),G) is G-complete, F has the
mixed g-monotone property and F(X x X x X) € g(X). Also, assume there exist xo, Yo, Zo
€ X such that gxo < F(xo, Yo, 20), &0 = F(yo, X0, ¥0) and gzp < F(zo, yo, Xo), then F and g
have a tripled coincidence point in X, i.e., there exist x, y, z € X such that

F(x,y,z) =gx, F(yxy)=8y. F(zyx)=gz

Proof. Proceeding exactly as in Theorem 15, we have that {gx,}, {gy,} and {gz,} are G-
Cauchy sequences in the G-complete G-metric space (g(X), G). Then, there exist %, y, z
€ X such that gx, — gx, gy, — gy and gz,, — gz. Since {gx,} and {gz,} are non-decreas-
ing and {gy,} is non-increasing, using the regularity of (X, G, <), we have gx, < gx, gz,
< gz and gy < gy, for all n > 0. Using (5), we get

V(G(F(x,y, ), 8xns1, 8%ne1) = Y (G(F(x, ¥, 2), F(n, Yns 2n), F(%Xn, Y, 2n)))

< ¥ (max{G(gx, gxn, gxn), G(8Y, 8¥n: 8¥n), G(8%, 82, §2n)}) (45)
— ¢(max{G(gx, §%n, gxn), G(8Y, 8¥n: &Vn), G(87, 82n, §2n)})-
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Letting n — +<0 in the above inequality, we obtain that
¥ (G(F(x,y,2), 8, 8x)) < ¥(0) — ¢(0) = O,

which implies that G(F(x, y, z), gx, gx) = 0, i.e., gx = F(x, ¥, 2).

Similarly, one can show that gy = F(y, x, y) and gz = F(z, y, x). Thus we proved that
(%, ¥, 2) is a tripled coincidence point of F and g. O

Similarly, we can state the following corollary.

Corollary 20. Let (X, <) be a partially ordered set and (X, G) be a G-metric space.
Let F: X> - X and g X —> X. Assume there exists k € [0, 1) such that for x, y, z, a, b,
¢ u, v, we X, with gx > ga > gu, gy < gb < gv and gz > gc > gw, we have

G(F(x,y,2),F(a, b, c), F(u,v,w)) < kmax{G(gx, ga.gy), G(gy. gb, gv), G(gz, gc, gw)}.

Assume that (X, G, <) is regular. Suppose that (g(X),G) is G-complete, F has the
mixed g-monotone property and F(X x X x X) € g(X). Also, assume there exist x,, o, 2o
€ X such that gxg < F(xo, Yo, 20), & 0 = F(yo, %0, ¥o) and gzy < F(zo, yo, Xo), then F and
g have a tripled coincidence point in X, i.e., there exist x, y, z € X such that

F(xy.2) =gx, F(yxy) =8y, F(zy.x) =g

Corollary 21. Let (X, <) be a partially ordered set and (X, G) be a G-metric space.
Assume that (X, G, <) is regular. Let F: X> — X and g : X — X. Assume there exists k
€ [0, 1) such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv and gz
> gc >gw, we have

k
G(F(x,y,2),F(a, b, ), F(u,v,w)) < 3 (G(gx, ga, gu) + G(gy, gb, gv) + G(gz, 8¢, gw)).

Suppose that (g(X),G) is G-complete, F has the mixed g-monotone property and F(X x
X x X) € g(X). Also, assume there exist xo, Yo, zo € X such that gxy < F(xo, Yo, 20), £o =
F(yo, %0, yo) and gzoy <F(zo, Yo, x0), then F and g have a tripled coincidence point in X, i.
e., there exist x, y, z € X such that

F(x,y,z) =gx, F(y.x,y) =8y, F(zyx) =g

Remark 22. Other corollaries could be derived from Theorems 15 and 19 by taking g
= Id,.

Now, form previous obtained results, we will deduce some tripled coincidence point
results for mappings satisfying a contraction of integral type in G-metric space. Let us
introduce first some notations.

We denote by I' the set of functions o: [0, +o0) — [0, +) satisfying the following

conditions:

(i) o is a Lebesgue integrable mapping on each compact subset of [0, +co),
(ii) for all € > 0, we have

&

/a(s)ds >0.

0

Let N € N* be fixed. Let {&}}; < ; < » be a family of N functions that belong to I'. For

.....
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t

Ii(t) = /al(s)ds,

0
L) { 1 (s)ds

L(t) = /ozz(s)ds= / ay(s)ds,
0 0
IN_y ()

IN(I) = / O[N(S)dS.

We have the following result.

Theorem 23. Let (X, <) be a partially ordered set and (X, G) be a G-metric space
such that (X, G) is G-complete. Let F : X> — X and g : X — X. Assume there exist y €
Y and ¢ € ® such that for x, y, z, a, b, ¢, u, v, w € X, wth gx > ga > gu, gy < gb < gv
and gz > gc > gw, we have

IN(¥ (G(E(x,y, 2), F(a, b, ¢), F(u, v,w)))) < IN(¢ (max{G(gx, ga, gu), G(gy, gb. gv), G(gz, 8¢, gw)}))

46
— In(¢(max{G(gx, ga, gu), G(gy. gb, gv), G(gz. gc, gw)}))- (46)

Assume that F and g satisfy the following conditions:

(1) F(X®) € g(x),

(2) F has the mixed g-monotone property,

(3) F is continuous,

(4) g is continuous and commutes with F.

Suppose there exist xq, Yo, 2o € X such that gxy < F(xo, Yo, 20), &0 = F(yo, x0, yo) and
2o < F(zo, Yo, %0), then F and g have a tripled coincidence point in X, i.e., there exist x,
v, z€ X such that

F(x,y,z) =gx, F(y.x,y) =8y, F(zyx)=g
Proof. Take

¢=IN¢ and ¥ =IN"Y.
It is easy to show that 1} c W and (13 € ®. From (46), we have

¥ (G(F(x,y,2), F(a, b, ¢), F(u, v,w)) < v(max{G(gx, ga, gu), G(gy, 8b, gv), G(8z, 8¢, gw)})
— ¢(max{G(gx, ga, gu), G(gy, gb, gv), G(gz gc, gw)}).

(47)

Now, applying Theorem 15, we obtain the desired result. O

Similarly, we have

Theorem 24. Let (X, <) be partially ordered set and (X, G) be a G-metric space. Let
F: X’ > Xand g X — X. Assume there exist y € ¥ and ¢ € ® such that for x, y, z,
a, b, c,u, v, we X, with gx > ga > gu, gy < gb < gv and gz > gc > gw, we have

IN(Y(G(F(x,y,2), F(a, b, ¢), F(u,v,w)))) < In(¥ (max{G(gx, ga, gu), G(gy, gb, gv), G(8z, 8¢, gw)}))
— In(p(max{G(gx, ga, gu), G(gy, gb, gv), G(gz, g¢, gw)})).

Assume that (X, G, <) is regular. Suppose that (g(X),G) is G-complete, F has the
mixed g-monotone property and F(X x X x X) € g(X). Also, assume there exist xo, Yo, Zo
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€ X such that gxo < F(xo, Yo, 20)> &0 = F(yo, X0, ¥o) and gzo < F(zo, yo, Xo), then F and g
have a tripled coincidence point in X, i.e., there exist x, y, z € X such that

F(x,y,z) =gx, F(y,x,y) =gy, Flzy x)=gz

Application to integral equations
In this section, we study the existence of solutions to nonlinear integral equations
using the results proved in section “Main results”.

Consider the integral equations in the following system

x(0) =p(e) + | S(& ) (s, x(5)) + k(s, y(s)) + (s, 2(s))|ds

y(€) =p(t) + | St s)If(s,y(5)) + k(s, x(s)) + h(s, y(s))]ds (48)

z(t) = p(t) + | S(t 9)[f(s z(s)) + k(s, y(s)) + h(s, x(s))]ds.

Ct— s T T— O —~—

We will analyze the system (48) under the following assumptions:
(i) f, &, h: [0, T] x R — R are continuous,

(ii) p : [0, T] — R is continuous,

(iii) S: [0, T] x R — [0, o) is continuous,

(iv) there exists ¢ > 0 such that for all x, ye R, y > x,

0=<f(sy)—flsx) =qly —x)

0 < k(s,x) = k(s,y) = q(y — %)

0 < h(s,y) — h(s,x) < q(y — x).
(v) We suppose that

T

3q sup /S(t,s)ds < 1.
te[0,T] 5

(vi) There exist continuous functions ¢, 3, ¥: [0, T] — R such that

a(t) < p(t) + | S(L3)If(s a(s)) + k(s B(s)) + h(s, v (s))]ds

B Zp() + | S(LS)If (s, B(s)) + k(s a(s)) + h(s, B(s))]ds

v(©) =p(0) + | S(t3)[f(s v (s)) + k(s B(s)) + h(s, a(s))]ds.

Ct—y T T — s T

We consider the space X = C([0,T],R) of continuous functions defined on [0,7]
endowed with the (G-complete) G-metric given by
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G(u, v, w) = max u(r) — v(t)|+lr61|1§)T(] |u(t) - w(t)|+tr€1[13¥] [v(t) —w(t)] forall u,v,weX.

We endow X with the partial ordered < given by: x, y € X, x <y < x(f) < y(¢) for all
te [0, T).

On the other hand, we may adjust as in [37] to prove that (X, G, <) is regular.

Our result is the following.

Theorem 25. Under assumptions (i)-(vi), the system (48) has a solution in X°> = (C([0,
7], R))*.

Proof. We consider the operators F: X> — X and g : X — X defined by

T

F(x1,x2,x3)(t) = p(t)+/ S(t, ) (s, x1(5)) + k(s x2(5)) + h(s,x3(s))]ds, g(x)=x te][0,T]

0

for all x, xs, x3, x € X.
First, we will prove that F has the mixed monotone property (since g is the identity

on X).

In fact, for x; < y; and £ € [0, T], we have

T

F(y1, x2,%3)(t) = F(x1, %2, %3)(t) = /S(t,S)[f(Sfyl (8)) = f(s, %1 (5))]ds.

0

Taking into account that x,(¢) < y,(¢) for all £ € [0, T], so by (iv), fis, y1 (s)) = fls, 1
(s)). Then F(yy, x5, x3)(£) = F(x1, o, x3)(2) for all £ € [0,7],i.e.,

F(x1,x2,x3) < F(y1,%2,%3).

Similarly, for x, < y, and t € [0, 7], we have

T

FQx1, 20, x3)(8) = F(x1,y2,%3)(t) = /S(t, S)(s, x2(s)) = k(s, y2(s))]ds.

0

HaVing x2(t) < yZ(t)x SO bY (iV)r k(S, xZ(S)) 2 k(S’ J’z(s)) Then F(xl) X2, x3)(t) 2 F(xl) Y2,
x3)(t) for all t e [0,7], i.e.,

F(x1,x2,x3) = F(x1,72,%3).

Now, for x3 < y3 and ¢t € [0, T], we have
T
F(x1,x2,x3)(t) — F(x1,y2,x3)(¢) = /S(L $)[ke(s, x2(s)) — k(s y2(s))]ds.
0

Taking into account that x3(¢) < y3(¢) for all £ € [0, T1, so by (iv), A(s, x3(s)) = h(s, y3
(s)). Then F(xy, x5, x3)(t) > F(xy, x5, y3)(¢) for all t € [0, T7, i.e.,

F(x1,x2,x3) = F(x1,%2,73).

Therefore, F has the mixed monotone property.

In what follows we estimate the quantity G(F(x, y, z), F(a, b, ¢), F(u, v, w)) for all x, y,
z,a,b,c,u,v,we X,withx >a>u,y<b<vandz=>cz=w.Since F has the mixed
monotone property, we have
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F(u,v,w) < F(a,b,c) < F(x,y,z).
We obtain

G(F(x,y,2),F(a, b, c), F(u, v, w)

= max v,2)(t) — F(a, b, c)(t)| + max |F(x,y,z)(t) —F(u,v,z)(t)|

te[0,T]
F(u,v, t) — F(a, b, c)(t
+£rer[15}>T<]|(MW)() (a c)()|

= max (F(xy,)(1) ~ F(@ b, 0)(0) + max (F(x,y,2)(1) — F(w v,2)(0)

+ tIEI[l(?J)S](F(a, b, c)(t) — F(u, v, w)(t)).

Note that for all £ € [0, T], from (iv), we have

T

F(x,y,z)(t) — F(a, b, c) = /S(tf $)If (s, x(s)) — f (s, a(s))]ds
’ T
. f S(t,)lk(s, 7(s)) = (s, b(s))]ds
OT
+/S(t,s)[h(s,z(s)) — h(s, c(s))]
0

< q|:max |x(s) - a(s)| + max |y(s) — b(s)|

s€[0,T]
T
+ max |2(s) — c(s)|:| (0/ S(t, s)ds) .

Thus,

e (F(x, v, 2)(1) = Fla, b (1))

¢ (49)
<q [rr[lg.x] |x(s) — a(s)} + rnax |y(5) — b(s)| + rna.x |z(5) — c(s)}] L:;é’[;‘] 0/ S(t,s)ds | .

Repeating this idea, we may get using definition of the the G-metric G

max (F(x,1,2)(0) = F(a b)) + max (F(x.y,2)(1) = F(uw 1,2)(0))

+ trer[lg%(](F(a, b,c)(t) — F(u, v, w)(t)

te[0, T
[ ]0

T
< qlG(x, a,u) + G(y, b,v) + G(z, ¢, w)] ( sup / S(t, s)ds)

T
<3q ( sup / S(t, s)ds) max{G(x, a, u), G(y, b,v), G(z,c, w)}.

te[0, T
[ ]0

T
From (v), we have 3¢( sup / S(t,s)ds) < 1. This proves that the operator F satis-
te[0,1] /0

fies the contractive condition appearing in Corollary 20.
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Let o, B, y be the functions appearing in assumption (vi), then by (vi), we get
a <F(a,B,v), B=FB ap) v =FyBa)

Applying Corollary 20, we deduce the existence of x, x,, x3 € X such that
x1 = F(x1,%2,%x3), %2 =F(x2,%x1,%2), %3 = F(x3,x2,%1),

i.e., (1, %o, x3) is a solution of the system (48). O

Examples
In this section, we state two examples to support the usability of our results. Before we
present our first example we worth to mention the following remark.

Remark 26. All our results still valid if (u, v, w) = (a, b, ).

Example 27. Let X = [0, 1] with usual order. Define G : X x X x X —> X by

G(x,y,z)=rnax{|x—y e —z|, y—z|}.

Define F: X x X x X - X by

0, y > min{x,z};
F(x,y,z) = z;y’ xX>z>y;
&
Jiz=x>y.

Also, define y, @ : [0, +0) — [0, +0) by y(t) = t and ¢(t) = ;t. Then:

a. (X, G, <) is a G-complete regular G-metric space.
b. For x,y,z,u, v, we Xwithx 2u>u, y<v<vandzz=w2=w, we have

Y (G(F(x,y,2), F(u,v,w), F(u,v,w))) < ¥ (max{G(x, u,u), G(y, v,v), G(z, w, w)})
— ¢(max{G(x, u, u), G(y, v, v), G(z, w, w)}).

c. F has the mixed monotone property.

Proof. To prove (b), given x, ¥, z, u, v, w € X with x 2 u, y < v and z > w. Then:
Case 1: y > min{x, z} and v > min{y, w}. Here, we have

¥ (G(F(x,y,2), F(u,v,w), F(u,v,w))) = 0
< Y (max{G(x, u, u), G(y, v, v), G(z, w, w)})
— ¢(max{G(x, u, u), G(y, v, v), G(z, w, w)}).

Case 2: y > min{x, z} and # > w 2 v. Here, we have y s v<w<u<xandy<v<w
<z Hencey=v=w=u=xory=v=w=z Therefore
Y (G(F(x,y,2), F(u,v,w), F(u,v,w))) =0
< ¥ (max{G(x, u, u), G(y, v, v), G(z, w, w)})
— ¢p(max{G(x, u, u), G(y, v,v), G(z, w, w)}).

Case 3: ¥y > min{x, z} and w > u > v. Here, we have y s v<u <w<zandy<v<u
<x.Thusy=v=u=w=zory=v=u=x Therefore
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Y (G(F(x,y,2), F(u,v,w), F(u,v,w))) =0
< ¥ (max{G(x, u, u), G(y, v, v), G(z, w, w)})

— ¢p(max{G(x, u, u), G(y, v,v), G(z, w, w)}).

Case 4: x > z > y and v > min{y, w}.
Suppose w < v, then w - y < v - y and hence

z—y=z—w+w—y<z—w+v—y=G(zww)+G(yvy)
< 2max{G(x, u, u), G(y,v,v), G(z, w, w)}.

Then

G(F(x,y,z), F(u,v,w), F(u,v,w)) =G (Z ; y, 0, 0) _° ; Y

< i max{G(x, u, u), G(y,v,v), G(z, w, w)}
= max{G(x, u, u), G(y, v, v), G(z, w, w)}

1
- max{G(x, u, u), G(y, v,v), G(z, w, w)}.

Suppose v <w, then u# < v <w and hence u < v<w <z <x. So
Z—y<xX—y=xX—Uu+u—y
s —uw)+(v—y)=Gxuu)+Gvyy)
< 2max{G(x, u, u), G(y, v, v), G(z, w, w)}.

Therefore,

G(F(x,y,z), F(u,v,w), F(u,v,w)) =G <Z;y,0, O) = z;y

< i max{G(x, u, u), G(y, v,v), G(z, w, w)}
= max{G(x, u, u), G(y, v, v), G(z, w, w)}

1
- max{G(x, u, u), G(y, v,v), G(z, w, w)}.

Case 5: z > x > y and v > min{u, w}.
Suppose u# < v, then u# - y < v - y and hence
x—y=x—u+u—y<(x—u)+{wv—y) =G uu)+Gvyy)
< 2max{G(x, u, u), G(y, v, v), G(z, w, w)}.

Therefore,

G(F(x,y,z), F(u,v,w), F(u,v,w)) =G <x ; y’ 0, O)

- )
2

A

max{G(x, u, u), G(y,v,v), G(z, w, w)}

max{G(x, u, u), G(y,v,v), G(z, w, w)}

1
) max{G(x, u, u), G(y, v,v), G(z, w, w)}.
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Suppose v <u, then w < v <y and hence w < v <u < x < z. So

x—y<z—y=z—w+w-—-y<(z—w)+v—y)=d(zw)+d(y,v)
< 2 max{d(x, u),d(y,v), d(z, w)}.

Therefore,

G(F(x,y,z), F(u,v,w), F(u,v,w)) =G (x ; y’ 0, O) = jl(x —v)

< i max{G(x, u, u), G(y,v,v), G(z, w, w)}
= max{G(x, u, u), G(y, v, v), G(z, w, w)}

1
) max{G(x, u, u), G(y, v,v), G(z, w, w)}.

Case 6: x > z > y and u > w > v. Here, we have

Z—y wW—v w—v
4 4 4

G(F(x,y,2), F(u,v,w), F(u,v,w)) =G ( , /

1
- Je—w -y
< i max{G(x, u, u), G(y,v,v), G(z, w, w)}
= max{G(x, u, u), G(y, v, v), G(z, w, w)}

1
~H max{G(x, u, u), G(y, v,v), G(z, w, w)}.

Case 7:x 2z2>yand w > u > v. Here, we have y < v < u < w < z < x. Thus,

G(F(x, 1, 2), F(u, v, w), F(u, v, w)) = G (Z . vou . v . ")
SRR

[z —u)+ (-]

[(x—u)+ (=]

(G(x, u,u) + G(y, v,v))

1
4
1
4
1
4
2

< 4 max{G(x, u, u), G(y,v,v), G(z, w, w)}

max{G(x, u, u), G(y,v,v), G(z, w, w)}

1
~H max{G(x, u, u), G(y, v,v), G(z, w, w)}.

Case 8: z>x >y and u > w > v. Here, we have y < v < w < u < x < z. Therefore, we

have
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G(F(x,y,2), F(u, v, w), F(u, v, w))

:G<x—ylw—v,w—v> _ 1 |x—y—w+v|
4 4 4 4

IA

O N O . e e

(b = wl + |v = ])

IA

(z—w+|v—y|)

(G(z, w, w) + G(y,v,v))

IA

max{G(x, u, u), G(y, v, v), G(z, w, w)}
ax{G(x, u, u), G(y, v,v), G(z, w, w)}

max{G(x, u, u), G(y, v,v), G(z, w, w)}.
Case 9:z>x 2y, w2 u 2 v. Here, we have y < v < u < w < z. Therefore, we have

G(F(x,y,z), F(u,v,w), F(u,v,w)) =G <x - y’ h v, e v)
4 4 4
! |x U+l
= —y—u+
4 Y

(Ix —ul+|v—y|)

(G(x, u, u) + G(y, v, v))

1
4
1
4

2

IA

4 max{G(x, u, u), G(y, v, v), G(z, w, w)}
max{G(x, u, u), G(y, v,v), G(z, w, w)}

1
- max{G(x, u, u), G(y, v,v), G(z, w, w)}.

To prove (c), let x, y, z € X. To show that F(x, y, z) is monotone non-decreasing in x,
let xy, x5 € X with x; < x,. If y > min{xy, 2z}, then F(x,, y, 2) = 0 < F(x,, y, 2).

If y < min{xy, z}, then

min(x;,z) —y - min{x,, z} —y

3 < 3 = F(x2,7,2).

F(x1,y,2) =

Therefore, F(x, y, z) is monotone non-decreasing in x. Similarly, we may show that F
(%, ¥, z) is monotone non-decreasing in z and monotone non-increasing in y. Thus, by
Theorem 19 and Remark 26, F has a tripled fixed point. Here, (0, 0,0) is the unique
tripled fixed point of F.

o

Now, we state our second example to support the usability of our results for non-
symmetric G-metric spaces.

Example 28. Let X = {0, 1, 2, 3,..}. Define G : X x X x X — X by

x+y+z, ifx,y,z are all distinct and different from zero;
X+2z, ifx =y # z and all are different from zero;
y+z+1,ifx =0,y #zand y, z are different from zero;
y+2, ifx=0,z=y#0;

z+1, ifx=0,y=0z#0;

0, ifx=y=x,

G(x,y,2) =
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FFXxXxX—>Xby

F _Jo, ifx<3vz<3;
(xy,2) = 1, ifx>4Arz>4,

and g: X — X by gx = x°. Also, define y, @: [0, +00) —> [0, +o0) by w(t) = £* and @(t) =
t. Then

a. (X, G, <) is a complete nonsymmetric G-metric space.
b. For x,y, z, u, v, w e X with gx > gu > gu, gy < gv < gv and gz > gw > gw, we have

V(G(F(x, y,2), F(u, v, w), F(u, v, w))) < ¢ (max{G(gx, gu, gu), G(8y. v, gv), G(8z, gw, gw)})
— ¢(max{G(gx, gu. gu), G(gy, gv, gv), G(gz, gw, gw)}).

c. F has the mixed g-monotone property.
d F(X x X x X) € gX.
e. (X, G, <) is regular.

Proof. For (a) see Example 3.5 of Choudhury and Maity [17]. To prove (b), given x, y,
z, u, v, we X with gx > gu, gy < gv and gz > gw. Then: O

Case 1: (x <3V z<3)A(u<3Vw< 3). Here, we have F(x, y, z) = 0 and F(u, v, w)
= 0. Thus

Y (G(F(x,y,2), F(u,v,w), F(u,v,w))) =0
< ¥ (max{G(gx, gu, gu), G(gy, gv, gv), G(gz gw, gw)})
— ¢(max{G(gx, gu, gu), G(gy, gv, gv), G(gz gw, gw)}).
Case 2: (x <3Vz<3)A(u=4ANw=4). Here, x <u or z <w which is impossible

because gx > gu and gz = gw.
Case 3: (x >4 Az>4)A(u<3Vwc< 3). Here, we have F(x, v, z) = 1 and F(u, v, w)
= 0. Thus

Y (G(F(x,y,z), F(u, v, w), F(u, v,w)) = ¥(G(1,0,0)) = ¥(2) = 4.
Also,

x2+1, ifu=0;

g gugu) = GG a,u) = {571 ({20

In both cases, we have
3 < G(x?, u?, u?) < max{G(x?, u?, u?), G(y?, v*, v*), G(z%, w?, w?)}.
Using the fact that if a, b e N with a < b, then a* - a < b* - b, we deduce that

3223 = 6 < (max{G(x?, u?, u?), G(*, v, 1), G(2*, w?, w*)})? —max{G(x?, u?, u?), G(y?, v*, v?), G(2%, w?, w?)}.

Therefore,

Y (G(F(x,y,2), F(u,v,w), F(u,v,w))) =4 <6
< ¢y (max{G(x?, u?, u?), G(y*, v, v*), G(2%, w?, w?)})
— ¢(max{G(?, 12, u?), Gy, v*, %), G(2, w?, w?)}).
= ¥ (max{G(gx, gu, gu), G(gy, gv, gv), G(gz, gw, gw)})
— ¢(max{G(gx, gu, gu), G(gy, gv, gv), G(gz, gw, gw)}).
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Case 4: (x >3 Az=>3)A(u>=3Aw= 3). Here, we have F(x, y, z) = 1 and F(u, v, w)
= 1. Thus,

Y (G(F(x,y,2), F(u,v,w), F(u,v,w))) =0
< ¥ (max{G(gx, gu. gu), G(gy, gv. gv), G(gz, gw, gw)})
— ¢(max{G(gx, gu. gu), G(gy, 8v, gv), G(gz, gw, gw)}).

The proof of (c) and (d) are easy. To prove (e), let {x,} be a non-decreasing sequences
in X such that {x,} G-converges to x. Then G(x,, x, x) — 0. By definition of G, we con-
clude that x,, = x for all n except finitely many. Thus x, < x for all n € N. Similarly,
we show that if {y,} is a non-increasing sequence in X such that {y,} G-converges to y,
then y,, >y for all n € N. Thus, (X, G, <) is regular.

By Theorem 19 and Remark 26, F and g have a tripled coincidence point in X. Here,
(0, 0, 0) is the tripled coincidence point of F and g.
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