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Abstract

In this paper, we introduce the modified general iterative approximation methods for
finding a common fixed point of nonexpansive semigroups which is a unique
solution of some variational inequalities. The strong convergence theorems are
established in the framework of a reflexive Banach space which admits a weakly
continuous duality mapping. The main result extends various results existing in the
current literature.
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1. Introduction
Let C be a nonempty subset of a normed linear space E. Recall that a mapping 7: C —
C is called nonexpansive if

ITx— Tyl < lx—yl, VxyeE (1.1)

We use F(T) to denote the set of fixed points of 7, that is, F(T) = {x € E: Tx = x}. A
self mapping f: E — E is a contraction on E if there exists a constant & € (0, 1) and x,
y € E such that

If(x) = fWI < ellx -yl (1.2)

We use Il to denote the collection of all contractions on E. That is, Iz = {f fis a
contraction on E}.

Here, we consider a scheme for a semigroup of nonexpansive mappings. Let C be a
closed convex subset of a Banach space E. Then, a family S = {T(s): 0 <s < oo} of
mappings of C into itself is called a nonexpansive semigroup on E if it satisfies the fol-
lowing conditions:

(i) TO)x =x forallx e C;

(ii) T(s + t) = T(s)T(¢) for all s, t > 0;

(iii) ||T(s)x - T(s)y|| < ||x - y]| for all v, y € C and s = 0;
(iv) for all x € C, the mapping s » T(s)x is continuous.

We denote by F(S) the set of all common fixed points of S, that is,
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F(S):={xeE:T(s)x=x,0 <s < oo} = Ne=oF(T(s)).

One classical way to study nonexpansive mappings is to use contractions to approxi-
mate a non-expansive mapping ([1-3]). More precisely, take £ € (0, 1) and define a
contraction T: E — E by

Tix=tu+(1—1t)Tx, Vx€E, (1.3)

where u € E is a fixed point. Banach’s contraction mapping principle guarantees that
T, has a unique fixed point x, in E. It is unclear, in general, what is the behavior of x,
as t > 0, even if T has a fixed point. However, in the case of 7" having a fixed point,
Browder [1] proved that if E is a Hilbert space, then x, converges strongly to a fixed
point of 7. Reich [2] extended Browder’s result to the setting of Banach spaces and
proved that if E is a uniformly smooth Banach space, then {x,} converges strongly to a
fixed point of T and the limit defines the (unique) sunny nonexpansive retraction from
E onto F(T). Xu [3] proved Reich’s results hold in reflexive Banach spaces which have
a weakly continuous duality mapping.

In the last ten years or so, the iterative methods for nonexpansive mappings have
recently been applied to solve convex minimization problems; see, e.g., [4-6] and the
references therein.

By a gauge function ¢, we mean a continuous strictly increasing function ¢: [0, ) —
[0, o) such that ¢(0) = 0 and ¢(f) — « as £ — . Let E* be the dual space of E. The
duality mapping J, : E — 2F associated with a gauge function ¢ is defined by

Jo(x) ={f* € E*: (%, f*) = llxlle(llxll),  If*ll = ¢(llx)},  Vx€E.

In particular, the duality mapping with the gauge function ¢(¢) = ¢, denoted by J, is
referred to as the normalized duality mapping. Clearly, there holds the relation

Jp(x) = “{E01(x) for all x = 0 (see [7]).

|x[|

Browder [7] initiated the study of certain classes of nonlinear operators by means of
the duality mapping /. Following Browder [7], we say that a Banach space E has a
weakly continuous duality mapping if there exists a gauge ¢ for which the duality map-
ping J,(x) is single-valued and continuous from the weak topology to the weak* topol-
ogy, that is, for any {x,} with x,, - x, the sequence {/;(x,)} converges weakly* to /,(x).
It is known that # has a weakly continuous duality mapping with a gauge function ¢(%)
=" forall 1 <p < . Set

D(1) =/go(‘l:)d‘r, vVt >0,
0

then

Jo(x) = 0@(llxll), VxeE

where 0 denotes the sub-differential in the sense of convex analysis.
In a Banach space E having a weakly continuous duality mapping /, with a gauge
function ¢, an operator A is said to be strongly positive [8] if there exists a constant

y > 0 with the property
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(Ax, Jp(x)) = 7 Ixll@(llxll) (1.4)
and
lal — BA| = ”31”1p1 [{(al = BA)x, Jo(x)), o« €]0,1],8 €[-1,1], (1.5)

where I is the identity mapping. If E: = H is a real Hilbert space, then the inequality
(1.4) reduces to

(Ax,x) > 7|x||*> forall x € H. (1.6)

A typical problem is to minimize a quadratic function over the set of the fixed points
of a nonexpansive mapping on a real Hilbert space H:

(Ax, x) - (x, b), (17)

1
min
xeC 2

where C is the fixed point set of a nonexpansive mapping 7 on H and b is a given
point in H. In 2003, Xu ([5]) proved that the sequence {x,} defined by the iterative
method below, with the initial guess xq € H chosen arbitrarily:

X1 = (I — 0pA)Txp + 0u, n >0, (1.8)

converges strongly to the unique solution of the minimization problem (1.7) pro-
vided the sequence {o,} satisfies certain conditions. Using the viscosity approximation
method, Moudafi [9] introduced the following iterative iterative process for nonexpan-
sive mappings (see [10,11] for further developments in both Hilbert and Banach
spaces). Let f be a contraction on H. Starting with an arbitrary initial xy € H, define a
sequence {x,} recursively by

X1 = (1 — 00)Txn + 00f (%), n=>0, (1.9)

where {0,} is a sequence in (0, 1). It is proved [9,11] that under certain appropriate
conditions imposed on {0,}, the sequence {x,} generated by (1.9) strongly converges to
the unique solution x* in C of the variational inequality

(I—f)x",x—x*) >0, xe€H. (1.10)

In [12], Marino and Xu mixed the iterative method (1.8) and the viscosity approxi-
mation method (1.9) and considered the following general iterative method:

X1 = (I — 0nA)Txy + oy f(xn), n>0, (1.11)

where A is a strongly positive bounded linear operator on H. They proved that if the
sequence {o,} of parameters satisfies the following conditions

(C1) lim,, .. o, = 0,

(C2) Y p2y an =00, and

(C3) Yon2y | etner — o |< 00,

then the sequence {x,} generated by (1.11) converges strongly to the unique solution
x* in H of the variational inequality

(A—yf)x*,x—x*)>0, xeH (1.12)
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which is the optimality condition for the minimization problem:
minxecé (Ax, x) — h(x), where / is a potential function for yf(i.e., /'(x) = Yflx) for x €
H).

Very recently, Wangkeeree et al. [8] introduced the following general iterative

approximation method in the framework of a reflexive Banach space E which admits a
weakly continuous duality mapping:

xo=x€E,
Yn = BuXn + (1 — Bn) Tnxy, (1.13)
Xn+l = an}’f(xn) + (I - anA)}’nr n>0,

where A is strongly positive bounded linear operator on E and proved the strong
convergence theorems for a countable family of nonexpansive mappings
{Tn : E— E};2,. Other investigations of approximating common fixed points for a
countable family of nonexpansive mappings can be found in Refs. [1,3,8,10-14] and
many results not cited here.

Inspired and motivated by the iterative (1.13) given above, we give the following
modified general iterative scheme for a nonexpansive semigroup {7(¢): ¢ > 0}: for any
{T(t,): t, >0, ne N} € {T(¢): t > 0},

xo=x¢€E,
Yn = BuXn + (1 - ﬂn)T(tn)xnr (1.14)
Xnsl = an)’f(xn) + (I - OlnA))’n: n=>0,

where {o,}, {8,} and {t,} are real sequence satisfying appropriate control conditions,
A is strongly positive bounded linear operator on E and fis a contraction on E. The
strong convergence theorems are proved in the framework of a reflexive Banach space
which admits a weakly continuous duality mapping. Furthermore, by using these
results, we obtain strong convergence theorems of the following new iterative schemes
{u,} and {w,} defined by

ug=u €k,
vy = Buliy + (1 - ﬂn)T(tn)un, (1.15)
Une1 = YV f(T(tn)tn) + (I — nA)vy, n >0,
and
wo =c € E,
Uy = By + (1 - ﬁn)T(tn)wnr (1.16)

Wnir = T(tn) (enyf(wn) + (I — anA)vy), n=0.

The results presented in this paper improve and extend the corresponding results
announced by Marino and Xu [12], Wangkeeree et al. [8], and Li et al. [15] many
others.

2. Preliminaries

Throughout this paper, let E be a real Banach space and E* be its dual space. We write
x, — x (respectively x, —* x) to indicate that the sequence {x,} weakly (respectively
weak*) converges to x; as usual x,, — x will symbolize strong convergence. Let U = {x
€ E: ||x|| = 1}. A Banach space E is said to uniformly convex if, for any ¢ € (0, 2],
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. . . xX+y .
there exists J > 0 such that, for any x, y € U, ||x - y|| > & implies ||| <1 -5 .1Itis

known that a uniformly convex Banach space is reflexive and strictly convex (see also
[16]). A Banach space E is said to be smooth if the limit lim,_, ”’”ty”t’ I*l exists for all
x, y € U. It is also said to be uniformly smooth if the limit is attained uniformly for x,
ye U

Now we collect some useful lemmas for proving the convergence result of this paper.

The first part of the next lemma is an immediate consequence of the subdifferential
inequality and the proof of the second part can be found in [17].

Lemma 2.1. ([17]) Assume that a Banach space E has a weakly continuous duality
mapping ], with gauge ¢.

(i) For all x, y € E, the following inequality holds:

O([lx+yll) < (llxl) + (¥ Jo (x + ).

In particular, for all x, y € E,
b+ yI2 < llli® + 20y, J(x + )

(ii) Assume that a sequence {x,} in E converges weakly to a point x € E.
Then the following identity holds:
lim sup ®(Jlx, — yll) = lim sup &(Jlx, — xl1) + ®(lly — xII), Vxy € E.
n—oo n—oo
Now, we present the concept of uniformly asymptotically regular semigroup. S is
said to be uniformly asymptotically regular (in short, u.a.r.) on C if for all # > 0 and
any bounded subset B of C,

lim sup | T(h)(T(s)x) — T(s)x|| = 0.
$70 xeB

The nonexpansive semigroup {0 ¢ > 0} defined by the following lemma is an exam-
ple of u.a.r. nonexpansive semigroup. Other examples of u.a.r. operator semigroup can
be found in [[18], Examples 17,18].

Lemma 2.2. (see [[19], Lemma 2.7]). Let C be a nonempty closed convex subset of a
uniformly convex Banach space E, B a bounded closed convex subset of C, and

S ={T(s) : 0 < s < oo}a nonexpansive semigroup on C such that F(S) # (. For each h
t
>0, set oy(x) = | [ T(s)xds, then
0
lim sup oy (x) — T(h)or (x) | = 0. o
% xeB
Example 2.3. The set {0, ¢ > 0} defined by Lemma 2.2 is u.a.r. nonexpansive semi-

group. In fact, it is obvious that {0 ¢ > 0} is a nonexpansive semigroup. For each /1 >
0, we have
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h

o) = (1l = () =, [ T

0

h
, ;11 / (01(x) — T(s)or(x))ds
0

h
1
< [ 1) = )o@
0
Applying Lemma 2.2, we have
h
1
lim sup [lo¢(x) — onoy(x)I| < / lim sup ||o;(x) — oo (x)[Ids = 0.
(=00 yinB h 5 (=0 xeB

The next valuable lemma is proved for applying our main results.

Lemma 2.4. [[8], Lemma 3.1] Assume that a Banach space E has a weakly continu-
ous duality mapping ], with gauge ¢. Let A be a strong positive linear bounded opera-
tor on E with coefficient § > Oand 0 <p > ¢(1)||A||™. Then |I — pAll < o(1)(1 — p7).

Lemma 2.5. ([6]) Assume that {a,} is a sequence of nonnegative real numbers such
that

dny1 = (1 - an)an + by,

where {0} is a sequence in (0, 1) and {b,} is a sequence such that

() Zfzil ap = 00;

(b) lim sup,, e by/0t, <0 0r > 021 ball < 00.

Then lim,,_,., a,, = 0.

3. Main results

Let E be a Banach space which admits a weakly continuous duality mapping /; with
gauge ¢ such that ¢ is invariant on [0, 1], i.e., ¢([0, 1]) < [0, 1]. Let S = {T(s) : s > 0}
be a nonexpansive semigroups from C into itself. For fe Ilg £t € (0, 1), and A is a

strongly positive bounded linear operator with coefficient ¥y > 0 and 0 <y < 77“;(1),

the mapping S;: E — E defined by
Si(x) =tyf(x) + (I — tA)T(A)x, Vx € E
is a contraction mapping. Indeed, for any x, y € E,

[1Se(x) = Sl = Nty (f(x) = F () + (I = tA)(T(re)x — T(A )y
<ty If (x) = FOI + I = tAIIT(A)x — T(A )yl
<tyalx—yl + ¢(1)(1 —ty)llx -yl
< (1 =tle(1)y —ya)) lx—yl.

(3.1)

Thus, by Banach contraction mapping principle, there exists a unique fixed point x,
in E, that is,

Page 6 of 15
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xe = tyf(xe) + (I — tA)T(Ae)xe. (3.2)

Remark 3.1. We note that / space has a weakly continuous duality mapping with a
gauge function ¢(f) = ' for all 1 <p < oo. It is clear that ¢ is invariant on [0, 1].

Lemma 3.2. Let E be a reflexive Banach space which admits a weakly continuous
duality mapping ], with gauge ¢ such that ¢ is invariant on [0, 1]. Let
S ={T(s) : s = 0} be a nonexpansive semigroup with F(S) # 9, and fe T, let A be a
strongly positive bounded linear operator with coefficient y > 0and 0 <y < 77“;(1),
and let t € (0, 1) which satisfying t — 0. Then the net {x;} defined by (3.2) with {A}o -+
< 1 is a positive real divergent sequence; converges strongly as t — 0 to a common fixed

point xin F(S)which solves the variational inequality:
(A=vf)xJp(x —2)) <0,z € F(S). (3.3)

Proof. We first show that the uniqueness of a solution of the variational inequality
(3.3). Suppose both x € F(S) and x* € F(S) are solutions to (3.3), then

(A=yf)xJy(x —x")) <0 (3.4)
and

(A= yf)x"Jp(x" — X)) < 0. (3.5)
Adding (3.4) and (3.5), we obtain

((A=yf)x—(A—yfx" ], (x —x%)) < 0. (3.6)
Noticing that for any x, y € E,

(A=v)x= A=y Je(x=y)) = {Ax = y) Jo(x = ¥)) = v {f(x) = f(¥). Jo(x — ¥))
> yllx = yllellx —ylI) = vIf (x) = FO,(x = )
> 7O(llx —yll) — ya@(llx —yl) (3.7)
=7 —ya)®(llx —yl)
= (7e(1) —ya)®(lx—yl) = 0.

Using (3.6) and 0 < y¢(1) — yo in the last inequality, we get that ®([|x —x*||) = 0.
Therefore, x = x* and the uniqueness is proved. Below we use ¥ to denote the unique
solution of (3.3). Next, we will rove that {x,} is bounded. Take a p € F(S), then we
have

lxe — pll = leyf(x) + (I — tA)T (A )% — pll
= (I = tA)T(A)xe — (I — tA)p + t(vf(x) — A(p))l
< lle(1)(1 = ty)llxe — pll +t(yallx —pll + lyf(p) — AP

It follows that

e —pll < _ lyf(p) =AMl
v ya

1
p(1) -
Hence, {x;} is bounded, so are {f{x;)} and {AT(x,)}. The definition of {x,} implies that

lxe = T()xcl = tllyf(x) = A(T(R)x) | = Oast — 0. (3.8)
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Next, we show that ||x, - T(h)x,|| — 0 for all & > 0. Since {7(¢): ¢t > 0} is u.a.r. nonex-
pansive semigroup and lim, ,o A, = oo, then, for all # > 0 and for any bounded subset D

of C containing {x;},

lim [T(0)(T(2)x) = T()xl| < limsup IT(R)(TG)s) = TG )il = 0,

Hence, when ¢t — 0, for all & > 0, we have

e = T(h)xell < llxe = T)xell + IT(A)xe = T(R)(T(A)x) Il + NT(R)(T(Ac)x:) — T(h)xcl

< 2|lx, — T(A)xcll + I1T(A)x — T(R)(T(r)x)|| — O. (3.9)

Assume that {t;}52; C (0,1) is such that t, — 0 as n — . Put X :=%;, and
An = Ay,. We show that {x,} contains a subsequence converging strongly to x € F(S).
It follows from reflexivity of E and the boundedness of sequence {x,} that there exists
{xn;} which is a subsequence of {x,} converging weakly to w € E as n — . Since J, is

weakly sequentially continuous, we have by Lemma 2.1 that

lim sup ®(||x,; — x[|) = lim sup @({|x,, — w]|) + ®(|lx —wl|), forallx € E.

j—o00 j—o00
Let

H(x) = limsup ®(||x,, — x[|), forallx e E.

j=00
It follows that

H(x) = H(w) + ®(||lx —w]||), forallxeE.
For /& > 0, from (3.9) we obtain

H(T(h)w) = lim sup & (|, — T(h)w]) = lim sup S(IT(h)xy, — T(h)wl))

J—>00 J—>00

. (3.10)
< limsup @(||x,, —w|) = H(w).
j—o0
On the other hand, however,
H(T(h)w) = Hw) + (| T(h)w — w|)). (3.11)

It follows from (3.10) and (3.11) that
O(||IT(h)w — w|) = H(T(h)w) — H(w) < 0.
This implies that T(#)w = w for all & > 0, and so w € F(S). Next, we show that

Xn; = W as j — oo, In fact, since ®(t) = fé(p(r)dr, Vi 2 0, and ¢: [0, ) = [0, =) is a
gauge function, then for 1 > k > 0, ¢(kx) < ¢(x) and

ket t t
®(kt) = /go(r)dt = k/ o(kx)dx < k/ o(x)dx = kd(0).
0 0 0
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Following Lemma 2.1, we have

O([lxn — wll) = @((I — taA)T(tn)%n — (I — taA)w + ta (v f (xn) — A(w)))
= O(I(I — twA)T(tn)xn — (I — twA)WI) + ta(yf (xn) — A(w), Jy (x5 — w))
= O(p(1)(1 = tay)llxn — wll) + tay (f(xi,) — f(w), Jo (xn — w))
+ (v f (w) — A(w), Jy (xn — w))
<e(1)(1 = tay)@(llxn — wll) + tay IIf (xn) = f(W) 1Ty (xn — w)]|
+ta(yf(w) — A(w), J (xn — w)) (3.12)
= o(1)(1 = tay)(llxn — wll) + tayellxn — wll Iy (%0 — w)ll
+ta(yf(w) — Aw). Jy (xn — w))
= (1)1 = tay)P(llxn — wll) + tay e @(llxn — wll)
+ (v f (w) — A(w), Jy (30 — w))
= (1 =ta(70(1) = ya))®(lxn — wl) + ta(yf(w) — A(w), Jp (xn — w)).

This implies that
1
O(llxn, —wl) = _ (vf(w) — A(w), Jy (%n; — w)).
ve(1) —va
Now observing that x,, —~ w implies J,(x,, - w) = 0, we conclude from the last
inequality that
®(llxn, —wl]) — 0 as j — oo.
Hence, Xy, = W as j — co. Next, we prove that w solves the variational inequality
(3.3). For any z € F(S), we observe that

((IT=T))xe — (I = T(Me))z Jp (0 — 2)) = (%0 — 2, o (%0 — 2)) + (T(A)xe — T(A)z, Jo (%0 — 2))
= O(la; — zll) = (T(A)z — T()"t)xtzlw (. — 2))
> O(|lx —zll) — IT(A)z — T(A)xll Wy (% — =)l (3.13)
> O(llxe —zll) — Nz —xcll g (e — 2)I
= O(llxe —zll) — @(llx; —zll) = 0.
Since

xe = tyf(xe) + (I — tA)T(Ae)x,

we can derive that
(A=vf)x)=— 1 (I = T(x))xe + (A = T(A))xe).
Thus,

(A= v )(x) Jp(xe — 2)) = — 1 (= T(A))xe = (I = T(A))z Jp (e — 2)) + (AU = T(Ae))xe, Jo (%0 — 2)) (
< AA(I = T(Ae))xt o (X — 2)).

3.14)

Noticing that

Xn; — T()\t”j )x,,} — 0.

Now replacing ¢ and A, with #; and ln; in (3.14) and letting j — o, we have

(A=yfw, Jo(w—2z)) < 0.
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So, w e F(T) is a solution of the variational inequality (3.3), and hence, w = x by the
uniqueness. In a summary, we have shown that each cluster point of {x,(at ¢ — 0)
equals x. Therefore, x, — X as ¢ — 0. This completes the proof.

Theorem 3.3. Let E be a reflexive Banach space which admits a weakly continuous
duality mapping ], with gauge ¢ such that ¢ is invariant on [0, 1]. Let {T(s): s 2 0} be
a u.a.r. semigroup of nonexpansive mappings with F(S) # 0, and fe T, let A be a

strongly positive bounded linear operator with coefficient y > Oand 0 <y < Wﬂfl). Let

the sequence {x,} be generated by the following:

xo=x€E,
Vn = BnXn + (1 - ﬂn)T(tn)xnr (3.15)
X1 = Y f(xn) + (I — ¥nA)yn, n >0

where {,} € (0, 1) and {B,} < [0, 1] are real sequences satisfying the following condi-
tions:

(C1) lim,, yoo @0, = 0 and > po) oy = 00
(CZ) lim,, .. ﬁn =0,
(C3) lim,,_,.. t,, = .

Then {x,} converges strongly to X that is obtained in Lemma 3.2.

Proof. Since lim,,_,.. o,, = 0, we may assume, without loss of generality, that «,, <¢
(1)]]A]|™* for all n. By Lemma 2.4, we have || — a,All < ¢(1)(1 — ay7). We first
observe that {x,} is bounded. Indeed, pick any p € F(S) to obtain

lyn =PIl = I Bnxn + (1 — Bn)T(tn)xn — Pl
= 1Bn(xn — p) + (1 = Bn)(T(tn)xn — T(ta)p)l

(3.16)
< Bullxn = pll + (1 = Ba)llxn — pll
= |lxn —pll,
and so
l%n1 — Il = llenyf(2n) + (I — cnA)yn — pli
= llan(vf(xn) — A(p)) + (I — anA)yn — (I — anA)p||
< aullyf(xn) =AM+ ©(1)(1 = an?)llyn —pll
=< ‘an”f(xn) _f(p)” +Oln||7/f(p) = AP + o(1)(1 —eny)llyn —pll
< apyallx, —pll +anlyf(p) — AP + e(1)(1 — any)llxn — pll
< (1 —an(pe(1) — ya))lixn — pll + anllyf(x.) —AP)I
= (1= ay(79(1) — ya)) s —pll + an(Fp(1) — ye) VIO AP
ve(1l) —ve
It follows from induction that
i, = pl = max {1y —pt, O AONL o (317)
ve(l) —ya

The boundedness of {x,} implies that {y,}, {7(¢,)x,} and {fix,)} are bounded.
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Thus by (3.29), (C1) and (C2), we have
lyn = T(tn)xnll = Bullxn — T(tn)xnll — O
and there by,
%1 = T(tn)%nll < llyn — T(tn)xnll + anllyf(xa) — A(yn)l — O.

Since {T(¢): t > 0} is u.a.r. nonexpansive semigroup and lim,, ,.. £, = oo, then, for all /
> 0 and for any bounded subset D of C containing {x,},

lim [ T(h)(T(tn)xn) — T(tn)xall < lim sup [ T(h)(T(tn)xn) — T(tn)nll = O.
n—o00 n—>00 .cp

Hence, when n — oo, for all 4 > 0, we have

IxXne1 = T(R)xns1 | < M%ne1 — T(ta)xnll + IT(n)xn — T(R)(T(tn)xn) Il + I T(R)(T(tn)xn) — T(h)Xnsr |l

< 20xn = T(n)xall + IT(tn)xn — T(R)(T(tn)xn) | — O (3.18)
Next, we prove that
lizrisolip(yf(a?) — A%, J,(xy — X)) <0, (3.19)
Let {xp,} be a subsequence of {x,} such that
Jim (Vf (&) — AX, ] (xn, — X)) = liﬁ sol.gp(yf(ff) — AX, Jy (X0 — X)). (3.20)

If follows from reflexivity of E and the boundedness of sequence {x,,} that there
exists {Xn,} which is a subsequence of {x,,} converging weakly to w € E as i — .

Since ], is weakly continuous, we have by Lemma 2.1 that

lim sup <I>(||xnk1_ —x||) = lim sup <I>(||xnk1_ —w|) + ®(lx —wl|]), forallxeE.

n— 00 n— 00
Let

H(x) = lim sup d>(||xnki —x||), forallxeE.
n—oo

It follows that
H(x) = Hw) + ®(|lx —w|), forallxecE.
From (3.18), for each % > 0, we obtain

H(T(h)w) = limsup & ([xy, — T(W)wl)) = lim sup S(IT(h)xy, — T(h)w])

1—>00 1—>00

. (3.21)
< limsup ®(|[xn, —wl) = H(w)
i—00
On the other hand, however,
H(T(h)w) = H(w) + ®(||IT(h)w — w|) (3.22)

It follows from (3.21) and (3.22) that
O(||IT(h)w — w|) = H(T(h)w) — H(w) < 0.

This implies that T()w = w for all & > 0, and so w € F(S). Since the duality map J,

is single-valued and weakly continuous, we get that

Page 11 of 15
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lim sup (7 (%) — A%, J, (3, — %)) = lim (/) — A% J, (5, — 5)

= lim (yf() — A%y (0, — %)
— (A= PR, - w)) <0

as required.

Finally, we show that x, — X as n — co.

®(lxnr = XI1) = D([lotn (v (xa)) + (I — ctnA)yn — 1)
= O (llan (v (xa) — AX) + (I — 0nA) (ya — F)II)
= O(lln(f(xn) — ¥f (%)) + an(yf (%) = AX) + (I — 2nA) (yn — X)I1)
< O(llon(yf(xn) = vf (X)) + (I — anA) (yn = )1 + an(yf(X) — A% Jy (Xne1 — X))

< O([lan(yf (xa) = yf I + 11T = enA)(yn = X)) + an{yf(X) = AX, Jy (Xna1 — X))

< P(anyallxn =Xl +@(1)(1 — any)llyn — X)) + anlyf (%) — A% Jy (Xne1 — X))
< @(amyallxn — x|+ @(1)(1 = any)llxn — X)) + an(yf () — A%, J (xni1 — X))
= o((o(1) — an(e(1)7 — ya))llxn — XII) + an{yf(X) — A%, Jp (xni1 — X))

= (1= an(e(1)7 — ya))(llxn — X)) + an(yf (%) — A%, Jp (31 — X))

Apply Lemma 2.5 to (3.23) to conclude ®(|lxps1 —X||) = 0 as n — oo, that is,

Xy, — X as n —> oo. This completes the proof. O

Corollary 3.4. Let E be a reflexive Banach space which admits a weakly continuous
duality mapping ], with gauge ¢ such that ¢ is invariant on [0, 1]. Let {T(s): s = 0} be
a u.a.r. semigroup of nonexpansive mappings with F(S) # 0, and fe T, let A be a

strongly positive bounded linear operator with coefficient y > Oand 0 <y < Wa(l). Let

the sequence {x,} be generated by the following:

Uy =u € E,
Uy = Buliy + (1 - ,Bn)T(tn)unr
Ups1 = Y (T(tn)tn) + (I — 2nA)vy, n>0

where {a,} < (0, 1) and {B,} < [0, 1] are real sequences satisfying the following condi-

tions:

(C1) lim,, yoo @, = 0 and > o) oty = 00
(C2) lim,, .. ﬁn =0,
(C3) lim,,_,., £, = 0.

Then {u,} converges strongly to xthat is obtained in Lemma 3.2.
Proof. Let {x,} be the sequence in given by x, = 1y and

{}’n = Buxn + (1 - ,Bn)T(tn)xnr
Xne1 = oY f(xn) + (I — nA)yn, n>0.

From Theorem 3.3, x, — X. We claim that u,, — X. From (3.26) and (3.25), we have

lyn = vall = 1Bnxn + (1 = Bn)T(tn)%n — Butin — (1 — Bn)T(tn)unll
< Bullxn — unll + (1 — Bu)IT(tn)xn — T(tn)uinll
= Bullxn — unll + (1 = Bn)llxn — unll
= [lxn — unl.

Page 12 of 15
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Again, it then follows that

Xne1 — tnarll = lanyf(xn) + (I = 0nA)yn — any f(T(tn)tin) — (I — cnA)vn|
< any If (%) = fF(T(G)un)ll + I — cnAll llyn — vnll
< anyalx, — T(t)unll + ¢(1)(1 — np )%y — unll
< onyallty — T(G)XI +anyalT(tn)x — T(G)uall + ©(1)(1 =y )llxn — tnll
S apyallxy — X[ +onyallX —unll + @(1)(1 — eny)llxn — uall
= anyalxn — Xl + anyallX — xull +anyalxn —unll + @(1)(1 — any)llxn — unll
= (@()(1 — ) + oy @)y — tnll + (ctny e + anya)llx, — X||

xn — XJI.

< (1 —an(p(1)7 — ya))lxn — unll + an(p(1)7 — ya) (w(l)z];w_l yo{)l

It follows from Y ,2; oty = 00, limy_, o |lXy — X|| = 0, and Lemma 2.5 that ||x,, - ,]|
— 0. Consequently, u, — ¥ as required. U

Corollary 3.5. Let E be a reflexive Banach space which admits a weakly continuous
duality mapping ], with gauge ¢ such that ¢ is invariant on [0, 1]. Let {T(s): s 2 0} be
a u.a.r. semigroup of nonexpansive mappings with F(S) # 0, and fe T, let A be a

strongly positive bounded linear operator with coefficient y > Oand 0 <y < 77‘/’051). Let

the sequence {x,} be generated by the following:

wo =w € E,
Vp = Bawy + (1 - ,Bn)T(tn)wnr (3.26)
W1 = T(ts) (Olnyf(wn) +(I— anA)Vn) , n>=0

where {,} € (0, 1) and {B,} < [0, 1] are real sequences satisfying the following condi-

tions:

(C1) limy, 5o @, = 0 and Y 2, oty = 00
(C2) hmn—)oo ﬁn =0,
(C3) lim,,_,o, £, = .

Then {w,} converges strongly to X that is obtained in Lemma 3.2.
Proof. Define the sequence {u,} and {o,} by

up = apyf(wy) + (I — apA)wy, 0y = 1 Yn > 0. (3.27)
Taking p € F(S), we have

lwner = pll = 1 T(tn)un — T(t)pIl < llun — pll
= llanyf(wn) + (I — anA)wn — (I — anA)p — anAp||
< aullyf(wn) — Apll + T — anAll lw, — pll
< anllyf(wn) — Apll + 9(1)(1 — any) llwn — Pl
< anllyf(wn) — v +enllyf(p) — Apll + ¢(1)(1 — ey ) llwn — Pl
< apyallwn, — pll + anllyf(p) — Apll + ©(1)(1 — any)llwy — pli
lvf(p) — Apll

=(1- O{n();w(l) —ya))llw, —pll + an(ye(1) — ya) (f(p(l) _ )/Ol)'
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It follows from induction that

v
e

Iy f(p) — Al } ’

lwper —pll < maX{llwo —pll, -
7e(l) — ya

Thus, both {u,} and {w,} are bounded. We observe that
Ups1 = an+1f(wn+l) + (I - an+1A)wn+1 = Unf(T(tn)un) + (I - O'nA)T(tn)un-

Thus, Corollary 3.4 implies that{u,} converges strongly to some point %. In this case,
we also have

lwn — %I < llwn — unll + llup — Xl = anllyf(wn) — Awgll + llun — %Il — 0.

Hence, the sequence {w,} converges strongly to some point x. This completes the
proof. O

By Lemma 2.2, we obtain the following corollary.

Corollary 3.6. Let E be a uniformly convex Banach space which admits a weakly con-
tinuous duality mapping ], with gauge ¢ such that ¢ is invariant on [0, 1]. Let C be a
nonempty closed convex subset of E and S ={T(s) : s > 0}a nonexpansive semigroup
from C into itself such that F(S) # 0.

Let fe T, and let A be a strongly positive linear bounded operator with a coefficient
0<y< Wﬂfl)and 0<y< 77‘/’&(1). Let the sequence {x,} be generated by the following:

xXo=x€E,
In

V= Budn + (1= B) L [ T(s)xnds, (3.28)
0

X1 = oy f(xn) + (I — €pA)yn, n >0

where {,} € (0, 1) and {B,} < [0, 1] are real sequences satisfying the following condi-

tions:

(C1) limy, 5o @, = 0 and Y 32, oty = 00
(C2) lim,,,.. B, = 0,
(C3) lim,,_,., t, = .

Then {x,} converges strongly to X that is obtained in Lemma 3.2.

Setting E = H and f3,, = 0 a real Hilbert space in Corollary 3.6, we have the following
result.

Corollary 3.7. [[15], Theorem 3.2] Let H be a real Hilbert space. Let C be a none-
mpty closed convex subset of E and S = {T(s) : s > 0}a nonexpansive semigroup from C
into itself such that F(S) # 0. Let f € Ilg, and let A be a strongly positive linear
bounded operator with a coefficient y > 0and 0 <y < Z Let the sequence {x,} be gen-

erated by the following:

xo=x€E,

Ly
X = ey f () + (I = anA) | [ T(s)xnds, n >0 (3.29)
0
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where {0} © (0, 1) is a real sequences satisfying the following conditions:

(C1) lim,, yoo @0, = 0 and > o) oy = 00

(C2) lim,, 5. t, = .

Then {x,} converges strongly to xthat is obtained in Lemma 3.2. Then {x,} converges

strongly to x which solves the variational inequality (1.12).
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