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Abstract

Using direct method, Kenary (Acta Universitatis Apulensis, to appear) proved the
Hyers-Ulam stability of the following functional equation

(m+n)f(x+y) (m—n)f(x—y)
2

fmx+ ny) = ;

in non-Archimedean normed spaces and in random normed spaces, where m, n are
different integers greater than 1. In this article, using fixed point method, we prove
the Hyers-Ulam stability of the above functional equation in various normed spaces.
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1. Introduction

A classical question in the theory of functional equations is the following: “When is it
true that a function which approximately satisfies a functional equation must be close
to an exact solution of the equation?” If the problem accepts a solution, then we say
that the equation is stable. The first stability problem concerning group homomorph-
isms was raised by Ulam [1] in 1940. In the following year, Hyers [2] gave a positive
answer to the above question for additive groups under the assumption that the groups
are Banach spaces. In 1978, Rassias [3] proved a generalization of Hyers’ theorem for
additive mappings. Furthermore, in 1994, a generalization of the Rassias’ theorem was
obtained by Gévruta [4] by replacing the bound ¢ (||x||” + ||y||¥) by a general control
function ¢@(x, y).

The functional equation filx + y) + filx - ¥) = 2flx) + 2fly) is called a quadratic func-
tional equation. In particular, every solution of the quadratic functional equation is
said to be a quadratic mapping. In 1983, the Hyers-Ulam stability problem for the
quadratic functional equation was proved by Skof [5] for mappings f: X — Y, where X
is a normed space and Y is a Banach space. In 1984, Cholewa [6] noticed that the the-
orem of Skof is still true if the relevant domain X is replaced by an Abelian group and,
in 2002, Czerwik [7] proved the Hyers-Ulam stability of the quadratic functional
equation.
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The stability problems of several functional equations have been extensively investi-
gated by a number of authors, and there are many interesting results concerning this
problem (see [8-12]).

Using fixed point method, we prove the Hyers-Ulam stability of the following func-
tional equation

(m+n)f(x+y) (m—n)f(x—y) (1)

flmx+nyy = 5

in various spaces, which was introduced and investigated in [13].

2. Preliminaries
In this section, we give some definitions and lemmas for the main results in this
article.

A valuation is a function | - | from a field K into [0, o) such that, for all 1, s € K, the
following conditions hold:

(a) |7| = 0 if and only if = 0;

(b) [rs| = |rllsl;

() |r+s| < |rl + sl

A field K is called a valued field if K carries a valuation. The usual absolute values of
R and C are examples of valuations.

In 1897, Hensel [14] has introduced a normed space which does not have the Archi-
medean property.

Let us consider a valuation which satisfies a stronger condition than the triangle
inequality. If the triangle inequality is replaced by

Ir +s| < max{|r|, Is|}

for all r,s € K then the function | - | is called a non-Archimedean valuation and
the field is called a non-Archimedean field. Clearly, |1| = | -1] = 1 and |»| < 1 for all
ne N

A trivial example of a non-Archimedean valuation is the function | - | taking every-

thing except for 0 into 1 and |0] = 0.

Definition 2.1. Let X be a vector space over a field K with a non-Archimedean
valuation | - |. A function || - || : X = [0, ) is called a non-Archimedean norm if the
following conditions hold:

(@) ||x|| = 0 if and only if x = 0 for all x € X;

®) ||rx|| = |r] ||#|| for all r € K and x € X;

(¢) the strong triangle inequality holds:

[l + yII < max{[|x][, [[y[]}

for all x, y e X. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 2.2. Let {x,} be a sequence in a non-Archimedean normed space X.

(@) The sequence {x,} is called a Cauchy sequence if, for any ¢ >0, there is a positive
integer N such that ||x,, - x,,|| < ¢ for all n, m > N.

(b) The sequence {x,} is said to be convergent if, for any ¢ > 0, there are a positive
integer N and x € X such that ||x, - x|| < ¢ for all n > N. Then the point x € X is
called the limit of the sequence {x,}, which is denote by lim,,_,.. x, = «.
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(c) If every Cauchy sequence in X converges, then the non-Archimedean normed
space X is called a non-Archimedean Banach space.
It is noted that

(1 — %l < max{|lxj,; —xj i m<j<n-—1}

for all m, n > 1 with n > m.

In the sequel (in random stability section), we adopt the usual terminology, notions,
and conventions of the theory of random normed spaces as in [15].

Throughout this article (in random stability section), let I'" denote the set of all
probability distribution functions F : R U [-eo, +e0] — [0,1] such that F is left-continu-
ous and nondecreasing on R and F(0) = 0, F(+e) = 1. It is clear that the set D" = {F e
" ¢ [F(-00) = 1}, where I7f(x) = lim;-,f(¢), is a subset of I'". The set I'" is partially
ordered by the usual point-wise ordering of functions, i.e., F < G if and only if F(f) < G
(¢) for all £ € R. For any a > 0, the element H,(¢) of D" is defined by

0ift <aq,
H“(t):[lift>a.

We can easily show that the maximal element in T'" is the distribution function
Hy(t).

Definition 2.3. [15] A function T : [0, 1]*> = [0, 1] is a continuous triangular norm
(briefly, a £-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(c) T(x, 1) = x for all x € [0, 1];

(d) T(x, y) < T(z, w) whenever x < zand y < w for all x, y, z, w € [0, 1].

Three typical examples of continuous ¢-norms are as follows: T(x, y) = xy, T(x, y) =
max{a + b - 1, 0}, and T(x, y) = min(a, b).

Definition 2.4. [16] A random normed space (briefly, RN-space) is a triple (X, u, 1),
where X is a vector space, T is a continuous t-norm, and 4 : X — D" is a mapping
such that the following conditions hold:

(@) px(t) = Ho(2) for all x € X and ¢ >0 if and only if x = 0;

(D) Max(t) = Mx(|;|) foralloe Rwitho 20, xe Xand ¢t 2> 0;

(€) taiy(t + 8) 2 T (uy(t), p,(s)) for all x, ye X and t, s > 0.

Definition 2.5. Let (X, y, T) be an RN-space.

(1) A sequence {x,} in X is said to be convergent to a point x € X (write x,, - x as
n — o) if lim,_, oo fy,—x(t) = lfor all £ >0.

(2) A sequence {x,} in X is called a Cauchy sequence in X if limy_, o0 pty,—x, (t) = 1 for
all ¢ >0.

(3) The RN-space (X, u, T) is said to be complete if every Cauchy sequence in X is
convergent.

Theorem 2.1. [15]If (X, u, T) is an RN-space and {x,} is a sequence such that x, —>
x, then limy_ o0 py, (t) = px(2).

Definition 2.6. [17]Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all x, ye X and all s, t € R,

(N1) N(x, t) =0 for t < 0;

(N2) x = 0 if and only if N(x, t) = 1 for all t >0;
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(N3) N(ex, t) = N(x, |£| )lfc = 0;

(N4) N(x + y, s + t) = min{N(x, s), N(y, t)};

(N5) N(x,.) is a non-decreasing function of R and lim, ,.. N (x, t) = 1;

(N6) for x = 0, N(x,.) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space. The properties of fuzzy
normed vector space are given in [18].

Example 2.1. Let (X, || - ||) be a normed linear space and o, B >0. Then

o t>0xeX
N(x,t) = {St+ﬂllx|| (= 0xex

is a fuzzy norm on X.

Definition 2.7. [17]Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is
said to be convergent or converge if there exists an x € X such that lim, ,., N (x,, - x, )
=1 for all t >0. In this case, x is called the limit of the sequence {x,} in X and we
denote it by N - lim,_,., x,, = .

Definition 2.8. [17]Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is
called Cauchy if for each ¢ >0 and each t >0 there exists an ny € N such that for all n
2 ng and all p > 0, we have N (%, - %, 1) > 1 - &

It is well known that every convergent sequence in a fuzzy normed vector space is
Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be
complete and the fuzzy normed vector space is called a fuzzy Banach space.

Example 2.2. Let N : R x R — [0, 1] be a fuzzy norm on R defined by

L t>0
N(x,t)= {6+|X| (0"

Then (R, N) is a fuzzy Banach space.

We say that a mapping f: X — Y between fuzzy normed vector spaces X and Y is
continuous at a point x € X if for each sequence {x,} converging to xo € X, then the
sequence {f(x,)} converges to f (xo). If f: X — Y is continuous at each x € X, then f:
X — Yis said to be continuous on X [19].

Throughout this article, assume that X is a vector space and that (Y, N) is a fuzzy
Banach space.

Definition 2.9. Let X be a set. A function d : X x X — [0, o] is called a generalized
metric on X if d satisfies the following conditions:

(a) d(x, y) = 0 if and only if x = y for all x, y € X;

(b) dx, y) = d(y, x) for all x, y € X;

(¢) d(x, z) < d(x,y) + d(y, z) for all x, y, ze X.

Theorem 2.2. [20,21]Let (X, d) be a complete generalized metric space and J : X — X
be a strictly contractive mapping with Lipschitz constant L <1. Then, for all x € X,
either

d(]"x,]"*lx) = 00

for all non-negative integers n or there exists a positive integer ny such that
(@) d(J"x, J"*'x) < oo for all ny > ny;

(b) the sequence {J"x} converges to a fixed point y* of J;

(¢) y* is the unique fixed point of ] in the set Y = {y € X : d(J™x,y) < oo};



Kenary et al. Fixed Point Theory and Applications 2011, 2011:67 Page 5 of 14
http://www.fixedpointtheoryandapplications.com/content/2011/1/67

@ d(y.y*) <}, dy. JyYorall y e Y.

3. Non-Archimedean stability of the functional equation (1)
In this section, using the fixed point alternative approach, we prove the Hyers-Ulam
stability of the functional equation (1) in non-Archimedean normed spaces.
Throughout this section, let X be a non-Archimedean normed space and Y a com-
plete non-Archimedean normed space. Assume that |m| =1.
Lemma 3.1. Let X and Y be linear normed spaces and f: X — Y a mapping satisfy-
ing (1). Then fis an additive mapping.
Proof. Letting y = 0 in (1), we obtain

f(mx) = mf(x)
for all x € X. So one can show that
f(m"x) = m"f(x)

forall x e Xand all » € N.O
Theorem 3.1. Let {: X*> — [0, =) be a function such that there exists an L <1 with

[m|¢ (x,y) < Lg (mx, my)

forall x,ye X Iff: X > Y is a mapping satisfying f0) = 0 and the inequality

(m+n)f(x+y) _ (m—n)f(x—)')H
2 2

[+ ) - < ¢(uy) @

for all x, y € X, then there is a unique additive mapping A : X — Y such that
L¢(x,0)

1) - A@ = ®
Proof. Putting y = 0 and replacing x by ,; in (2), we have
X X L
o () -] 2 (20) = -

for all x € X. Consider the set
S:={g: X — Y;g(0) =0}
and the generalized metric d in S defined by
d(f,g) = inf{u € R* : || g(x) — h(x) < n¢(x,0), VxeX},

where inf & = +eo. It is easy to show that (S, d) is complete (see [[22], Lemma 2.1]).
Now, we consider a linear mapping / : S — S such that

X

Jh(x) := mh (m)

for all x € X. Let g, 1 € S be such that d(g, /) = ¢. Then we have
I g(x) — h(x) lI=< e (x, 0)

for all x € X and so

1ig(e) = 1Ga) = g (2) = (1) = tmc (2, 0) < e - c(3,0)

X X
m m
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for all x € X. Thus d(g, h) = ¢ implies that d(Jg, /i) < Le. This means that
d(Jg, Jh) < Ld(g h)

for all g, h € S. It follows from (4) that
L
a(f,Jf) < .
G =

By Theorem 2.2, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, that is,

A ¥ ) - nlqA(x) )

m
for all x € X. The mapping A is a unique fixed point of J in the set

Q=1{heS:d(gh) < oo}

This implies that A is a unique mapping satisfying (5) such that there exists g € (0, )
satisfying
I f(x) = A(x) ll= ug(x, 0)

for all x e X.
(2) d(J'f, A) —> 0 as n — oo. This implies the equality

lim mf(ﬂ’:) - A(x)

n—o0

for all x € X.
(3) d(f,A) < d(]fj ,f ) with fe Q, which implies the inequality

L
d(f,A) < .
(. 4) |m| — |m|L

This implies that the inequality (3) holds. By (2), we have

Hmﬂf <mxn:rnny> - +2n)f(’,“;ny - —;)f(",;ny

n X Y n L"
<Iml"¢ <m”' m”> < m| |m|n§(x,y)

forall x, ye X and n > 1 and so

(m+n)A(x +y) B (m—n)A(x —y)

=0
2 2

HA(mx +ny) —
forall x, ye X.
On the other hand

)0t o ) )

mA () = AC) = Jim, wenf (o )= Jim, wf () -0
Therefore, the mapping A : X — Y is additive. This completes the proof. O
Corollary 3.1. Let 6 > 0 and p be a real number with 0 < p <1. Let f: X — Y be a

mapping satisfying f0) = 0 and the inequality
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Hf(mx+ny)— (m+n)§(x+)’) _ (m—n):{(x—)') H < O(IIP + 1IP) ©)

for all x, y e X. Then, for all x € X,
A(x) = lim m"f( * )
B n—o00 mn
exists and A : X — Y is a unique additive mapping such that

|m|61]x][P

HORMIONE. ?)

—Im|?

forall x e X.

Proof. The proof follows from Theorem 3.1 if we take
¢(xy) = 0(lIxlP +11y117)

for all x, y € X. In fact, if we choose L = |m|'P, then we get the desired result. O
Theorem 3.2. Let { : X*> — [0, «) be a function such that there exists an L <1 with

¢ (mx, my)

m S Lg(x,y)

forall x, ye X Let f: X —> Y be a mapping satisfying f0) = 0 and (2). Then there is
a unique additive mapping A : X — Y such that

£(x,0)

m| — |m|L

If(x) —Ax) = |

Proof. The proof is similar to the proof of Theorem 3.1. O
Corollary 3.2. Let 6 > 0 and p be a real number with p >1. Let f: X — Y be a map-
ping satisfying f0) = 0 and (6). Then, for all x € X

Ax) = Tim /(M)

n—oo mnh

exists and A : X — Y is a unique additive mapping such that

_ Olp
FOROIENS

|m|P
forall x e X.
Proof. The proof follows from Theorem 3.2 if we take

¢(xy) = 0l + [1y11P)

for all x, y € X. In fact, if we choose L = |2m|F", then we get the desired result. O

Example 3.1. Let Y be a complete non-Archimedean normed space. Let f: Y — Y be
a mapping defined by

fz) = z,ze{mx+ny:|mx+nyll<1l}jN{x—y:lx—yl< 1}
0, otherwise '

Then one can easily show that f: Y — Y satisfies (3.5) for the case p = 1 and that
there does not exist an additive mapping satisfying (3.6).
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4. Random stability of the functional equation (1)
In this section, using the fixed point alternative approach, we prove the Hyers-Ulam
stability of the functional equation (1) in random normed spaces.

Theorem 4.1. Let X be a linear space, (Y, u, T) a complete RN-space and ® a mapping
from X2 to D' (®(x, y) is denoted by ®,.,) such that there exists 0 < o < ;Such that

cI)mx,my (;) = cbx,y(t) ®)

forall x,ye X and t >0. Let f: X > Y be a mapping satisfying fl0) = 0 and

" (m+nm)f(x+y) (m—m)f(x—y) (D= Pul() ©)
f(mx+ny)— -
2 2
forall x,ye X and t >0. Then, for all x € X
— i n X

A = Jim nf ()

exists and A : X — Y is a unique additive mapping such that
1 —ma)t

Mfx)-A@)(E) = Pro <( u ) ) (10)
forall x e X and t >0.
Proof. Putting y = 0 in (9) and replacing x by ;, we have

Fong ()~ (D) Z @ % 0(0) (11)

for all x € X and ¢ >0. Consider the set
S*:={g: X — Y;4(0) =0}
and the generalized metric d* in S* defined by

d*(f,g) = inf ) {Ig(x)—h(x) (ut) > Oy0(t), Vxe X, t > 0},

ue(0,+00

where inf & = +co. It is easy to show that (8%, d*) is complete (see [[22], Lemma
2.1]).

Now, we consider a linear mapping / : $* — §* such that

X
h(x) := mh( )
) = mh
for all x € X.
First, we prove that / is a strictly contractive mapping with the Lipschitz constant
mo. In fact, let g, h € S* be such that d*(g, /1) < &. Then we have

Ig(x)-h(x) (L) = Pyo(t)

for all x € X and ¢ >0 and so

X
m

Wig(x)—Th(x) (Maet) =Mmg( )7mh(::l)(maet) Mg(;)ih(;)(aet)

(O] ot
;‘1,0( )

v

> q)x,O (t)

Page 8 of 14



Kenary et al. Fixed Point Theory and Applications 2011, 2011:67 Page 9 of 14
http://www.fixedpointtheoryandapplications.com/content/2011/1/67

for all x € X and ¢ >0. Thus d*(g, 1) < ¢ implies that d*(Jg, /i) < moe. This means
that

d*(Jg, Jh) < mad(g, h)

for all g, h € S*. It follows from (11) that
d*(f,J f) < a.
By Theorem 2.2, there exists a mapping A : X — Y satisfying the following:

(1) A is a fixed point of J, that is,

A(;) - ;A(x) (12)

for all x € X. The mapping A is a unique fixed point of J in the set

Q=1{heS :d"(gh) < oo}

This implies that A is a unique mapping satisfying (12) such that there exists u € (0,
o) satisfying

Hf)—-A) (ut) = Pyo(t)
for all x € X and ¢ >0.

(2) d*(J'f, A) — 0 as n —> . This implies the equality

1m1mv(;)=Au)

n—o0
forall x e X.
(3) d*(f,A) < ‘fg”{]; ) with fe Q, which implies the inequality

(A<

1 —ma

and so

ot
w2 | | _ o ) = Pro()

for all x € X and ¢ >0. This implies that the inequality (10) holds.
On the other hand

t
” mx+ny mn(m + fl)f (3:;3/) mn(m - n)f (xn;"y) (t) = q)"f"'"}l/" (mn)
(") 2 B 2

forall x, ye X, t >0 and n > 1 and so, from (8), it follows that

t t
i () = 2 ()

Since

. t
nlglgo Py <m”oz"> =1
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for all x, y € X and ¢ >0, we have

u (m+n)A(x+y) (m—n)A(x—7y) =1
A(mx+ny)— > _ 5

for all x, ye X and t >0.
On the other hand

A(mx) — mA(x) = nlLIIC}o m"f (m:_1> —m lim m"f (,:;)

n—oo
_ : n—1 X A n X
=l Jim w2 () = Jim oy ()]
=0.
Thus the mapping A : X — Y is additive. This completes the proof. O

Corollary 4.1. Let X be a real normed space, 0 = 0 and let p be a real number with p
>1. Let f: X = Y be a mapping satisfying f0) = 0 and
t

s~ ng(x ) _(m= ng(x D= o e + 1) (13)

forall x, ye X and t >0. Then, for all x € X,
A@) = Jim m'f (©)
)= ngrolo m mn
exists and A : X — Y is a unique additive mapping such that

mP(1 —m!' ")t

14
mP(1 — m'=P)t +0||x]|P (14)

Ifx)-a@) (1) =

forall x e X and t >0.
Proof. The proof follows from Theorem 4.1 if we take

t

b, (t) =
(1) t+0 (I1x]P + [lylP)

for all x, y € X and ¢ >0. In fact, if we choose a = m™”, then we get the desired
result. O

Theorem 4.2. Let X be a linear space, (Y, u, T) a complete RN-space and ® a map-
ping from X* to D* (®(x, y) is denoted by ®,.,) such that for some 0 <ot <m

b x oy (1) < Dyy(at)
m’'m

forall x,ye X and t >0. Let f: X > Y be a mapping satisfying fl0) = 0 and

g (m+n)f(e+y) (m—n)f(x—y) (O = Pur(0)
f(meny)— 5 - )

forall x, ye X and t >0. Then, for all x € X,

A(x) := lim f(Z:x)

n—oo
exists and A : X — Y is a unique additive mapping such that

f(x)—-a) (1) = Pro((m — a)t) (15)
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forall x e X and t >0.
Proof. The proof is similar to the proof of Theorem 4.1. O
Corollary 4.2. Let X be a real normed space, 6 > 0 and let p be a real number with 0O
<p<l Letf: X > Y be a mapping satisfying f0) = 0 and
t

'uf(mx+ny)— (m * n);(x " }’) — (m B n){(x B Y) (t) - t+6 (“x“p + ||Y||p)

forall x,ye X and t >0. Then, for all x € X,
n

Ax) = Tim /(M)
n—oo mnh

exists and A : X — Y is a unique additive mapping such that

(m— m")t
—aw)(t) =
i) -a@(0) = (m — mP)t + 0||x||P

forall x € X and t >0.
Proof. The proof follows from Theorem 4.2 if we take

t

b, (t) =
(1) t+0 (I1x]P + [lylP)

for all x, y € X and ¢ >0. In fact, if we choose o = m”, then we get the desired result.
O

Example 4.1. Let (Y, u, T) be a normed complete RN-space. Let f: Y — Y be a map-
ping defined by

z,ze{mx+ny: ||mx+ny|| <1}N{x—y: |x—y|| <1}
0, otherwise ’

@ - |

Then one can easily show that f: Y — Y satisfies (4.6) for the case p = 1 and that
there does not exist an additive mapping satisfying (4.7).

5. Fuzzy stability of the functional equation (1)
Throughout this section, using the fixed point alternative approach, we prove the
Hyers-Ulam stability of the functional equation (1) in fuzzy normed spaces.
In the rest of the article, assume that X is a vector space and that (Y, N) is a fuzzy
Banach space.
Theorem 5.1. Let ¢ : X*> — [0, =) be a function such that there exists an L <1 with
X Yy L
¢ ( : ) = (%)
m m m
forall x,ye X Let f: X = Y be a mapping satisfying f0) = 0 and

menflen)_(n-mfe-n ! )
! ,

N(f(mx+ny)— ) 2 (o)

forall x, y € X and all t >0. Then the limit

A(@) =N~ lim mf(nf)

Page 11 of 14
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exists for each x € X and defines a unique additive mapping A : X — Y such that

(m —mL)t

N(f(x) — A(x), 1) > (m — mL)t + Lo(x, 0)

forall x, y € X and all t >0.
Proof. Putting y = 0 in (16) and replacing x by ;, we have

X
N — ,t) >
(mr () =10 = g
for all x € X and ¢ >0. Consider the set
s :={g: X — Y,g(0) =0}

and the generalized metric d** in $** defined by

a*(f,g) = inf{//, e R* : N(g(x) — h(x), ut) = VxeX, t> 0},

t
t+o(x,0)

where inf & = +eo. It is easy to show that (5**, d**) is complete (see [[22], Lemma
2.1]).

Now, we consider a linear mapping J : $** — $** such that
X
Jg(x) 1= mg (m)

for all x € X.
The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 5.1. Let 0 > 0 and let p be a real number with p >1. Let X be a normed

vector space with norm || - ||. Let f: X — Y be a mapping satisfying f0) = 0 and
— — t
N (e - (N nm e ) .
2 2 t+6 (lx|” +[lyl?)

forall x, y e X and all t >0. Then
X
o R n
A =N - fim f ()

exists for each x € X and defines an additive mapping A : X — Y such that

(mp+1 _ mZ)t

. 18
— m2)t + mo||x||P (18)

NGORRIOHE.

Proof. The proof follows from Theorem 5.1 by taking
p(xy) = 0(IxII” +11y11")

for all x, y € X. Then we can choose L = m'? and we get the desired result. O
Theorem 5.2. Let ¢ : X> — [0, ) be a function such that there exists an L <1 with

¢ (mx, my) < mLo(x,y)
forall x,ye X Let f: X — Y be a mapping satisfying fl0) = 0 and

(m+n)f(x+y) (m—n)f(x—y) t
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forall x,ye X and all t >0. Then the limit
n
i (")

n—o00 mn

R(x):=N -

exists for each x € X and defines an additive mapping A : X — Y such that

(m —mL)t

N(f(x) —A(x), t) > (m — mL)t + ¢(x, 0)

forall x,ye X and all t >0.
Proof. The proof is similar to that of the proofs of Theorems 4.1 and 5.1. O
Corollary 5.2. Let 6 > 0 and let p be a real number with 0 < p <1. Let X be a

normed vector space with norm || - ||. Let f: X = Y be a mapping satisfying f0) = 0
and
— — t
N (e - (N _nm e )
2 2 t+6 (|lxI1P + [ylP)

forall x, y e X and all t >0. Then the limit

" . f(m"x)
A(x) :=N- lim o

n—oo

exists for each x € X and defines a unique additive mapping A : X — Y such that

(m—mP)t

N(f(x) — A(x), t) > (m—mP)t+6||x||P

Proof. The proof follows from Theorem 5.2 by taking
o(x,y) = 0(IIxll” + [lylI")

for all x, y, ze X. Then we can choose L = m” 1 and we get the desired result. O

Example 5.1. Let (Y, N) be a normed fuzzy Banach space. Let f: Y — Y be a map-
ping defined by

fz) = z,ze{mx+ny:|mx+nyl<1liN{x—y:[lx—yl< 1}
0, otherwise ’

Then one can easily show that f: Y — Y satisfies (5.2) for the case p = 1 and that
there does not exist an additive mapping satisfying (5.3).

6. Conclusion

We linked here five different disciplines, namely, the random normed spaces, non-
Archimedean normed spaces, fuzzy normed spaces, functional equations, and fixed
point theory. We established the Hyers-Ulam stability of the functional equation (1) in
various normed spaces by using fixed point method.
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