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1 Introduction

The Banach contraction principle [1] is one of the most celebrated fixed point theo-
rem. Many generalizations of this famous theorem and other important fixed point
theorems exist in the literature (cf. [2-37]).

Ran and Reurings [3] proved the Banach contraction principle in partially ordered
metric spaces. Recently Agarwal et al. [2] presented some new fixed point results for
monotone and generalized contractive type mappings in partially ordered metric
spaces. Bhaskar and Lakshmikantham [4] initiated and proved some new coupled fixed
point results for mixed monotone and contraction mappings in partially ordered
metric spaces. The main idea in [2-11] involve combining the ideas of iterative techni-
que in the contraction mapping principle with those in the monotone technique.

In [3], Ran and Reurings proved the following Banach type principle in partially
ordered metric spaces.

Theorem 1 (Ran and Reurings [3]). Let (X, <) be a partially ordered set such that
every pair x, y € X has a lower and an upper bound. Let d be a metric on X such that
the metric space (X, d) is complete. Let f: X — X be a continuous and monotone (that is,
either decreasing or increasing) operator. Suppose that the following two assertions hold:

(1) there exists k € (0, 1) such that d(f (x), f (y)) < k d(x, ), for each x, y € X with x > y,
(2) there exists xo € X such that xy < f (x9) or xo = f (x0).

Then f has a unique fixed point x* € X, i.e. flx*) = x*, and for each x € X, the
sequence {f"(x)} of successive approximations of f starting from x converges to x* € X.
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The results of Ran and Reurings [3] have motivated many authors to undertake further
investigation of fixed points in the field of ordered metric spaces: Agarwal et al. [2], Bhas-
kar and Lakshmikantham [4], Bhaskar et al. [5], Ciri¢ and Lakshmikantham [7], Ciri¢ et al.
[8,9], Lakshmikantham and Ciri¢ [10], Nieto and Lépez [6,11], Samet [12-14], and others.

Fixed point theory in probabilistic metric spaces can be considered as a part of prob-
abilistic analysis, which is a very dynamic area of mathematical research. The theory of
probabilistic metric spaces was introduced in 1942 by Menger [15]. These are generali-
zations of metric spaces in which the distances between points are described by prob-
ability distributions rather than by numbers. Schweizer and Sklar [16,17] studied this
concept and gave some fundamental results on these spaces. In 1972, Sehgal and Bhar-
ucha-Reid [18] initiated the study of contraction mappings on probabilistic metric
spaces. Since then, several results have been obtained by various authors in this direc-
tion. For more details, we refer the reader to [19-27].

In [8], Ciri¢ et al. introduced the concept of monotone generalized contraction in
partially ordered probabilistic metric spaces and proved some fixed and common fixed
point theorems on such spaces.

In this article, we introduce a new concept of mixed monotone generalized contraction
in partially ordered probabilistic metric spaces and we prove some coupled coincidence
and coupled fixed point theorems on such spaces. Presented theorems extend many exist-
ing results in the literature, in particular, the results obtained by Bhaskar and Lakshmikan-
tham [4], Lakshmikantham and Ciri¢ [10], and include several recent developments.

Throughout this article, the space of all probability distribution functions is denoted
by A" = {F: R U {-e0, +00} — [0,1]: F is left-continuous and non-decreasing on R, F(0)
= 0 and F(+e0) = 1} and the subset D* € A" is the set D" = {Fe A" :lim,,,. F(t) =
1}. The space A" is partially ordered by the usual point-wise ordering of functions, i.e.,
F < G if and only if F(¢) < G(¢) for all ¢ in R. The maximal element for A" in this order
is the distribution function given by

(1) = 0, ift=<0o,
oll) = 1, ift>o0.

We refer the reader to [22] for the terminology concerning probabilistic metric

spaces (also called Menger spaces).

2 Main results
We start by recalling some definitions introduced by Bhaskar and Lakshmikantham [4]
and Lakshmikantham and Ciri¢ [10].

Definition 2 (Bhaskar and Lakshmikantham [4]). Let X be a non-empty set and A :
X x X —> X be a given mapping. An element (x, y) € X x X is said to be a coupled

fixed point of A if
Alx,y)=x and A(y.x)=y.
Definition 3 (Lakshmikantham and Cirié¢ [10]). Let X be a non-empty set, A : X x

X > Xand h : X > X are given mappings.

(1) An element (x, y) € X x X is said to be a coupled coincidence point of A and h if
A(x,y) =h(x) and A(y, x) = h(y).
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(2) An element (x, y) € X x X is said to be a coupled common fixed point of A and h if
Alx,y) =h(x)=x and A(y,x)=h(y) =y.

(3) We say that A and h commute at (x, y) € X x X if
h(A(x,y)) = A(h(x), h(y)) and h(A(y,x)) = A(h(y), h(x)).

(4) A and h commute if
h(A(x,y)) = A(h(x), h(y)), forall (x,y) € X x X.

Definition 4 (Lakshmikantham and Cirié¢ [10]). Let (X, <) be a partially ordered set,
A:XxX—> Xandh: X — X are given mappings. We say that A has the mixed h-
monotone property if for all x, y € X, we have

x1,%2 € X, h(x1) < h(x2) = A(x1,y) < A(x2,y),
yiy2 € X h(y1) = h(y2) = Alx y1) < A(xy2).

If h is the identity mapping on X, then A satisfies the mixed monotone property.

We need the following lemmas to prove our main results.

Lemma 5. Let n > 1. If Fe D', Gy, Gy, ..., G, : R — [0,1] are non-decreasing func-
tions and, for some k € (0, 1),

F(kt) = min{G1(t), Go(t), - -- , Gp(t), F(t)}, VYVt > O, (1)

then F(kt) = min{G;(t), G5(t), .... G,()} for all t > 0.
Proof. The proof is a simple adaptation of that of Lemma 3.3 in [8]. O
Lemma 6. Let (X, F, A) be a Menger PM-space and k € (0, 1). If

min{F, q(kt), Fsy(kt)} = min{F, 4(t), F,(t)}, forallt> 0, (2)

thenp = g and s = v.
Proof. From (2) it is easy to show by induction that

min{F, 4(k"t), Fs,(k"t)} = min{F, 4(t), Fs,(t)}, foralln > 1. (3)

Now we shall show that min{F,,,(¢), F;,(¢)} = 1 for all ¢ > 0. Suppose, to the contrary,
that there exists some £, > 0 such that min{F,,(¢o), Fs.(fo)} < 1. Since (X, F) is a Men-
ger PM space, then min{F,,(¢), F,,(f)} — 1 as t — . Therefore, there exists ¢; >t,
such that

min{Fpq(t1), Fs,y(t1)} > min{Fy4(t0), Fs.v(to0)}. (4)

Since ¢, > 0 and k € (0, 1), there exists a positive integer n > 1 such that k"¢, <.
Then by the monotony of F,,(-) and F;,(-), it follows that min{F,,(k"t;), F,(k"t;)} <
min{F,,(to), F;.(to)}. Hence and from (3) with ¢ = £;, we have

min{Fy,(t1), Fs»(t1)} = min{Fyq(k"t1), (K" t1)} < min{Fy,(to), Fsu(to},

a contradiction with (4). Therefore min{F,,(¢), F;,(¢)} = 1 for all £ > 0, which implies
that F,,(f) = 1 and F;,(¢) = 1 for all £ > 0. Hence p = gand s = v. O

Now, we state and prove our first result.



Ciri¢ et al. Fixed Point Theory and Applications 2011, 2011:56
http://www.fixedpointtheoryandapplications.com/content/2011/1/56

Theorem 7. Let (X, <) be a partially ordered set and (X, F, A) be a complete Menger
PM-space under a T-norm A of H-type (Hadzic-type). Suppose A : X x X — X and h :
X — X are two mappings such that A has the h-mixed monotone property on X and,
for some ke (0, 1),

Fauy),aque)(kt) = min{Fn(x),neu) (0), Fng)nw) (6) Fa),ac) (€.

(5)
Fuqw),av) () Fng), A (0, Frw),a@au) (£}

for all x, y € X for which h(x) < h(u) and h(y) > h(v) and all t > 0. Suppose also that
AX x X) € h(X), h(X) is closed and
if {h(xn)} C X is a non - decreasing sequence with h(x,) — h(z) in h(X)

6
then h(x,) < h(z) for all n hold, (6)

if {h(x,)} C X is a non - decreasing sequence with h(x,) — h(z) in h(X)

7
then h(z) < h(xy) for all n hold. @)

If there exist xy, yo € X such that
h(xo) < A(xo,y0) and h(yo) = A(yo, %o),

then A and h have a coupled coincidence point, that is, there exist p, q € X such that
Alp, q) = h(p) and A(q, p) = h(q).

Proof. By hypothesis, there exist (xg, 7o) € X x X such that h(x) < A(xo, yo) and &
(¥0) = A(yo, xo). Since A(X x X) € h(X), we can choose x;, y; € X such that h(x;) = A
(%0, ¥0) and h(y;) = A(yo, x0). Now A(xy, y1) and A(y;, x1) are well defined. Again, from
A(X x X) € h(X), we can choose x,, y, € X such that k(x,) = A(xy, 1) and h(yy) = A
(y1, x1). Continuing this process, we can construct sequences {x,} and {y,} in X
such that

h(xns1) = A(xn, yn) and h(yns1) = A(yn, xn), forall ne N. (8)
We shall show that

h(x,) < h(xpy1), forall neN 9)
and

h(yn) = h(yns1), forall ne N, (10)

We shall use the mathematical induction. Let # = 0. Since /(xo) < A(xo, yo) and h(y)
> A(yo, %o), and as h(x;) = A(xo, yo) and h(y;) = A(yo, xo), we have h(xy) < h(x,) and &
(¥0) = h(y1). Thus (9) and (10) hold for n = 0. Suppose now that (9) and (10) hold for
some fixed n € N. Then, since h(x,) < h(x,,,) and h(y,.1) < h(y,), and as A has the &-
mixed monotone property, from (8),

h(xns1) = A(Xn, ¥n) < A(%ns1,¥n)  and  A(Yne1, %n) < A(Yn Xn) = h(yna), (1)
and from (8),

h(xne2) = A(tnrts Yner) = A(Xner,yn) - and Ay %n) = Aot %) = b(yn2). - (12)
Now from (11) and (12), we get

h(xn41) < h(xns2)

Page 4 of 13
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and
h(yne1) = h(Yne2)-

Thus by the mathematical induction we conclude that (9) and (10) hold for all n €
N. Therefore,

h(xo) < h(x1) < h(x2) < h(x3) < -+ < h(xn) < h(Xpe1) < -+~ (13)
and
h(yo) = h(y1) = h(y2) = h(ys) = - = h(yn) = h(yns1) = -+ . (14)

Now, from (13) and (14), we can apply (5) for (x, y) = (x,, ,,) and (&, v) = (X1, Y
+1)- Thus, for all £ > 0, we have

Fa( ) A1, ynn) (RE) = MIn{Frie,) hix, ) () P hi,, ) (0 Frie), A (6,
Fntx,, ) AGe10me) (O Fng) A ) (0 Frty, 0,40, 2,0 (O}

Using (8), we obtain

Fh(x1)h(0,2) (RE) = MIN{Fr(x,), ) (O Fr) i) (6 Phien ) h(x) ()

(15)
Ei(p1) () (0) -

Similarly, from (13) and (14), we can apply (5) for (x, ¥) = (V11> %,+1) and (u, v) =
(¥ %,). Thus, by using (8), for all £ > 0 we get

Fh(yn) hyner) (RE) = min{Fay, ), n(5,) (8)r Fnon ) n(e) (6)r Fr(ar ) h(ynn) (0,

(16)
Fhi1) h(a) (0}
From (15) and (16), we have

min{Fh(xml )fh(erZ) (kt)’ Fh(}/ml )'h(}/m-z) (kt)}
> min{Fu(x,) h(xu1) (0 Fuiy) ) (01 Fnrn) nwnn) (0 Fg, ) h(2) (03
= min{Fp(x,) h.) (0 Faga), ayr) () MIN{Fh(x, 1), h(600) (O Fngao) hiynen) (01

Now, from Lemma 5, we have

i {Fh (1) h52) (R)s Py n(yna) (RE)} = M0 {F(a,) ) (s P ) h) (0} (17)
for all £ > 0. From (17) it follows that

M0 Fi(,,1),h(02) (0 P ) h(ne) ()} = MIN{Fre) ) (6/R), Fug) nin) (6/R)} (18)
for all ¢ > 0. Repeating the inequality (18), for all £ > 0 we get

MNPy, ) ) (8 Frr ) i) (6)} = 0P, ) (6/R), Fry) i) (/1))
= min{Fus, ) nx,) (L/R), Fugy, i) (/1))

\Y

> min{ Py hger) (6/R™), Fugro)hirn) (¢/K 1))

Thus

min{Fucx,. ) h(x,2) (£ Fnraa i) ()} = MI{Frag) ner) (6/6 1), Fugoy o) (¢/K71)}, (19)

Page 5 of 13



Ciri¢ et al. Fixed Point Theory and Applications 2011, 2011:56
http://www.fixedpointtheoryandapplications.com/content/2011/1/56

for all £ > 0 and n € N. Letting n — +e in (19), we obtain

JLI{.ICJ Fh(x,,),h(xml)(t) =1, forallt> 0, (20)
and
n]ggo Fugy)hym) (1) = 1, forallt > 0. (21)

We now prove that {k(x,)} and {/(y,)} are Cauchy sequences in X. We need to show
that for each 0 > 0 and 0 <¢ < 1, there exists a positive integer 19 = ny(d, €) such that

Frgo)iza)(8) > 1 —¢, forallm>n=>ny(8, ¢)

and

Fugyhm (8) > 1 —¢, forallm > n = ny(8,¢),

that is,

min{Fp(x,),hen) (8): Fng) nm) (8)} > 1 — &, forallm > n > ny($, €). (22)
Now we shall prove that for each p > 0,

min{Fp(x,),h(x,) (0): Fuy)hiym) (0)}

e (23)
= A" (min{Fh(a,) hs) (0 = k) Fiyo) hgna) (0 = k)Y

for all m > n + 1. We prove (23) by the mathematical induction. Let m = n + 1.

Then from monotony of F, for m = n +1 we have
Fie) (i) (P) = Fie) i) (P — ko)
= A(Fnu) b (0 — ko), 1)
= A(Fn(x,) n(xnr) (0 = kP): Frix,) i) (0 — ko))
= A (Fuge,) han) (0 — k8))
> AN (min{Puge,) h(x,.) (0 = k0), Fugy) ) (0 — k0)}).

Similarly,

En(y)h(rne) (P) = Fiyo) nynn) (0 — kep)
= A(Fugy,) h(rmer) (P — kp), 1)
> A(Fngy) hynn) (0 = kP), Fngy) n(yen) (P — kp))
= A (Fug)hyn) (p — £8))
> A (min{Fy(y,) h(x,.0) (0 = k), Fugr) ) (0 = kp)}).-
Then
min{Fie,) n(xn) (0)) Fugu) i) (0)} = A0 {Fie,) ix,,) (0—R0)s Pty hiyn) (0—E0)}),

and (23) holds for m = n + 1.
Suppose now that (23) holds for some m > n + 1. Since p - kp > 0, from the prob-

abilistic triangle inequality, we have
g, ninen) () = Fnto) hnr) (0 — ko) + k)

(24)
> A(Fn(x,) h(xner) (0 = £0)s Fr(x,) i) (RP))-

Similarly,

En(y)n(rme) (P) = AFngy,) hyni) (0 = £P), Fn(yr ) h(yman) (RP))- (25)

Page 6 of 13
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From (24) and (25), we get

min{Fi(e,) nxn) (0)r ) hma) (0)}
> A(min{Fp(x,) h(x,.1) (0 = kP): Fu(y,)hiy) (0 — k)b min{Fpe,, ) o) (80), By ) htma) (B)})-

(26)

Now we shall consider min{Fy(x,.,)h(xu.1) (0): Fn(yo1)h(ymer) (BP)}. From (5) and the
hypothesis (23), we have

min{Fpe,.) () (80): Fnyen) () (R0}
= min{Fau, ), A(nrm) (B0): FAQ20),AQmm) (R0)}
> min{Fp(x,),n(x,) (0)r Fn(ya)h(ym) (P),
Fn(,), hin) (£)r Fran) imer) (P)r Fn) nynen) (0 Fya) n(ymer) (0)}
= min{min{Fu(x,),n(x,) (2)s Fn(y)h(ym) (0)},
Fi,) () (0)r Fnn) hn) (0 Pty nrn) (P Frtr) nyman) (P}
> min{A™™" (min{Fn(x,) h(x..) (P = kP): Fu(y)n(yan) (0 — k0)}),
Fn() hin) (0)r Fran) b ) (P)r En() i ner) (P)r F(yn) () (P) }-

(27)

Note that from (18), for every positive integer m > n, we have

min{Fy(x,) hnn) (0 Fngn) hyma) ()}
> min{Fiex,) hxnn) (0 /") Fngr ey (0 /")) (28)
> Min{Fu(x,) hxnn) (0) Fry) i) (0)} - forallme N.
Therefore, from (27) and (28), we get
min{Fp(x,,,), ) (R0): Fn(yp )iy (k)
> min{A" " (min{Fp(y, ), h(x,..) (P = k), Fugy,)hynr) (0 = kP)}),
M0 P, ), b ) () Ftya) ) (0)1)-
Since p > p - kp, using the monotony of F, we have
M0 {Fhx,) (1) (0 Enr) ) (0} = 00 hsr) (0 = k0), Engy) i) (0 = ko))

Then, we have

min{Fu(x,. ), () (B0)r Fngyoo) hiyman) (k)
> min{ A" (min{Fi,) h(x,..) (0 = kP), Fug) hiya) (0 — kO)}),
min{Fp(x,) h(xn) (0 = kP)s Fnya) b (0 — R0)}}

Since {A'(£)};20 is a decreasing sequence for all ¢ > 0, we have

min{Fp(x,),h(x..) (0 = kP): Fng,)nar) (0 — kp)}
> A" (min{Fa(x,) i) (0 = k0): Fng)ngn) (0 — kp)}).

Then, we get

min{Fu(x,..), ) (RO)r Fhy) () (k0)}
> A" (min{Fp(x, ) nxn) (0 = k), Fn)hm) (0 — kp)}).

Now, from (26) and (29), we obtain
min{Fix,) i) (2)r Fny) i) (P)}
> A(A"™ M (min{Fu(x,), h(x1) (2 = kP), Fngyo)hiynn) (0 — kp)}),
min{Fix,) h(x,..) (0 = k0), Fugy,) hiyan) (0 — kp)})
= A" min{Fh,) i) (0 = ©0), Far) hyn) (0 — kP)}).-

Page 7 of 13
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Hence and by the induction we conclude that (23) holds for all m > n + 1.

Now we show that {/(x,)} and {h(y,)} are Cauchy sequences, that is, for each J > 0
and 0 <¢ < 1, there exists a positive integer ny = ny(d, ¢) such that (22) holds. Since A
is of H-type, then {A” : n € +} is equicontinuous at 1, that is,

Vee (0,1)Ire (0,1) |s>1—1= A"(s) > 1 —¢g(forall n € N).

Since 0 - kd > 0, from (20) and (21) it follows that for any 0 <r < 1 there exists a
positive integer n; = n,((0 - k0), r) such that

Fh(xn),h(xm)((s —k§)>1—r and F;,(Yn),h(y"”)(a —k3)>1—r, foral n=>n;.

Then by (23), with min{Fu(x,)nx..) (0 — k0): Fag)nea) (0 — kp)} = s, we conclude
that (22) holds for ny(d, €) = n1((6 - k), r). Thus we proved that {k(x,)} and {i(y,)} are
Cauchy sequences in X.

Since /(X) is complete, there is some p, g € X such that

lim h(x,) =h(p) and lim h(y.) = h(q),
that is, for all £ > 0,

Jim Fye ) np) (1) =1 and  lim Fug,) ) (1) = 1. (30)

Now we show that (p, g) is a coupled coincidence point of A and /.
Since {h(x,)} is a non-decreasing sequence, from (30) and (6), we have

h(xa) < h(p). (31)
Since {/(y,)} is a non-increasing sequence, from (30) and (7), we have

h(q) < h(yn). (32)
For all £ > 0 and ¢ € (0, 1), we have

Enp).atp.a)(RE) = A(Enp) i) (R = akt), Fue,. 1), a(p.) (keet))
and

Enqatam (k) = A(Fngq) iy (k= akt), Fugy,.i),a00.0) (Reet))-
Then

min{Fyp)apq) (k1) Fnig).a@p ()} = A(An min{Fhi,,),a0.9) (ket), Fngy,a@e (Ret)}), - (33)
where

An = min{Fy(p) n(x,..) (kt — akt), Fugg) hy,.) (kt — akt)}. (34)
Now, using (31), (32) and (5), we have

Fixoi)a(pa) (keet) = Fae, p,),a(p.) (kect)
> min{Fi(s,),n(p) (@), Fu(y,) (@) (1), e, ) ) (@),

Eng),a(p.0) (@), Fny,) nyn) (@), Fig),aq.0) (@)}
:= By(at) = B,.

(35)

Similarly, we get

Fh()’ml ).A(q,p) (kat) Z Bn . (36)
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Combining (35) and (36), we obtain

min{Fuy,,,)a(pa) (k) Fniy,.i)aap) (ket)} = By (37)
Therefore, from (37) and (33), we have

min{Ep(p),a(p.q) (L), Fnig) ata.) (RE)} = A(An, Bn)- (38)

Now, letting n — +c0 in (38), using the continuity of the T-norm A, (30), (20), (21)
and the property A(1, a) = a for all a € [0, 1], we get

min{F(p),a(p.q) (kt), Fn(g),aqp) (k)} = min{Fu(p),a(p,q) (1), Fu(g).a(a.0) (@)}

Now, letting o — 1" in the above inequality, using the left-continuity of F and the

monotony of F, we get

min{Fp(p),a(p.q) (1), Fna),a(a) (1)} = min{Fn(p),a(p.q) (kt), Fn(g),a(q,) (k0)}
> min{Fp(p),a(p,9) (), Fu(g).a(.0) (D)}

Hence, for all £ > 0, we have

min{Fup),a(p.q)(£): Fi(g).aa) ()} = min{Fugp),a(p.q) (RE), Fna),agan (k0)}-
Now, applying Lemma 6, we get

A(p.q) = h(p) and A(q,p) = h(q),

that is, (p, ) is a coupled coincidence point of A and /. This makes end to the proof. &

The following result is an immediate consequence of Theorem 7.

Corollary 8. Let (X, <) be a partially ordered set and (X, F, A) be a complete Menger
PM-space under a T-norm A of H-type. Let A : X x X — X be mapping satisfying the
mixed monotone property, for which there exists k € (0, 1) such that

Fa(xy),.A(uv) (kt) = min{Fy,(t), Fy,v(t)r Fya(xy) (1), Fya(uv) (1), Fy,A(y,x)(t)/ Fy,A(vu) ()
forall x, y e X for which x < u and y > v and all t > 0. Suppose also that

if {xn} C X is a non - decreasing sequence with x, — z in X then x,, < z for all n hold,

if {xn} C X is a non - increasing sequence with x, — z in X then z < x, for all n hold.

If there exist xy, yo € X such that
xo < A(x0,y0) and yo > A(yo, o),

then A has a coupled fixed point, that is, there exist p, g € X such that A(p, q) = p
and A(q, p) = q.

Now, we prove the following result.

Theorem 9. Let (X, <) be a partially ordered set and (X, F, A) be a complete Menger
PM-space under a T-norm A of H-type. Suppose A : X x X - X and h : X —> X are
two continuous mappings such that A(X x X) € h(X), A has the h-mixed monotone
property on X and h commutes with A. Suppose that for some k € (0, 1),

Faqy),aquv) (kt) = min{Fne),n(w) (¢), Fay) n) (6, Fae) A (1),
Fuqu),av) (£): Fng),a@) (1), Frw),a@au) (£}

Page 9 of 13



Ciri¢ et al. Fixed Point Theory and Applications 2011, 2011:56
http://www.fixedpointtheoryandapplications.com/content/2011/1/56

for all x, y € X for which h(x) < h(u) and h(y) > h(v) and all t > 0. If there exist xo, Yy €
X such that

h(xo) < A(xo,y0) and h(yo) = A(yo, xo),

then A and h have a coupled coincidence point.
Proof. Following the proof of Theorem 7, {h(x,)} and {h(y,)} are Cauchy sequences in
the complete Menger PM-space (X, F, A). Then, there is some p, g € X such that

lim h(x,) =p and JLI& h(yn) = q. (39)

n—o0

Since 4 is continuous, we have

Jim h(h(x)) =h(p) and  lim h(h(m)) = h(q). (40)
From (8) and the commutativity of A and /4, we have

h(h(xns1)) = h(A(xn, yn)) = A(h(xa), h(yn)) (41)
and

h(h(yni1)) = h(A(yn, xn)) = A(h(yn), h(xn))- (42)

We now show that 4(p) = A(p, q) and h(q) = A(g, p). Taking the limit as 7 — + in
(41) and (42), by (39), (40) and the continuity of A, we get

B(p) = Tim A(h(xnn)) = 1im Ak, () = ACTm h(s,), Tim h(y)) = A, q)
and
h(@) = Tim h(h(yaa)) = lim A(h(), h(xa)) = AClm h(ya), lim h(x,)) = A(q,p).

Thus we proved that h(p) = A(p, q) and h(q) = A(g, p), that is, (p, q) is a coupled
coincidence point of A and /4. This makes end to the proof. O

The following result is an immediate consequence of Theorem 9.

Corollary 10. Let (X, <) be a partially ordered set and (X, F, A) be a complete Men-
ger PM-space under a T-norm A of H-type. Let A : X x X — X be a continuous map-
ping having the mixed monontone property, for which there exists k € (0, 1) such that

FA(x,y),A(u,v) (kt) = min{Fx,u(t)/ Fy,v(t)/ Fx,A(x,y) (t)/ Fu,A(u,v) (t)/ Fy,A(y,x)(t)/ Fv,A(v,u) (t)}
forall x, ye X for whichx <uandy = v and all t > 0. If there exist xo, Yo € X such that
Xo < A(xo,y0) and yo = A(yo, o),

then A has a coupled fixed point.
Now, we end the article with two examples to illustrate our obtained results.
Example 11. Let (X, d) be a metric space defined by d(x, y) = |x - y|, where X = [0, 1]

t
j ith Fy,(t) =
and (X, F, A) be the induced Menger space with Fyy(t) t+d(x, y)for allt>0and x,y e
X. We endow X with the natural ordering of real numbers. Let h : X — X be defined as
h(x) = x*, forallx e X.
Let A : X x X = X be defined as

o
S if x=y

A(x,y) =
(o) 0, if x<y.
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At first we shall show that the mapping A satisfies the h-mixed monotone property:
Consider x1, x, € X such that h(x,) < h(xy). Since h is a non-decreasing mapping, this

implies that x| < x,. Now, let y € X be an arbitrary point. If x; <y, then A(xy, y) = 0 <

2

2=y x5—)? . .
A(xy, 9). If y < xq, then A < i that is, A(xy, y) < A(xo, y). Similarly, one can

show that if y1, y» € X are such that h(y;) = h(y,), then A(x, y1) < A(x, y,) for all x €
X. Then, the mapping A satisfies the h-mixed monotone property.

Now we shall show that the mappings A and h satisfy the inequality (5). Let x, y € X
such that h(x) < h(u) and h(y) > h(v) that is, x* < u* and yr > v

We have consider the following four cases:

Case-1: x 2 y.

Since x < u and y = v, then u = v. Moreover, for all t > 0, we have

t/2 t/2

2+ dAW Y A@D) (/a4 [ -t
_ 2t - 2t

2+ | (x* —ut) — (P —v) | T 2+ | Xt —ut |+ |yt =t

Faepa@o(t/2) =

. t t .
> min { bl | e |y — ot | } = min{Fu(x),n(u) (), Fngy) ) (1)}

> min{Fp(x),h(u) () Fugy)h() () Fuge),agey) (0 Faquy, ) (0, Fngy,acr) (0, Frw),awu (O}

Case-2: x <y and u > v.
In this case, for all t > 0, we have
t/2 t/2

F t/2) = =
A A (t/2) 2+ A AWD) /2o

) 2 . 2
2+ (2 —v4) + (b —xf) T 2+ (= v4) + (wt —xt)
2t
T2t (ut —x) + (0 — 1)
t t

> min } = min{Fh(x),h(u)(t)r Fh(y),h(v)(t)}.

b+ (ut —x%) 1+ (=)
> min{Fu(),h(u) (t), Fn)nw) (1) Fu),a@y) (8), Fn),aqw) () Frg),age) (€ Faw),awu) (£)}.

Case-3: x <y and u <v.
In this case, for all t > 0, we have
t/2

Fanaun(t/2) = t/2 +d(A(x,y), A, v))

1 = min{Fu()hu) (), Fy),hw) (0}

Therefore, the mappings A and h satisfy the inequality (5), as well as all the required
hypotheses by Theorem 7, and (0, 0) is the coupled coincidence point of A and h.
Example 12. Consider X = [0, +o0) with

if p#q

¢
Fpq(t) = § t+max{p, q} -
1 if p=4q

forallt >0 and p, q € X. Then, (X, F, Ay) is a complete Menger PM-space, where

Aya, b) = min(a, b) for all a, b € [0, 1]. We endow X with the natural ordering of
real numbers. Define the continuous mapping A: X x X — X by

Ax,y) = ’ forallx,y € X.

X
(1+y)

Page 11 of 13



Ciri¢ et al. Fixed Point Theory and Applications 2011, 2011:56 Page 12 of 13
http://www fixedpointtheoryandapplications.com/content/2011/1/56

Clearly A satisfies the mixed monotone property.

Now we shall show that the mappings A and h satisfy the inequality (5) with h(x) = x
forall x € X. Let (x, y), (u, v) € X x X such that x < u, y > v and A(x, y) = A(u, v). For
all t > 0, we have

t t t t

= > >

x u te B Ttvu T

{ + max , 1 { + max
1+y 1+v +v

Fagpawy)(t/2) = u
Y201 +) }
= Fua@uu (t) = min{Fxu(t), Fyu(t), Fray) (6): Fuan (), Fpag(t), Foawa ().

Therefore, the mappings A and h satisfy the inequality (5), as well as all the required
hypotheses by Theorem 9, and (0, 0) is the coupled coincidence point of A and h, that
is, 0 = A(0, 0).

Now, we endow X with the standard metric d given by d(x, y) = |x - y| for all x, y €
X. We have

12,12 2,1 1
d(A(12,2,A02,1)) =1 and X )2+ d2.1) _ i’
Then, we cannot find k € [0, 1) such that

d(A(12,2),A(12,1)) < };[d(12, 12) +d(2,1)].

Then, Theorem 2.1 and Theorem 2.2 of Bhaskar and Lakshmikantham [4]are not
applicable in this case. Similarly, we cannot find a function ¢ : [0, +o0) — [0, +oo) with
o(t) <t for all t > O such that

d(A(12,2),A(12,1)) < ¢ (d(u, 12) +4d(2, 1)) '

2

Then, Theorem 2.1 of Lakshmikantham and Ciri¢ [10)is also not applicable in this

case.
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