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1 Introduction
Let E be a Banach space with its dual space E*. For the sake of simplicity, the norms of
E and E* are denoted by the symbol || - ||. We write (x, x*) instead of x*(x) for x* € E*
and x € E. We denote as — and —, the weak convergence and strong convergence,
respectively. A Banach space E is reflexive if E = E**.

The problem of finding a fixed point of a nonexpansive mapping is equivalent to the
problem of finding a zero of the following operator equation:

0 e A(x) (1.1)

involving the accretive mapping A.

One popular method of solving equation 0 € A(x) is the proximal point algorithm of
Rockafellar [1] which is recognized as a powerful and successful algorithm for finding
a zero of monotone operators. Starting from any initial guess xy € H, this proximal
point algorithm generates a sequence {x,} given by

Xna1 = J2 (X + €n), (1.2)

where JA = (I+7A)~), Vr > 0 is the resolvent of A in a Hilbert space H. Rockafellar
[1] proved the weak convergence of the algorithm (1.2) provided that the regularization
sequence {c,} remains bounded away from zero, and that the error sequence {e,} satis-
fies the condition ) ;7 || e, ||< oo. However, Giiler’s example [2] shows that proximal
point algorithm (1.2) has only weak convergence in an infinite-dimensional Hilbert
space. Recently, several authors proposed modifications of Rockafellar’s proximal point
algorithm (1.2) for the strong convergence. For example, Solodov and Svaiter [3] and
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Kamimura and Takahashi [4] studied a modified proximal point algorithm by an addi-
tional projection at each step of iteration. Lehdili and Moudafi [5] obtained the conver-
gence of the sequence {x,} generated by the algorithm:

Xn+1 :]?n” (%n), (1.3)

where A, = p,l + A is viewed as a Tikhonov regularization of A. When A is maximal
monotone in a Hilbert space H, Xu [6], Song and Yang [7] used the technique of non-
expansive mappings to get convergence theorems for {x,} defined by the perturbed ver-
sion of the algorithm (1.3):

Xna1 = J2 (ttt + (1 = t)xn). (1.4)
The equation (1.4) can be written in the following equivalent form:
TnA(Xns1) + Xns1 D taur + (1 — t) 2. (1.5)

In this article, we study a regularization proximal point algorithm to solve the pro-
blem of finding a common fixed point of a finite family of nonexpansive self-mappings
in a uniformly convex and uniformly smooth Banach space E. Moreover, we give some
analogue regularization methods for the more general problems, such as: problem of
finding a common fixed point of a finite family of nonexpansive mappings T}, i = 1, 2,
... N, where T; is self-mapping or nonself-mapping on a closed convex subset of E.

2 Preliminaries
Definition 2.1. A Banach space E is said to be uniformly convex, if for any ¢ € (0, 2]
the inequalities ||x|| < 1, ||y|| £ 1, ||x - y|| = ¢ imply that there exists a d = d(g) = 0

such that
lxevl )y
The function
Sp(e) =inf{1 —27" x+yllxl=lyl=1, | x—yll=¢} (2.1)

is called the modulus of convexity of the space E. The function dg(¢) defined on the
interval [0, 2] is continuous, increasing and dz(0) = 0. The space E is uniformly convex
if and only if d¢(e) > 0, Ve € (0, 2].

The function

pe(z) =sup 27 (Ilx+y I+ x—yI)—1:lxl=1, | yl=1}, (22)

is called the modulus of smoothness of the space E. The function pg(r) defined on
the interval [0, +e) is convex, continuous, increasing and pg(0) = 0.
Definition 2.2. A Banach space E is said to be uniformly smooth, if

lim () o, (2.3)

T—0 T

It is well known that every uniformly convex and uniformly smooth Banach space is
reflexive. In what follows, we denote

hi(7) = pEET). (2.4)
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The function /(7)is nondecreasing. In addition, it is not difficult to show that the

estimate
he(Kt) < LKhg(r), VK>1, ©>0, (2.5)

is valid, where L is the Figiel’s constant [8-10], 1 <L < 1.7. Indeed, we know that the
inequality holds ([8])

pe(n) _ | pe(§)

2 =L Vn=>§&>0. (2.6)
It implies that
Ehg(n) < Lnhg(§), Vn=& > 0. (2.7)

Taking in (2.7) n = Cr and ¢ = 7, we obtain the inequality:

thp(Crt) < LCthg(7), (2.8)
which implies that (2.5) holds. Similarly, we have

oe(Ct) < LC?pp(r), YC>1, ©>0. (2.9)
Definition 2.3. A mapping j from E onto E* satisfying the condition

j(x) = {f € B . f) =l x> and || f =] x I} (2.10)

is called the normalized duality mapping of E.
We know that

j(x) =27 "grad | x]*.

in a smooth Banach space, and the normalized duality mapping J is the identity
operator [ in a Hilbert space.

Definition 2.4. An operator A : D(A) € E — E is called accretive, if for all x, y € D
(A), there exists j(x - y) € ] (x - y) such that

(A() —A@W)j(x—y)) = 0. (2.11)

Definition 2.5. An operator A : E — E is called m-accretive if it is an accretive
operator and the range R(AA + I) = E for all 1 > 0, where [ is the identity of E.

If A is an m-accretive operator then it is a demiclosed operator, i.e., if the sequence
{x,} € D(A) satisfies x,, — x and A(x,) — f, then A(x) = f[10,11].

Definition 2.6. A mapping 7 : C — E is said to be nonexpansive on a closed convex
subset C of Banach space E if

I Tx =Ty ll<llx—=y I, VxyeC (2.12)
If T: C — E is a nonexpansive then 7 - T is an accretive operator. In this case, if the
subset C coincides E then [ - T is an m-accretive operator.

Definition 2.7. Let G be a nonempty closed convex subset of E. A mapping Qg : E —
G is said to be

(i) a retraction onto G if Q% = Qg
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(ii) a nonexpansive retraction if it also satisfies the inequality:

I Qex—Qey Il x—yll. VxyekE (2.13)
(iii) a sunny retraction if for all x € E and for all £ € [0, +)

Qc(Qex + t(x — Qcx)) = Qex. (2.14)

A closed convex subset C of E is said to be a nonexpansive retract of E, if there
exists a nonexpansive retraction from E onto C, and it is said to be a sunny nonexpan-
sive retract of E, if there exists a sunny nonexpansive retraction from E onto C.

Proposition 2.8. [9]Let G be a nonempty closed convex subset of E. A mapping Qg :
E — G is a sunny nonexpansive retraction if and only if

(x—Qcx,J(§ —Qgx)) <0, VxeE V& eG. (2.15)

Reich [12] showed that if E is uniformly smooth and D is the fixed point set of a
nonexpansive mapping from C into itself, then there is a sunny nonexpansive retrac-
tion from C onto D, and it can be constructed as follows.

Lemma 2.9. [12]Let E be a uniformly smooth Banach space, and let T : C — C be a
nonexpansive mapping with a fixed point. For each u € C and every t € (0, 1), the
unique fixed point x, € C of the contraction C 3 x ~ tu + (1 - t)Tx converges strongly
as t — 0 to a fixed point of T. Define Q : C — Fix(T) by Qu = lim,_,q x,. Then, Q is a
unique sunny nonexpansive retraction from C onto Fix(T), i.e., Q satisfies the property:

(u—Qu,j(z—Qu)) <0, wueC, zeFix(T). (2.16)
Definition 2.10. Let C; and C, be convex subsets of E. The quantity
B(C1,C) = sup inf | u—v| (= supd(u, C3))

ueC, veC ueC;

is said to be a semideviation of the set C; from the set C,. The function
H(Cll CZ) = maX{,B(Cl, CZ)I ﬂ(CZI Cl)}

is said to be a Hausdorff distance between C; and C,.

In this article, we will use the following useful lemma:

Lemma 2.11. [7]If E is a uniformly smooth Banach space, C, and C, are closed con-
vex subsets of E such that the Hausdorff distance H(C1, Cy) <6, and Qcand Qc,are
the sunny nonexpansive retractions onto the subsets Cy and C,, respectively, then

16L6
I Qc,x — Qc2x||2 < 16R(2r + d)hg ( R ) , (2.17)

where L is Figiel’s constant, r = ||x||, d = max{dy, d»}, and R = 2(2r + d) + 0. Here d; =
dist(0, C;) = d(0, C)), i = 1, 2, and 0 is the origin of the space E.

3 Main results
We need the following lemmas in the proof of our results:

Lemma 3.1. [9]If A = I - T with a nonexpansive mapping T, then for all x, y € D(T),
the domain of T

(3.1)

(Ax— Ay, J(x ) = L' R%; (” A=Ayl )

4R
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where ||x|| < R, ||y|| € R and 1 <L < 1.7 is Figiel’s constant.
Lemma 3.2. [13]Let {a,} be a sequence of nonnegative real numbers satisfying the

property:

apy1l < (1 - )\n)an +AnBn+oy, Yn>0

where {A,}, {B,} and {c,} satisfy the following conditions.

(i) ZZZO An = OQ;
o0
(i) lim sup,_y. B, < 0 or ano [AnBnl < o0;

(iii)) 6, > 0 V> 0 and ZOOOU" < .
n=f

Then, {a,} converges to zero.
Lemma 3.3. [9]Let E be a uniformly smooth Banach space. Then, for all x, y € E,

o+ I <IExl® + 24y, J%) + cpe(lly 1), (3:2)

where ¢ = 48 max(L, ||x||, ||y|]).
First, we consider the following problem:

Finding an element x* € S = NY, Fix(T}), (3.3)

where Fix(T;) is the set of fixed points of the nonexpansive mapping T;: E — E, i = 1,
2, ..., N.

Theorem 3.4. Suppose that E is a uniformly convex and uniformly smooth Banach
space which has a weakly sequentially continuous normalized duality mapping j from E
toE*. Let T; : E > E, i = 1, 2, .., N be nonexpansive mappings with S = ﬂﬁlFix(Ti) # .
If the sequences {r,} € (0, +o°) and {t,} < (0, 1) satisfy

(1) lim,, s 2, = 05 Y02 tn = +0C;

(ii) lim,,_yes 7;, = +o0,

then the sequence {x,} defined by
N
Tn ZAi(xml) +Xps1 =t + (1 —ta)xn, U, x90 €E, n>0 (3.4)
i=1
converges strongly to Qsu, where A; =1-T; i =1, 2, .., N and Qs is a sunny nonex-
pansive retraction from E onto S.
Proof. First, equation (3.4) defines a unique sequence {x,} € E, because for each n, the
element x,,,; is a unique fixed point of the contraction mapping f: E — E defined by

Tn

N
1
f(x) = Nr 1 ;Ti(x) + Nr,+ 1 [t + (1 —ty)xn], xe€E.

For every x* € S, we have

N
(w Y Ai(xne1),j(xn1 —x*)) = 0, ¥n > 0. (3.5)
i=1
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Therefore,

(tau + (1 — tn)Xn — Xne1, j(Xne1 — %)) >0, Vn=>0. (3.6)
It gives the inequality as follows:

e =512 <t =% [ +(1 = t) 2 = %% ¢ [ per = 2%
Consequently, we have

[ X1 =X | <ta lu—x" || +(1 —t2) | %0 — & ||

max(|| u—x* ||, [| X, —x* ||

IA

IA

max(|| u —x* ||, | xo —x* ||), Vn=>0.

Therefore, the sequence {x,} is bounded. Every bounded set in a reflexive Banach
space is relatively weakly compact. This means that there exists a subsequence
{xn,} € {x,} which converges to a limit x € E.

Suppose ||x,|| < R and ||x*|| < R with R > 0. By Lemma 3.1, we have

o (14 1)

L . N
R2r (TnAi(xn+1)r](xn+l —X ))
n

N
L . "
RZT,, (r‘n ;Ak(xn+l)/](~xn+l —X ))

=< 2 ” tnu + (1 - tn)xn — Xn+1 ” . ” Xn+1 _x* ”
R*r,

-0, n— oo
for every i = 1, 2, ..., N. Since the modulus of convexity Jg is continuous and E is a
uniformly convex Banach space, A/(x,,1) = 0, i =1, 2, .., N. It is clear that x € S from

the demiclosedness of A;. Hence, noting the inequality (2.15), we obtain

lim sup(u — Qsu, j(x, — Qsu)) = kliglow — Qs j(xn, — Qstt))

n—oo

= (u — Qsu, j(x — Qsu)) (3.7)
<0.

Next, we have

N
(=14 ZAi(erl) + thu + (1 - tn)xn - QSur](an - QS”))

i=1

2
[%ns1 — Qsuell

N
_<r‘rl ZAi(x‘rHl)/](erl - QSu)>

i1
+ (tyu + (1 - tn)xn — Qs ](xn+1 - QS“))
<tn(u - QSu) + (1 - tn)(xn - QSu)/](xml - QSU)>

IA

IA

1
o Ut = Qsu) + (1 — 1) (xn — Qst) 13+ | %ne1 — Qsuell}.
By the Lemma 3.3 and the above inequality, we conclude that

[xne1 — Qst? |l <II ta(u — Qsu) + (1 — t) (%0 — Qsu)lI?

< (1= ta)? Il 2 — Qsull® + 26a(1 — ta) (1 — Qsu, j(xn — Qst))
+cpe(tn | u— Qsu ).
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Consequently, we have
I %ner — Qstell> < (1= ta) || X0 — Qstill? + tufn, (3.8)
where

pultn || u = Qs )

Bn = 2(1 - tn)(“ - QS”!j(xn - QS”)) + ¢

t —
Since E is a uniformly smooth Banach space, pe(in | ut Qsti ) — 0, n— oo By
n
(3.7), we obtain lim sup,,_,.. 8, < 0. Hence, an application of Lemma 3.2 on (3.8) yields
the desired result. O

Now, we will give a method to solve more generally following problem:
Finding an element x* € S = NY Fix(T}), (3.9)

where T;: C; > C;, i = 1, 2, .., N is a nonexpansive mapping and C; is a convex
closed nonexpansive retract of E.
Obviously, we have the following lemma:
Lemma 3.5. Let E be a Banach space, and let C be a closed convex retract of E. Let T
: C > C be a nonexpansive mapping such that Fix(T) = &. Then, Fix(T) = Fix(TQc¢),
where Qc is a retraction of E onto C.
We consider the iterative sequence {x,} defined by
N
Ty ZBi(xml) +Xns1 =ty + (1 —ty)xn, U, X0 €E, n>0, (3.10)
i=1
where B; =1 —T;Qc, i = 1, 2, ..., N and Qg, is a nonexpansive retraction from E onto
Cyi=1,2, ., N
Theorem 3.6. Suppose that E is a uniformly convex and uniformly smooth Banach
space which has a weakly sequentially continuous normalized duality mapping j from E
into E*. Let C; be a convex closed nonexpansive retract of E and let T;: C; > C;, i = 1,
2, .., N be a nonexpansive mapping such that S = N Fix(T;) # 0. If the sequences {r,}
C (0, +o0) and {t,} < (0, 1) satisfy

(1) lim,, e 8, = 05 Y000 tn = +00;

(ii) lim,,_yo, 7y, = 400,

then the sequence {x,} generated by (3.10) converges strongly to Qsu, where Qs is a
sunny nonexpansive retraction from E onto S.

Proof. By the Lemma 3.5, we have § = N, Fix(T;Qc,) and applying Theorem 3.4, we
obtain the proof of this Theorem. O

Next, we study the stability of the regularization algorithm (3.10) in the case that
each C; is a closed convex sunny nonexpansive retract of E with respect to perturba-
tions of operators T; and constraints C;, i = 1, 2, ..., N satisfying following conditions:

(P1) Instead of C; there is a sequence of closed convex sunny nonexpansive retracts
C!'CE n=1,2,3,..such that

H(C!LC) <8y i=12...,N,

Page 7 of 10



Kim and Tuyen Fixed Point Theory and Applications 2011, 2011:52
http://www fixedpointtheoryandapplications.com/content/2011/1/52

where {0,} is a sequence of positive numbers.

(P2) For each set C}, there is a nonexpansive self-mapping T} : C} — C}, i = 1, 2, ..,,
N satisfying the conditions: if for all £ > 0, there exists the increasing positive functions
g(#) and &(¢) such that g(0) > 0, &(0) =0and x e C, y € Cl", ||x - y|| < J, then

I Tix = Ti"y ll< g(max{l| x |, I y 1) (8). (3.11)
We establish the convergence and stability of the regularization method (3.10) in the
form:
N
Tn ZB:—‘(Z,H]) +Zp1 =t + (1 —ty)zy, u, 20 € E, n>0, (3.12)

i=1

where B =1 —T/Qcy, i = 1, 2, .., N and Qcr is a sunny nonexpansive retraction from
EontoCl,i=1,2,..,N.

Theorem 3.7. Suppose that E is a uniformly convex and uniformly smooth Banach
space which has a weakly sequentially continuous normalized duality mapping j from E
into E*. Let C; be a convex closed sunny nonexpansive retract of E and let T; : C; > C;
i =1,2, .., N be nonexpansive mappings such that S = N, Fix(T;) # @. If the conditions
(P1) and (P2) are fulfilled, and the sequences {r,}, {0,} and {t,} satisfy

(1) lim,, s 2, = 0; Y020 by = +0C;

(ii) limy,_ye, 7, = +00;

(iii) Z:zo 1€ (ay/hg(8,)) < +oo for each a > 0,

then the sequence {z,} generated by (3.12) converges strongly to Qsu, where Qs is a
sunny nonexpansive retraction from E onto S.
Proof. For each n, Zﬁl B! is an m-accretive operator on E, so the equation (3.12)

defines a unique element z,,; € E. From the equations (3.10) and (3.12), we have

N
Tn <Z B?(ZHH) - B?(xn+1)r]'(zn+1 - xn+1)>

i=1

N
) 5 (3.13)
+Tn ZB?(erl) — Bi(%n41),j(Zne1 — Xne1) ) + | Zner — X |l

i=1
= (1 - tn)(zn _xn/j(zn+1 _xn+1)>~

By the accretivity of Zfi 1 B and the equation (3.13), we deduce
N
I Znar = %na1 (1< (1= ta) | 20— % | +70 Y [l B (ne1) — Bilxne1) |l - (3.14)
i=1
For eachie {1, 2, .., N},
I B,n(xnﬂ) - Bi(xn+1) 1=l T,'nQC?erl - TiQCierl Il . (3.15)

Since {x,,} is bounded and H(C;, C') < é;, there exist constants Kj; > 0 and K;; > 1
such that

| Qerxnir — Qcixns1 IS K1,iv/he(Ka,idy) < Kl,i\/Kz,iL\/hE(an)- (3.16)
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By the condition (P2),
I T Qerxner — TiQe X 1< (M1)€ (K,iv/KaiLy/hi(84)), (3.17)

where M; = max{sup || Qcrxni1 ||, sup || QcXns I} < +00.
From (3.14), (3.15) and (3.17), we obtain

I Zne1 = Xnar 1< (1 = ta) | 20 — % | +N(M)ru (v1,2v/he(81)), (3.18)

.....

By the above assumption and Lemma 3.2, we conclude that ||z, - x,|| — 0. In addi-
tion, by Theorem 3.6,

Il zn — Qs lI=<Il zn —%n || + | x4 — Qsu | > 0, as n — oo, (3.19)

which implies that {z,} converges strongly to Qsu. O
Finally, in this article we give a method to solve the following problem:

Finding an element x* € S = NY, Fix(T;), (3.20)

where T;: C; > E, i = 1, 2, ..., N is nonexpansive nonself-mapping and C; is a closed
convex sunny nonexpansive retract of E.

Lemma 3.8. [14]Let C be a closed convex subset of a strictly convex Banach space E
and let T be a nonexpansive mapping from C into E. Suppose that C is a sunny nonex-
pansive retract of E. If Fix(T) = &, then Fix(T) = Fix(QcT), where Q¢ is a sunny nonex-
pansive retraction from E onto C.

We have the following result:

Theorem 3.9. Suppose that E is a uniformly convex and uniformly smooth Banach
space which has a weakly sequentially continuous normalized duality mapping j from E
into E*. Let C; be a convex closed sunny nonexpansive retract of E and let T; : C; — E,
i =1,2, .., N be nonexpansive mappings such that S = ﬂﬁlFix(Ti) # (. If the sequences
{r} € (0, +) and {t,} < (0, 1) satisfy

(1) lim,, s 2, = 0; Y020 tn = +0C;

(ii) limy,_ye, 7;, = +o0,

then the sequence {u,} defined by

N

Tn Zfi(uml) +Uppr =tou+ (1 —ty)up, u, up € E, n=>0, (3.21)
i=1

converges strongly to Qsu, where Qs is a sunny nonexpansive retraction from E onto S
ﬂnd fl =I- QC,‘TiQC,} l = 1, 2; veny N.
Proof. By the Lemma 3.5 and Lemma 3.8, S = NY, Fix(T;) = NY, Fix(f;). Applying The-

orem 3.4, we obtain the proof of this Theorem. O

Acknowledgements
The authors thank the referees for their valuable comments and suggestions. This work was supported by the
Kyungnam University Research Fund, 2010.

Page 9 of 10



Kim and Tuyen Fixed Point Theory and Applications 2011, 2011:52 Page 10 of 10
http://www fixedpointtheoryandapplications.com/content/2011/1/52

Author details
'Department of Mathematics Education, Kyungnam University, Masan, Kyungnam, 631-701, Korea “College of Sciences,
Thainguyen University, Thainguyen, Vietnam

Authors’ contributions

JKK conceived the study and participated in its design and coordination. JKK suggested many good ideas that are
useful for achievement this paper and made the revision. TMT and JKK prepared the manuscript initially and
performed all the steps of proof in this research. All authors read and approved the final manuscript.

Competing interests
The authors declare that they have no competing interests.

Received: 22 November 2010 Accepted: 16 September 2011 Published: 16 September 2011

References

1. Rockaffelar, RT: Monotone operators and proximal point algorithm. In J Control Optim, vol. 14, pp. 887-897.SIAM (1976)

2. Guler, O: On the convergence of the proximal point algorithm for convex minimization. In J Control Optim, vol. 29, pp.
403-419.5IAM (1991). doi:10.1137/0329022

3. Solodov, MV, Svaiter, BF: Forcing strong convergence of proximal point iteration in Hilert space. Math Program Ser A.
87, 189-202 (2000)

4. Kamimura, S, Takahashi, W: Strong convergence of a proximal-type algorithm in Banach spaces. In J Control Optim, vol.
13, pp. 938-945.SIAM (2002)

5. Lehdili, N, Moudafi, A: Combining the proximal algorithm and Tikhonov regularization. Optimization. 37, 239-252
(1996). doi:10.1080/02331939608844217

6. Xu, H-K: A regularization method for the proximal point algorithm. J Glob Optim. 36, 115-125 (2006). doi:10.1007/
$10898-006-9002-7

7. Song, Y, Yang, C: A note on a paper: a regularization method for the proximal point algorithm. J Glob Optim. 43,
171-174 (2009). doi:10.1007/510898-008-9279-9

8. Figiel, T: On the moduli of convexity and smoothness. Stud Math. 56, 121-155 (1976)

9. Alber, Y: On the stability of iterative approximations to fixed points of nonexpansive mappings. J Math Anal Appl. 328,
958-971 (2007). doi:10.1016/jjmaa.2006.05.063

10.  Alber, Y, Ryazantseva, I: Nonlinear Ill-Posed Problems of Monotone Type. Dordrecht: Springer (2006)

11, Li, G, Kim, JK: Demiclosed principle and asymptotic behavior for nonexpansive mappings in metric spaces. Appl Math
Lett. 14, 645-649 (2001). doi:10.1016/50893-9659(00)00207-X

12. Reich, S: Strong convergence theorems for resolvents of accretive operators in Banach space. J Math Anal Appl. 75,
287-292 (1980). doi:10.1016/0022-247X(80)90323-6

13. Xu, H-K: Strong convergence of an iterative method for nonexpansive and accretive operators. J Math Anal Appl. 314,
631-643 (2006). doi:10.1016/jjmaa.2005.04.082

4. Matsushita, S, Takahashi, W: Strong convergence theorem for nonexpansive nonself-mappings without boundary
conditions. Nonlinear Anal TMA. 68, 412-419 (2008). doi:10.1016/j.na.2006.11.007

doi:10.1186/1687-1812-2011-52
Cite this article as: Kim and Tuyen: Regularization proximal point algorithm for finding a common fixed point of
a finite family of nonexpansive mappings in Banach spaces. Fixed Point Theory and Applications 2011 2011:52.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.springeropen.com/
http://www.springeropen.com/

	Abstract
	1 Introduction
	2 Preliminaries
	3 Main results
	Acknowledgements
	Author details
	Authors' contributions
	Competing interests
	References

