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Abstract

In this paper, we introduced two new classes of nonlinear mappings in Hilbert
spaces. These two classes of nonlinear mappings contain some important classes of
nonlinear mappings, like nonexpansive mappings and nonspreading mappings. We
prove fixed point theorems, ergodic theorems, demiclosed principles, and Ray's type
theorem for these nonlinear mappings.

Next, we prove weak convergence theorems for Moudafi's iteration process for these
nonlinear mappings. Finally, we give some important examples for these new
nonlinear mappings.
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1 Introduction

Let H be a real Hilbert space, and let C be a nonempty closed convex subset of H.
Then, a mapping 7 : C — C is said to be nonexpansive if ||Tx - Ty|| < ||x - y|| for all
x, y € C. The set of fixed points of T is denoted by F (7). The class of nonexpansive
mappings is important, and there are many well-known results in the literatures. From
literatures, we observe the following fixed point theorems for nonexpansive mappings
in Hilbert spaces.

In 1965, Browder [1] gave the following demiclosed principle for nonexpansive map-
pings in Hilbert spaces.

Theorem 1.1. [1] Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T be a nonexpansive mapping of C into itself, and let {x,} be a sequence in C.
If x,, ~ w and nlgglo [1x, — Txull =0, then Tw = w.

In 1971, Pazy [2] gave the following fixed point theorems for nonexpansive mappings
in Hilbert spaces.

Theorem 1.2. [2] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T: C — C be a nonexpansive mapping. Then, {T”x} is a bounded
sequence for some x € C if and only if F (T) = <.

In 1975, Baillon [3] gave the following nonlinear ergodic theorem in a Hilbert space.

Theorem 1.3. [3] Let C be a nonempty closed convex subset of a real Hilbert space
H, and let T: C — C be a nonexpansive mapping. Then, the following conditions are

equivalent:
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(i) F (1) = &;
1 n=1

(ii) for any x € C, Syx:= Y. T*x converges weakly to an element of C.
N k=0

In fact, if F (T) # &, then Sux — HILIEO PT"x for each x € C, where P is the metric
projection of H onto F (7).

In 1980, Ray [4] gave the following result in a real Hilbert space.

Theorem 1.4. [4] Let C be a nonempty closed convex subset of a real Hilbert space
H. Then, the following conditions are equivalent.

(i) Every nonexpansive mapping of C into itself has a fixed point in C;
(ii) C is bounded.

On the other hand, a mapping 7': C — C is said to be firmly nonexpansive [5]
if

[ITx — Tyl|* < (x —y, Tx — Ty)

for all x, y € C, and it is an important example of nonexpansive mappings in a Hil-
bert space.

In 2008, Kohsaka and Takahashi [6] introduced nonspreading mapping and obtained
a fixed point theorem for a single nonspreading mapping and a common fixed point
theorem for a commutative family of nonspreading mappings in Banach spaces. A
mapping 7 : C — C is called nonspreading [6] if

2|Tx — TII? < [|Tx — yI1? + [|Ty — xI?

for all x, y € C. Kohsaka and Takahashi [6] extended Theorem 1.2 for nonspreading
mapping in Hilbert spaces. In 2010, Takahashi [7] extended Ray’s type theorem for
nonspreading mapping in Hilbert spaces. Ilemoto and Takahashi [8] also extended the
demiclosed principles for nonspreading mappings. Recently, Takahashi and Yao [9]
proved the following nonlinear ergodic theorem for nonspreading mappings in Hilbert
spaces.

Furthermore, Takahashi and Yao [9] also introduced two nonlinear mappings in Hil-
bert spaces. A mapping 7 : C — C is called a TJ-1 mapping [9] if

2T =TI < llx—yII* + [1Tx = yII?
for all x, y e C. A mapping T': C — C is called a 7J-2 [9] mapping if
31Tx — HII* < 2|Tx —yII* + || Ty — x|

for all x, y € C. For these two nonlinear mappings, 7J-1 and 7J/-2 mappings, Takaha-
shi and Yao [9] also gave similar results to the above theorems.

Motivated by the above works, we introduce two nonlinear mappings in Hilbert
spaces.

Definition 1.1. Let C be a nonempty closed convex subset of a Hilbert space H. We
say T: C — C is an asymptotic nonspreading mapping if there exists two functions o :
C—[0,2)and B: C — [0, k], k < 2, such that

(A1) 2|| Tx-Ty||* < a@)|| Tx-y||* + B@)|| Ty-||* for all x, y € C;
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(A2) 0 <o(x) + B(x) <2 forallx e C.

Remark 1.1. The class of asymptotic nonspreading mappings contains the class of
nonspreading mappings and the class of 7/-2 mappings in a Hilbert space. Indeed, in
Definition 1.1, we know that

(i) if @ (x) = B (x) = 1 for all x € C, then T is a nonspreading mapping;
(i) if er(x) = ‘31 and B(x) = § for all x € C, then T is a TJ-2 mapping.

Definition 1.2. Let C be a nonempty closed convex subset of a Hilbert space H. We
say T: C — C is an asymptotic 7] mapping if there exists two functions o : C — [0,
2] and B : C — [0, k], k < 2, such that

(B1) 2||Tx -Ty||* < o (x)||x - y||* + B@)||Tx - y||* for all x, y € C;

(B2) a(x) + B(x) <2 forall x e C.

Remark 1.2. The class of asymptotic 7] mappings contains the class of 7J-1 map-
pings and the class of nonexpansive mappings in a Hilbert space. Indeed, in Definition
1.2, we know that

(i) if o (x) = 2 and B(x) = 0 for each x € C, then T is a nonexpansive mapping;
(ii) if ou(x) = Bx) = 1 for each x € C, then T is a TJ-1 mapping.

On the other hand, the following iteration process is known as Mann’s type iteration
process [10] which is defined as

Xpe1 = ApXp + (1 —oy)Tx,, n>0,

where the initial guess x, is taken in C arbitrarily and the sequence {¢,,} is in the
interval [0, 1].

In 2007, Moudafi [11] studied weak convergence theorems for two nonexpansive
mappings T3, T, of C into itself, where C is a closed convex subset of a Hilbert space
H. They considered the following iterative process:

xo € C chosen arbitrarily,
Yn = BnT1%n + (1 — Bp)Toxn
Xpa1 = OpXn + (1 — otn)yn

for all n € N, where {e,,} and {§,} are sequences in [0, 1] and F(T,) n F(T,) = . In
2009, Iemoto and Takahashi [8] also considered this iterative procedure for T; is a
nonexpansive mapping and 7, is nonspreading mapping of C into itself.

Motivated by the works in [8,11], we also consider this iterative process for asympto-
tic nonspreading mappings and asymptotic 7/ mappings.

In this paper, we study asymptotic nonspreading mappings and asymptotic 7] map-
pings. We prove fixed point theorems, ergodic theorems, demiclosed principles, and
Ray’s type theorem for asymptotic nonspreading mappings and asymptotic 7] map-
pings. Our results generalize recent results of [1-4,6-9]. Next, we prove weak conver-
gence theorems for Moudafi’s iteration process for asymptotic nonspraeding mappings
and asymptotic 7/ mappings. Finally, we give some important examples for these new
nonlinear mappings.
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2 Preliminaries

Throughout this paper, let N be the set of positive integers and let R be the set of real
numbers. Let H be a (real) Hilbert space with inner product (-, -) and norm || - ||,
respectively. We denote the strongly convergence and the weak convergence of {x,} to
x € Hbyx, > x and x,, — x, respectively. From [12], for each x, y € H and A € 0[1],
we have

[IAx+ (1 = A)yI1* = Alxl)? + (1= 2)[Iyl1> = A(1 = A)[]x =yl

Let £~ be the Banach space of bounded sequences with the supremum norm. A lin-
ear functional 4 on €7 is called a mean if u(e) = || p || = 1, where e = (1, 1, 1, ....). For
x = (%1, %y, %3, ....), the value u(x) is also denoted by p,(x,). A Banach limit on £7 is an
invariant mean, that is, u,,(x,) = 4, (%,,1). If 4 is a Banach limit on €%, then for x = (xy,
X9, X3, ..) € €7,

liminfx, < pyx, < limsup x,.
n—00 n—o00

In particular, if x = (x, x5, x3, ...) € €~ and x,, > a € R, then we have u(x) = y,x, =
a. For details, we can refer [13].

Let C be a nonempty closed convex subset of a real Hilbert space H, and let T: C —
C be a mapping, and let F (7) denote the set of fixed points of 7. A mapping 7: C —
C with F (T) = & is called quasi-nonexpansive if ||x - Ty|| < ||x - y|| for all x € F (T)
and y € C. It is well known that the set F (7) of fixed points of a quasi-nonexpansive
mapping 7T is a closed and convex set [14]. Hence, if 7': C — C is an asymptotic non-
spreading mapping (resp., asymptotic 7] mapping) with F (T) = &, then T is a quasi-
nonexpansive mapping and this implies that F (7) is a nonempty closed convex subset
of C.

Proposition 2.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let
o, B be the same as in Definition 1.1. Then, T: C — C is an asymptotic nonspreading
mapping if and only if

ITx — 1117
_ @) =) o @@y 2T e x-p) + BT - x)
= 2o B 2~ B) 2~ B(x)

forallx, ye C.
Proof. We have that for x, y € C,

2(|Tx — Ty||?
<a(@)[|Tx —ylI* + B)ITy — xI|?
= a(x)||Tx — x|* + 2a(x)(Tx — x, x — y) + a(x)||x — ||
+B()| Ty — Tx||? + 2B (x)(Ty — Tx, Tx — x) + B(x)[|Tx — x|
= (a(x) + B()ITx — x|I* + B(x) [Ty — Tx||* + a(x)[]x — yI|?
+2a(x){(Tx —x,x —y) + 2B(x)(Ty — x + x — Tx, Tx — x)
= (a(x) = B))||Tx — x||* + B(x)||Ty — Tx||> + a(x)||x — y||?
+{Tx — x, 2a(x)(x —y) + 28(x)(Ty — x)).
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And this implies that

|Tx — Tyl)?
_ W) =B g a@IR P 2T = xa(@)(x =) + BT - %)
2 - B(x) 2 — B(x) 2 — B(x)

Hence, the proof is completed. O

Remark 2.1. If a(x) = B(x) = 1 for all x € C, then Proposition 2.1 is reduced to
Lemma 3.2 in [8].

In the sequel, we need the following lemmas as tools.

Lemma 2.1. [13] Let C be a nonempty closed convex subset of a Hilbert space H.
Let P be the metric projection from H onto C. Then for each x € H, we know that (x
-Px,Px-yy>20foralye C.

Lemma 2.2. [15] Let D be a nonempty closed convex subset of a real Hilbert space
H. Let P be the matric projection of H onto D, and let {x,},cn in H. If ||x,,1 - u|| < ||
x, - u|| for all u € D and n € N. Then, {Px,} converges strongly to an element of D.

Following the similar argument as in the proof of Theorem 3.1.5 [13], we get the fol-
lowing result.

Lemma 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let 4 be a Banach limit. Let {x,} be a sequence with x, — w. If x # w, then pu,||x,, -
W[ <t % - || and g%, - wI|* <pa 2, - %] |.

Lemma 2.4. [9] Let H be a Hilbert space, let C be a nonempty closed convex subset
of H, and let T be a mapping of C into itself. Suppose that there exists an element x €
C such that {T "x} is bounded and

pall T = Tyl < gl T" = yII?,  VyeC
for some Banach limit 4. Then, T has a fixed point in C.

3 Main results

In this section, we study the fixed point theorems, ergodic theorems, demiclosed prin-
ciples, and Ray’s type theorems for asymptotic nonspreading mappings and for asymp-
totic 7/ mappings in Hilbert spaces.

3.1: Fixed point theorems

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let 7: C — C be an asymptotic nonspreading mapping. Then, the following condi-
tions are equivalent.

(i) {T "x} is bounded for some x € C;
(ii) F (1) = @.

Proof. In fact, we only need to show that (i) implies (ii). Let x5 = x. For each n € N,
let x,, := Tx,,. ;. Clearly, {x,} is a bounded sequence. Then for each ze C,

2 2
Pl X0 — Tz||” = wn||Xns1 — Tz

oz B(z
< Un ( )IITz—xnII2+ ( )IITxn—z||2
2 2
oz B(z
_ g)un||xn—Tz||2+ g)unnTxn—zn2
oz B(z
= (Z)Mn||xn—TZ||2+ g)ﬂn||xn_z||2~
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Hence,
B(z) pnllxn — TZ||2 < (2 —a(z))pnllxn — TZ“2 < B(2)tnllxn — Z||2/

and this implies that y,,||x, - Tz||* < p,||%, - z||> By Lemma 2.4, F (T) = &. O

Since the class of asymptotic nonspreading mappings contains the class of non-
spreading mappings, we get the following result by Theorem 3.1.

Corollary 3.1. [6] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T: C — C be a nonspreading mapping. Then, {T "x} is bounded for
some x € C if and only if F (T) = &.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let T: C — C be an asymptotic 7/ mapping. Then, the following conditions are
equivalent.

(i) {T "x} is bounded for some x € C;
(i) F (T) = @.

Proof. In fact, we only need to show that (i) implies (ii). Let x5 = x. For each n € N,
let x,, := Tx,_;. Clearly, {x,} is a bounded sequence. Then for each z € C,

Lnlxn — T2l|* = ]| Txn — T2||?
[0 V4 Z
< un< ( )len—ZI|2+ A( )IITz—xn|I2>
2 2
_ @) ﬂgZ)

xn, — Tz||2.
=, MnllXn [l

2
Manllxn — 2[]7 +

And this implies that

a(z)
2

a(z)

2
Xn — XZ||”.
Py Ml lxn Il

B
2

finl|xn — T2l |* < (1 )Mnllxn — Tzl* <

Hence p,||x, - Tz||* < pu||%, - z||>. By Lemma 2.4, F (T) = @. O

Theorem 3.2 generalizes Theorem 1.2 since the class of asymptotic 7/ mappings con-
tains the class of nonexpansive mappings. By Theorems 3.1 and 3.2, we also get the
following result as special cases, respectively.

Corollary 3.2. [9] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T: C — C be a TJ-2 mapping, i.e., 3||Tx - Ty||* < 2||Tx - y||* + || Ty
- x||* for all x, y € C. Then, {T "x} is bounded for some x € C if and only if F (T) = &.

Corollary 3.3. [9] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T: C — C be a T/-1 mapping, i.e., 2||Tx - Ty||* < ||x - y||* + || Tx -
y||? for all %, y € C. Then, {T "x} is bounded for some x € C if and only if F (T) = &.

Theorem 3.3. Let C be a bounded closed convex subset of a real Hilbert space H,
and let 7: C — C be an asymptotic nonspreading mapping (respectively, asymptotic
TJ mapping). Then, F (T) = &.

By Theorem 3.3, we also get the following well-known result.

Corollary 3.4. Let C be a nonempty bounded closed convex subset of a real Hilbert
space H, and let T': C — C be a nonexpansive mapping. Then, F (7) = &.
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3.2: Demiclosed principles
Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, and
let T : C »> C be a mapping. Let {x,} be a bounded sequence in C with

Jim {lxy —Txall = 0. Then, p,||%, - %[|* = || T, - x||” for each x & C.
Proof. Since {x,} is bounded and nli)ﬂgoﬂxn —Txpll =0, {Tx,} is also a bounded

sequence. For each x € C and n € N, we know that

Ty — Xn, X0 — XY < |1Txy — x| - 1%, — xI].

Since {x,} is bounded and lim [[x, — Txn|| =0, we get lim (Tx, — Xy, x, —x) =0,
n—oo n—oo

Hence, for each x € C, we know that
2 2 2
Txn — x|17 = |Txn — x0ll” + 2(Txn — Xn, Xn — %) + ||Xn — x||*.

And this implies that || Tx, - x||* = p,||x, - #||* for each x € C. O
Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let T: C — C be an asymptotic nonspreading mapping. Let {x,} be a sequence in

C with lim [|x, — Tx,|| =0 and x, ~ we C. Then, Tw = w.
n—o0o

Proof. Let ¢ : X — [0, o) be defined by
@(x) = pnllxn — x||2

for each x € C. Since x,, ~ w, {x,} is a bounded sequence. Clearly, {Tx,} is a bounded

sequence. By Lemma 3.1,
tnllXn = x1|% = pnl|Txn, — x||*for each x € C.

Next, we want to show that 7w = w. If not, then 7w = w. By Lemma 2.3, 0 < ¢ (w)
<¢ (Tw), and

fnl 1% — Tw||* = pay] | Tot, — Tuw])?
o(w B(w
Sun( (2)|ITw—xnI|2+ (2)||Txn_w||2)

B(w
(2 ),U«n”Txn - w||2-

o\w
= (2 )/an“xn _Tw”2 +

Hence,
Bw)e(Tw) < (2 — a(w))e(Tw) < f(w)e(w).

If B(w) > 0, then ¢(Tw) < ¢ (w). And this leads to a contradiction. If B(w) = 0, then
¢(Tw) = 0. This leads to a contradiction. Therefore, Tw = w. 0

Theorem 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let T': C — C be an asymptotic 7] mapping. Let {x,} be a sequence in C with
;}Lnolo”x" —Txp|l =0and x, ~ we C. Then, Tw = w.

Proof. Let ¢ : X — [0, o) be defined by
@(x) = pnllxn — tz

for each x € C. Since x,, ~ w, {x,} is a bounded sequence. Clearly, {T%,} is a bounded
sequence. By Lemma 3.1,
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UnllXn — x||? = pnl|Tx, — x||*for each x € C.
Next, we want to show that Tw = w. If not, then 0 < ¢(w) <¢(Tw). Hence,

M llXn — Tw||2 = fn||Txy — Tw”z
o(w B(w
< Un ( )||xn—w||2+ ( )||TW—xn||2
2 2
_ a(w) Ao

xn — Tw||?.
= 5 o |%n [l

2
Mnllxn — wl|” +

And this implies that
w o(w
(1— ﬂ(2 )>Mnllxn—TWII2§ (z)unllxn—u)Ilz-

S0, t| % - TW||* < ]| - W||* < phul|% - Tw||* . And this leads to a contradiction.
Therefore, Tw = w. O

Theorem 3.5 generalizes Theorem 1.1 since the class of asymptotic 7] mappings con-
tains the class of nonexpansive mappings. Furthermore, we have the following results
as special cases of Theorems 3.4 and 3.5, respectively.

Corollary 3.5. [8] Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T be a nonspreading mapping of C into itself, and let {x,} be a sequence in C.
If x, — w and nlgglo [1X — Txul| =0, then Tw = w.

Corollary 3.6. [9] Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T be a TJ-1 mapping of C into itself, and let {x,} be a sequence in C. If x, -~ w

and lim [|xy, — Tx|l =0, then Tw = w.
n—oo

3.3: Ergodic theorems

Theorem 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let T: C — C be an asymptotic nonspreading mapping. Let o and 8 be the same
as in Definition 1.1. Suppose that o(x)/B(x) = r > 0 for all x € C. Then, the following

conditions are equivalent.

(i) F (D) = <;
1 n=1

(i) for any x € C, Spx= . T*x converges weakly to an element in C.
L

In fact, if F (T) # &, then Sax — nlggo PT™ for each x € C, where P is the metric

projection of H onto F (7).
Proof. (ii)) = (i): Take any x € C and let x be fixed. Then, S,x — v for some v € C.
Then, v € F (7). Indeed, for any y € C and k€ N, we have

0 < a(T* )| TR — yII” + BT ") |ITy — T 'l > = 21| T — Tyl
< a(T ') {IT% — T + 2T — Ty, Ty —y) + 1Ty — yII*}
+B(T 1) ||y — T x| |2 — (T x) + B(T* %)) | T*% — Ty||?
= BT ) (1Ty — T 'l = 1T x — 1) + 2 (T x)(Thx — Ty, Ty — y)
+a (T x) 1Ty — yl 2.
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Page 9 of 16
Hence,
TR — Tyl)2 = [T = Tyl 2 < 2r(T*% — Ty, Ty — p) + 1| Ty — 2.

Summing up these inequalities with respect to k =1, 2, ..., n - 1,

—lx — Tyl
< T %= Tyl — |lx — Tyl
n—1
<(n— DTy —yl? + 2r(Q_T'%) — (n— )Ty, Ty — y)
k=1

=(n—Drl|Ty —ylI* + 2r(nSyx —x — (n— )Ty, Ty — ).
Dividing this inequality by n, we have

—llx — T||? X n—1)T
. i <7y —ylI* + 2ry<8nx—n—( n)y,Ty—y>~

Letting n — oo, we obtain
0 < rl|Ty—yII* + 2r(v — Ty, Ty — 7).

Since y is any point of C and r > 0, let y = v and this implies that Tv = v.

(i)> (ii): Take any x € C and u € F (7), and let x and u be fixed. Since T is an
asymptotic nonspreading mapping, ||7"x - u|| < ||T" '« - u|| for each n € N. By
Lemma 2.2, {PT"x} converges strongly to an element p in F (7). Then for each n e N,

1 n—1
ke
S —ull = Y T —ull < llv—ull.
k=0

So, {S,x} is a bounded sequence. Hence, there exists a subsequence {S;x} of {S,x}
and v € C such that Sy x — v. As the above proof, Tv = v.

By Lemma 2.1, for each ke N, (T*x - PT*x, PT*x - u) > 0. And this implies that

(T'x — PT*x,u —p) < (T*x — PT*x, PT*x — p)
< ||T"% — PT*|| - [|PT"x — p|
< T —pll - [IPT"x — p||
< llx—=pll - [IPT% —p|l.

Adding these inequalities from k = 0 to k = n - 1 and dividing n, we have

1 n—1 ||x_p|| n—1
Spx — PT'x,u—p) < PT'x — pll.
< = k2=0 X, U P> =, E [|PT"x — pl|

k=0

Since Sy,x — v and PT *x — p, we get (v - p, u - p) < 0. Since u is any point of F (7),
we know that v = p.

Furthermore, if {Sn;X} is a subsequence of {S,x} and Sy, — w, then w = p by following
the same argument as in the above proof. Therefore, Spx =~ p = n]gglo PT"x and the
proof is completed. O

Theorem 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let T: C — C be an asymptotic 7/ mapping. Let o and 8 be the same as in
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Definition 1.2. Suppose that S(x)/o(x) = r > 0 for all x € C. Then, the following condi-
tions are equivalent.

(i) F (1) = <;

1 n=1
(ii) for any x € C, Spx = " 3" T*x converges weakly to an element in C.
k=0

In fact, if F (T) # &, then Sax — nlggo PT™X for each x € C, where P is the metric
projection of H onto F (7).

Proof. The proof of Theorem 3.7 is similar to the proof of Theorem 3.6, and we only
need to show the following result.

Take any x € C and let x be fixed. Then, S,x - v for some v € C. Then, ve F (7).
Indeed, for any y € C and k€ N, we have

0 < a(T N e =yl + BT 0)IThx =yl = 21T = Ty
= a(TF1x)|| T e — p) 2 + BT )| T x — Ty|)? + 28(T* 1x)(T'x — Ty, Ty — y)
BT )Ty —yI1? = 2||T'x — Tyl
< a(TF1x) (|7 e — yl12 = 1T — Ty||2) + 2B(TF ) (Trx — Ty, Ty — )
+B(T )Ty — I,
And this implies that
T = Tl * = 1T e — TylI> < 2r(T% — Ty, Ty — ) + 7| Ty — yII°.
And following the same argument as the proof of Theorem 3.6, we get Theorem 3.7.

O

By Theorems 3.6 and 3.7, we get the following result.

Corollary 3.7. [9,16] Let C be a nonempty closed convex subset of a real Hilbert
space H, and let T': C — C be any one of nonspreading mapping, 7/-1 mapping, and
TJ-2 mapping. Then, the following conditions are equivalent.

(i) F(T) = &;
1 n=1
(ii) for any x € C, Spx = Y T*x converges weakly to an element in C.

n k-0

In fact, if F (T) # &, then Spx — nll)nolo PT"x for each x € C, where P is the metric
projection of H onto F (7).

3.4 Ray’s type theorems
Theorem 3.8. Let C be a nonempty closed convex subset of a real Hilbert space H.
Then, the following conditions are equivalent.

(i) Every asymptotic 7/ mapping of C into itself has a fixed point in C;
(ii) C is bounded.

Proof. (i)= (ii): Suppose that every asymptotic 7/ mapping of C into itself has a fixed
point in C. Since the class of asymptotic 7/ mappings contains the class of
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nonexpansive mappings, every nonexpansive mapping of C into itself has a fixed point
in C. By Theorem 1.4, C is bounded. Conversely, by Theorem 3.3, it is easy to show
that (ii) > (i). O

By Theorem 4.9 in [7] and Theorem 3.3, we get the following result.

Theorem 3.9. Let C be a nonempty closed convex subset of a real Hilbert space H.
Then, C is bounded if and only if every asymptotic nonspreading mapping of C into
itself has a fixed point in C.

3.5 Common fixed point theorems
Following the similar argument as the proof of Lemma 4.5 in [6], we get the following
results. For details, we give the proof of Theorem 3.10.

Theorem 3.10. Let C be a nonempty bounded closed convex subset of a real Hilbert

space H, and let {Ty, T5, ..., T} be a commutative finite family of asymptotic non-
spreading mappings from C into itself. Then, {1}, T, ..., Tn} has a common fixed
point.

Proof. The proof is given by induction with respect to N. We first show the case that
N = 2. By Theorem 3.3, F (T}) = & and F (T5) = &. Furthermore, F (T7) and F (T,) are
bounded closed convex subsets of C. Furthermore, T5(F (T})) € F (T,). Indeed, if u € F
(T1), then T1Tou = ToTu = Tou. Hence, Tou € F (T7), and this implies that T»(F (71))
€ F (T)). Let T, : F(Ty) — F(T;) be defined by T, (x) := T,(x) for each x € F (T}).
Clearly, T/2 : F(T1) — F(Ty) is a asymptotic nonspreading mapping. By Theorem 3.3
again, there exists X € F(T;) such that ¥ = T, (k) = T,(%). So, X € F(T1) N F(T,).

Suppose that for some n > 2, X = N;_;F(T;) # 0. Then, X is a nonempty bounded
: X — Xbe defined by T, (x) = Tp.1(x) for each x
€ X. Clearly, Tln+1 is an asymptotic nonspreading mapping. By Theorem 3.3 again, we
know that X n F (T,,,) = &. That is, DZ:IIF(Tk) # (. And the proof is completed. O

Corollary 3.8. [6] Let C be a nonempty bounded closed convex subset of a real Hil-

closed convex subset of C. Let T;Hl

bert space H, and let {77, T, ..., Tn} be a commutative finite family of non-spreading
mappings from C into itself. Then, {7}, T>, ..., T} has a common fixed point.

Theorem 3.11. Let C be a nonempty bounded closed convex subset of a real Hilbert
space H, and let {7}, T5, ..., T} be a commutative finite family of asymptotic 7J map-
pings from C into itself. Then, {7}, T, ..., T} has a common fixed point.

4 Weak convergence theorem for common fixed point

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H,
and let 7;: C —> C, i = 1, 2, be any one of asymptotic nonspreading mapping and
asymptotic 7/ mapping. Let 3 = F (T1) n F (T,) = &. Let {a,} and {b,} be two
sequences in (0, 1). Let {x,} be defined by

x1 € C chosen arbitrary,
Xpe1 = AnXp + (1 — an)(0nT1xn + (1 — by) Toxy).

Assume that liﬁénfdn(l —an) > 0 and li%;nfbn(l —by) >0, Then, x, ~ w for
some w e 3.

Proof. Take any w € 3 and let w be fixed. Then for each n € N, we have || T, - w||
< ||x, - w|| for each n € N and i = 1, 2. Hence,



Lin et al. Fixed Point Theory and Applications 2011, 2011:51
http://www.fixedpointtheoryandapplications.com/content/2011/1/51

[1bn T %, + (1 - bn)szn - W”2
=by||T1x, — W”2 + (1 - bn)||T2xn - W||2 - bn(l - bn)”Tlxn - T2xn||2
< bl Ty — wl[* + (1 = by) || Taxy — wl|?
< % — wll?,

and

||xn+1 _w||2
= |lanxy + (1 — an)(bnT1xn + (1 — b)) Taxy) — wl|?
< anllxn — wl* + (1 = an)l1bnT1xn + (1 — by) Toxn — w||
_an(l - an)”(bnTlxn + (1 - bn)Tan) - xn”z

< (1 —an)llxn — wlI* + anllxn — w> — an(1 — ap)1(bpT1x + (1 — by) Taxn) — x|

= lxn — wl® — an(1 — an)(baT1%n + (1 — byp) Taxn) — xal I*.

Hence, {||x, - w||} is a nonincreasing sequence, and nlgglo [lxn — wl exists. Besides, we

know that
an(1 = an)l|(buT16n + (1 = bu) Toxn) — xull® < {120 — wl? — [xner — wl|.
And this implies that nlgTolo [[(bnT1%n + (1 — bn)Toxn) — Xnll = 0, Next, we also have

(%01 — Xnll = ll@nxn + (1 — an) (bnT120 + (1 — by)Toxn) — Xl
(1 = an)|bnT1x + (1 — by)Toxy — x4,

and this implies that 1im [[xp1 — Xull =0, Besides, we get:
n—oo

bu(1 = bu)[|T1xn — Toxnl|*
< |y — w|[* = ||byT1%n + (1 = by) Toxy — w||?
< M(llxn — wl|| — [1bpT1xy + (1 — b)) Toxn — wll)
< M||(xn — w) — (buT1xn + (1 — bp) Toxn — w)]
= M|[bpT1xy + (1 — b)) TaXy — Xl

Then lim b, (1 —by)||Tix, — Toxnl|*> =0, Since lim infb,(1—b,) > 0, we get
n— 00 n—o0
nlgglo [IT1xn — Taxall =0, We have that

(%41 — T14]|

[anxn + (1 — an)(bnT1xn + (1 — by)Toxn) — T1x4l|

= |lan(xn — T1xn) + (1 — an)(buT1%n + (1 — bp)Tax, — T1x4)]|
lan(xn — T1xn) + (1 — an) (1 — bp)(T2xn — T1X4)

< anllxn — T1xall + (1 — an)(1 — bn) || T2xn — T1n]|

< anl|xn — Xns1 || + anllXne1 — Trxnl| + (1 - an)(l - bn)“szn — Trxall.

And this implies that
(1 - an)||xn+1 —Tixpll < anllxn — Xpe1 |l + (1 - an)(l - bn)||T2xn — Trixall.
Hence,

an(1 — an)|lxner — T1xnll < ln — Xner || + [|T2x0 — T1x4]].

Page 12 of 16
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So, lim an(1 — an)llxp1 — T1xnll =0, By assumption, im [|xp.1 — T1xall =0, and
n— 00 n—oo
this implies that
lim [[x, — T1xa|| = lim ||x, — Tox,|| = 0.
n—oo n—oo
Since {x,} is bounded, there exists a subsequence {xp,} of {x,} such that x,, = w € C.

By Theorems 3.4 and 3.5, T\w = Tow = w.
If Xn; is a subsequence of {x,} and Xn; = U, then Tu = Tou = u. Suppose that u = w.

Then, we have:

A

lim inf||x,, — w|| lim inf||x,, — ul|
k— 00 k— o0
= lim [Jx, —ul|
n— 00
= lim [, — ul
]—)OO

< liminf]lx, — w||
]—)OO

= lim |lx, —w|| =liminf]||x,, —wl|.
n—o0o k— 00

And this leads to a contradiction. Then, x,, — w, and the proof is completed. O

Remark 4.1. Theorem 4.1 generalizes Theorem 4.1 (iii) in [8]. Similarly, the follow-
ing corollary generalizes Corollary 4.1 in [8].

Corollary 4.1. Let C be a closed convex subset of a real Hilbert space H, and let 7T :
C — C be any one of asymptotic nonspreading mapping and asymptotic 7/ mapping.
Suppose that F (T) = &. Let {a,} be a sequence in (0, 1). Let {x,} be defined by

x1 € C chosen arbitrary,
Xne1 = (1 — ap)xy + ayTx,.

If li%;nfan(l —an) > 0, then x,, ~ w for some w e F (7).
Proof. Let T}, T : C — C be defined by Tix = Tox = Tx for each x € C, and let b,, =
1/2 for each n € N. Then, Corollary 4.1 follows from Theorem 4.1. O

5 Examples
The following example shows that T is an asymptotic nonspreading mapping. But 7 is
not a nonspreading mapping and not a 7J-2 mapping.

Example 5.1. Let H = R, C:= [0, =), and let T': C — C be defined by

0.8if1 <ux,
™) "{0 ifo<x<1,

for each x € R. Then, T is not a nonspreading mapping. Indeed, if x = 1.1 and y =
0.6, then

2||Tx — Tyl =1.28 > 1.25=0.04 + 1.21 = ||Tx — y||> + ||Ty — x||%.

Furthermore, T is not a 7/-2 mapping. Indeed, if x = 1.1 and y = 0.6, then

) 4 2 4 , 2 )
2||Tx — Ty||* = 1.28 > 0.86 = 3 x 0.04 + 3 X 1.21 = 3||Tx—)/|| + 3||Ty—x|| .
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However, T is an asymptotic nonspreading mapping. Indeed, let o : C — [0, 2) and 8
: C — [0, 1.9) be defined by

(x) = 0 ifl<ux,
Y =1128if0<x <1,

and

1.28if 1 <x,
ﬁ(x)'z{o ifo<x<1,

Now, we only need to consider the following two cases.

(@) If x> 1and 0 < y < 1, then a(x) = 0, B(x) = 1.28, and

2||Tx — Ty|1? = 1.28 < B(x) - % = a(x)||Tx — y||* + B(x)||Ty — x||*.

(b) If 0 <x < 1andy > 1, then a(x) = 1.28, B(x) = 0, and
2||Tx = Ty|1* = 1.28 < ar(x) - y* = ()| Tx — ylI* + B()I| Ty — x11°.

Therefore, T is an asymptotic nonspreading mapping. O

Remark 5.1. Example 5.1 can be applied to demonstrate Theorems 3.1, 3.3, 3.4, and
Corollary 4.1.

The following example shows that T is an asymptotic T] mapping, but 7 is not a
nonexpansive mapping.

Example 5.2. Let H = R, C := [0, 3], and let T: C — C be defined by

for each x € R. Then T is not a nonexpansive’ mapping. Indeed, if x = 3 and y = 2.9,
then

Tx — Ty =1 > 0.01 = ||x—y|%.

However, T is an asymptotic 7/ mapping. Indeed, let o : C — [0, 2) and 8 : C — [0,
1.9) be defined by

and

1 if
P {3

Now, we only need to consider the following two cases.

(a) If x 2 3 and y = 3, then a(x) = 0, B(x) = ;, and

1
2mw—DW=2<3=3x9=dﬂm—ﬂF+Mﬂmw—m?
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(b) If x = 3 and y = 3, then a(x) = 1, B(x) = 1, and

a(®)llx =yl + BE)ITx —ylI> = (3 —y)* + (1 — )
=P —6y+9)+ (2 —2y+1)
=2(y—2)*+2
> 2||Tx — Ty

Therefore, T is an asymptotic 7] mapping. Note that T"is a 7/-1 mapping. U

Remark 5.2. Example 5.2 can be applied to demonstrate Theorems 3.2, 3.3, 3.5, and
Corollary 4.1. Furthermore, Examples 5.1 and 5.2 can also be applied to demonstrate
Theorem 4.1.
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