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Introduction and Preliminaries
There are a lot of generalizations of the Banach contraction-mapping principle in the
literature (see [1-31] and others).

A new category of contractive fixed point problems was addressed by Khan et al. [1].
In this study, they introduced the notion of an altering distance function which is a
control function that alters distance between two points in a metric space.

Definition 1.1. [1] A function ¢: [0, +e0) — [0, +0) is called an altering distance

function if the following conditions are satisfied.

(i) ¢ is continuous.
(ii) ¢ is non-decreasing.
(iii) ¢ (£) =0 = t = 0.

Khan et al. [1] proved the following result:

Theorem 1.2. [1]Let (X, d) be a complete metric space, ¢: [0, +o0) — [0, +o0) be an
altering distance function, and T : X — X be a self-mapping which satisfies the follow-
ing inequality:

@(d(Tx, Ty)) = co(d(x,y)) (1.1)

for all x, y € X and for some 0 <c < 1. Then, T has a unique fixed point.
Letting ¢(¢) = t in Theorem 1.2, we retrieve immediately the Banach contraction

principle.
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In 1997, Alber and Guerre-Delabriere [2] introduced the concept of weak contrac-
tions in Hilbert spaces. This concept was extended to metric spaces in [3].

Definition 1.3. Let (X, d) be a metric space. A mapping T : X — X is said to be
weakly contractive if

d(Tx, Ty) < d(x,y) — ¢(d(x,y)),  VxyeX,

where ¢: [0, +00) — [0, +20) is an altering distance function.

Theorem 1.4. [3]Let (X, d) be a complete metric space and T : X — X be a weakly
contractive map. Then, T has a unique fixed point.

Weak inequalities of the above type have been used to establish fixed point results in
a number of subsequent studies, some of which are noted in [4-7]. In [5], Choudhury
introduced the concept of a generalized altering distance function.

Definition 1.5. [5] A function ¢: [0, +=) x [0, +e0) x [0, +o) — [0, +0) is said to be
a generalized altering distance function if the following conditions are satisfied:

(i) ¢ is continuous.
(ii) ¢ is non-decreasing in all the three variables.
(ii) o (0 3, 2)=02x=y=2=0.

In [5], Choudhury proved the following common fixed point theorem:
Theorem 1.6. [5]Let (X, d) be a complete metric space and S, T : X — X be two self-
mappings such that the following inequality is satisfied:

®1(d(Sx, Ty)) < ¥n(d(x,y), d(x, Sx), d(y, Ty)) — ¥a(d(x ), d(x, Sx), d(y, Ty))  (1.2)

for all x, y € X, where yy and vy, are generalised altering distance functions, and ®,
(%) = y1(x%, x, x). Then, S and T have a common fixed point.

Recently, there have been so many exciting developments in the field of existence of
fixed point in partially ordered sets (see [8-27] and the references cited therein). The
first result in this direction was given by Turinici [27], where he extended the Banach
contraction principle in partially ordered sets. Ran and Reurings [24] presented some
applications of Turinici’s theorem to matrix equations. The obtained result by Turinici
was further extended and refined in [20-23].

In this article, we obtain coincidence point and common fixed point theorems in
complete ordered metric spaces for mappings, satisfying a contractive condition which
involves two generalized altering distance functions. Presented theorems are the exten-
sions of Theorem 1.6 of Choudhury [5]. In addition, as an application, we study the
existence of a common solution for a system of integral equations.

Main Results
At first, we introduce some notations and definitions that will be used later. The fol-
lowing definition was introduced by Jungck [28].

Definition 2.1. [28] Let (X, d) be a metric space and f, g: X —> X. If w = fx = gx, for
some x € X, then x is called a coincidence point of fand g, and w is called a point of
coincidence of f and g. The pair {f, g} is said to be compatible if and only if

lim d(fgxn, &fx1) =0, whenever {x,} is a sequence in X such that
n—+00

lim fx, = lim gx, =t for some t € X.
n—+00 n—+00
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Let X be a nonempty set and R : X — X be a given mapping. For every x € X, we
denote by R'(x) the subset of X defined by

R '(x) := {u € X|Ru = x}.

In [19], Nashine and Samet introduced the following concept:

Definition 2.2. [19] Let (X, <) be a partially ordered set, and 7, S, R : X — X are
given mappings, such that 7X € RX and SX & RX. We say that S and T are weakly
increasing with respect to R if for all x € X, we have

Tx < Sy, Vy € R™}(Tx)
and
Sx < Ty, ¥y € R7(Sx).

Remark 2.3. If R : X — X is the identity mapping (Rx = x for all x € X), then S and
T are weakly increasing with respect to R implies that S and T are weakly increasing
mappings. It is noted that the notion of weakly increasing mappings was introduced in
[9] (also see [16,29]).

Example 2.4. Let X = [0, +o) endowed with the usual order <. Define the mappings
T,S R: X— Xby

Tx={x1f0§x<1 , Sx={¢x1f0§x<1

0ifl1 <x 0 ifl<ux

and

Reo ¥ i 0=x<1
1o if 1<«

Then, we will show that the mappings S and T are weakly increasing with respect to
R.

Let x € X. We distinguish the following two cases.
« First case: x = 0 or x > 1.

(i) Let y € R'(Tx), that is, Ry = Tx. By the definition of 7, we have Tx = 0 and then
Ry = 0. By the definition of R, we have y = 0 or y > 1. By the definition of S, in both
cases, we have Sy = 0. Then, Tx = 0 = Sy.

(ii) Let y € R’I(Sx), that is, Ry = Sx. By the definition of S, we have Sx = 0, and then
Ry = 0. By the definition of R, we have y = 0 or y > 1. By the definition of 7, in both
cases, we have Ty = 0. Then, Sx = 0 = Ty.

» Second case: 0 <x < 1.

(i) Let y € R'(Tx), that is, Ry = Tx. By the definition of T, we have Tx = x and then
Ry = x. By the definition of R, we have Ry = y?, and then y = \/x. We have

Tx =x < Sy = Sv/x = x'/*.

Page 3 of 16
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(i) Let y € R*(Sx), that is, Ry = Sx. By the definition of S, we have Sx = /x, and then
Ry = /x. By the definition of R, we have Ry = 5% and then y = x''*. We have

Sx = +/x < Ty = Tx'/* = x4,

Thus, we proved that S and 7' are weakly increasing with respect to R.
Example 2.5. Let X = {1, 2, 3} endowed with the partial order < given by

<:={(1,1),(2,2),(3,3),(2,3), (3, 1), (2, 1)}.
Define the mappings 7, S, R : X - X by

T1=T3=1, T2 =3;
S1=82=83=1;
R1=1, R2=R3 =2.

We will show that the mappings S and 7" are weakly increasing with respect to R.

Let x, y € X such that y € R'(Tx). By the definition of S, we have Sy = 1. On the
other hand, Tx € {1, 3} and (1, 1), (3, 1) € <. Thus, we have Tx < Sy for all y € R'(Tx).

Let x, y € X such thaty € RY(Sx). By the definitions of S and R, we have RY(Sx) =
R'(1) = {1}. Then, we have y = 1. On the other hand, 1 = Sx < Ty = T'1 = 1. Then, Sx
< Ty for all y € R'(Sx). Thus, we proved that S and T are weakly increasing with
respect to R.

Our first result is as follows.

Theorem 2.6. Let (X, <) be a partially ordered set, and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Let T, S, R : X — X be given
mappings, satisfying for every pair (x, y) € X x X such that Rx and Ry are comparable:

@1 (d(Sx, Ty))
< ¥1(d(Rx, Ry), d(Rx, Sx), d(Ry, T¥)) — ¥2(d(Rx, Ry), d(Rx, Sx).d(Ry, Ty)),

where w1 and y, are generalized altering distance functions, and ©®(x) = y1(x, x, x).
We assume the following hypotheses:

(1) T, S, and R are continuous.

(ii) TX S RX, SX S RX.

(i) T and S are weakly increasing with respect to R.
(iv) the pairs {T, R} and {S, R} are compatible.

Then, T, S, and R have a coincidence point, that is, there exists u € X such that Ru =
Tu = Su.

Proof. Let xg € X be an arbitrary point. Since 7X € RX, there exists x; € X such that
Rx, = Tx,. Since SX € RX, there exists x, € X such that Rx, = Sx;.

Continuing this process, we can construct a sequence {Rx,} in X defined by

Rxons1 = Txop, Rxonso = Sxons1, Vn e N. (2.2)
We claim that

Rx;, < Rxp,1, VYne N, (2.3)

Page 4 of 16
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To this aim, we will use the increasing property with respect to R for the mappings
T and S. From (2.2), we have

Rx; = Txo < Sy, Vy € R™(Txo).
Since Rx; = Txg, x; € R (Tx,), and we get
Rx1 = Txg < Sx1 = Rx;.
Again,
Rxy = Sx1 < Ty, ¥y € R™(Sxy).
Since x, € R (Sx1), we get
Rx; = Sx1 < Tx, = Rxs.
Hence, by induction, (2.3) holds.
Without loss of the generality, we can assume that

Rx, # Rxy,1, Yn e N*, (2.4)

Now, we will prove our result on three steps.
Step I. We will prove that

lim d(Rxn+1,Rxn+2) = 0. (2.5)

n—+00
Letting x = xy,,; and y = xy,, from (2.3) and the considered contraction, we have

@1 (d(Rx2n4+2, Rxani1))

= O (d(Sx2n+1, Tx2n))

< Y1 (d(Rx2n1, Rxan), d(RX2ns1, SX2n41), d(RX2n, TX21))
=2 (d(Rx2ne1, Rx2n), d(Rxone1, SX2n41), A(RX2n, Ti2n))

= Y1 (d(Rxans1, Rx2n ), d(Rxans1, Rx2n42), d(Rxan, Rxani1))
— 2 (d(RX2n+1, RX2n), d(RX2n41, RX2n42), d(RXon, RXons1)).

(2.6)

Suppose that
d(Rx2p41, Rx2ps2) > d(Rx2y, RX2p41). (2.7)
Using the property of the generalized altering function, this implies that

Y1 (d(Rx2n41, Rx2y), d(RX2p41, RX2p42), A(RX2n, RX2n41))
< @y (d(Rx2n42, Rx2p41)).

Hence, we obtain

&1 (d(Rx2n+2, Rxone1))
< @1 (d(Rx2n+2, RxX2n41))

— Va2 (d(Rxans1, Rxan), d(Rxans1, Rxans2), d(Rxon, Rxani1)).
This implies that

Y2 (d(Rx2pn41, Rx2y), d(RX2n41, RX2p42 ), A(RX2n, RX2541)) = 0
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and
d(Rx2n+1, Rx2,) = 0.
Hence, we obtain a contradiction with (2.4). We deduce that

d(Rxan, Rxone1) > d(Rxone1, RXons2), Vn € N*. (2.8)

Similarly, letting x = x,,,,1 and ¥ = x,,,,,, from (2.3) and the considered contraction,
we have

(o3 (d(Rx2n+2  Rxoni3 ))
< ¥1(d(Rx2ns1, RxXns2), d(Rx2ns1, Rxansa), d(Rx2ns2, RX2n:3)) 29)
— 2 (d(Rx2ns1, RX2n42), d(RX2n41, RX2ni2), d(RX2n42, RX2n43)).

Suppose that
A(Rx2p42, Rx2p43) > d(RX2ns1, RX2n42). (2.10)

Then, from (2.9) and (2.10), we obtain

Cbl (d(Rx2n+2 ’ Rx2n+3 ))
< @1 (d(Rxans2, Rx2n43))

— 2 (d(RXans1, Rx2n42), A(RX2p41, R¥ops2), d(RX2p42, RX2n43)).
This implies that
V2 (d(Rxon+1, RX2ns2), A(RX2ns1, RX2n12), d(RX2n12, RXopns3)) = 0
and
d(Rx2p41, Rx2p42) = 0.
Hence, we obtain a contradiction with (2.4). We deduce that
d(Rx2pn41, RX2ns2) = d(RX2pn42, RX2ns3), Vn € N. (2.11)
Combining (2.8) and (2.11), we obtain

d(Rxpi1, Rxpy2) > d(Rxpy2, Rxyys), Vnoe N. (2.12)

Hence, {d(Rx,,,1, Rx,.>)} is a decreasing sequence of positive real numbers. This
implies that there exists > 0 such that

lim d(Rxn+1, Rxn+2) =T. (213)

Define the function ®,: [0, +o) — [0, +c0) by

Dy (x) = Ya(x, x,x), Vx> 0.
From (2.6) and (2.12), we obtain

@1 (d(Rx2ns2, Rxans1)) < @1(d(Rxns1, Rxon)) — P2 (d(Rxans2, Rxoni1)),
which implies that

D (d(Rx2ns2, Rxone1)) < @1(d(Rxans1, Rx2n)) — ©1(d(Rx2n42, Rxoni1)). (2.14)
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Similarly, from (2.9) and (2.12), we obtain

@1 (d(Rx2n+2, Rx2n43)) < ®1(d(RX2n+1, RX2n42)) — P2(d(RX2542, RX2n43)),
which implies that

D, (d(Rxan+2, Rx2ni3)) < @1(d(Rxons1, Rxonsa)) — ®1(d(Rxans2, Rxons3)).  (2.15)
Now, combining (2.14) and (2.15), we obtain

@, (d(Rxps2, Rxpe1)) < @1(d(Rxs1, Rxy)) — @1(d(Rxps2, Rxps1)), Vk € N,

This implies that for all n € N*, we have

n

> 0y (d(Roz, Ron)) < ) [ D1 (d(Roeer, Rie)) — D1 (d(Roes, Rt )]
k=1 k=1

= d>1(d(Rx2,Rx1)) — d>1(d(Rxn+2,Rxn+1))
< ®;(d(Rx2, Rx1)).

This implies that

+00
> @5 (d(Raa, Rxir )) < 00.
n=1
Hence,
lim @ (d(Rxy.2, Rxni1)) = 0. (2.16)

Now, using (2.13), (2.16), and the continuity of ®,, we obtain
Yo(r, 1, 1) = &o(r) =0,

which implies that » = 0. Hence, (2.5) is proved.

Step II. We claim that {Rx,} is a Cauchy sequence.

From (2.5), it will be sufficient to prove that {Rx,,} is a Cauchy sequence. We pro-
ceed by negation, and suppose that {Rx,,} is not a Cauchy sequence. Then, there exists
¢ >0 for which we can find two sequences of positive integers {m(i)} and {n(i)} such
that for all positive integer i,

n(l) > m(l) > 1, d(RJsz(i),szn(i)) > g, d(szm(i)/Rx2n(i)—2) < E. (2.17)
From (2.17) and using the triangular inequality, we get

& < d(Rxam(i), RXan(i))
< d(Rxam(iy, Rxan(i)-2) + d(Rxan(i)—2, Rxan(i)—1)
+ d(Rxzn(i)—1, Rxan(i))
< &+ d(Rxan(i)—2, Rxan(iy—1) + d(RX2n(i)—1, Rxan(i) ).

Letting i — +co in the above inequality, and using (2.5), we obtain

lim d(Rme(i)/RxZn(i)) =¢. (2.18)

i—+00
Again, the triangular inequality gives us

|d(Rx2n(iy, Rxam(iy—1) — d(Rxan(iy, Rxam(i))| < d(Rxam(iy—1, Rxam(iy)-
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Letting i — +oo in the above inequality, and using (2.5) and (2.18), we get

Jim_ d(Rean(iy, Ream(iy-1) = . (2.19)

On the other hand, we have

A(Rx2n(i), RXom(i)) < d(RXan(i), Rxan(iye1) + d(Rxan(iy+1, RX2m(i))
= d(Rxon(iy, Rxon(iye1) + d(TXan(i), Sx2m(i)—1)-

Then, from (2.5), (2.18), and the continuity of ®;, and letting i — + in the above

inequality, we have

®1(e) = lim 1 (d(Sx2m(i)-1, Tan(iy))- (2.20)

Now, using the considered contractive condition for x = xy,,;y.1 and y = Xo,(;), we

have

D1 (d(Sxom(i)—1, Txan(i)))
< Y1 (d(Rxm(i)-1, Rxan(i) ), A(RXam(i)—1, RX2m(i) ), A(RX2n(i), R¥an(i)e1))
~ 2 (d(Rxam(i)—1, Rxan(i) ), A(Rx2m(i)—1, Rxam(i) ), d(Rxan(i), R¥an(iys1))-

Then, from (2.5), (2.19), and the continuity of y, and w,, and letting i — +oo in the

above inequality, we have

IEIE;O D1 (d(Sxam(iy—1, Txan(iy)) < ¥1(e,0,0) — ¥ra(e,0,0) < Py (g) — ¥2(e, 0,0).

Now, combining (2.20) with the above inequality, we get
®1(e) = Pi(e) — ¥2(e,0,0),

which implies that yy(e, 0, 0) = 0, that is a contradiction since ¢ >0. We deduce that
{Rx,} is a Cauchy sequence.

Step III. Existence of a coincidence point.

Since {Rx,} is a Cauchy sequence in the complete metric space (X, d), there exists u
€ X such that

lim Rx, = u. (2.21)

n—+00
From (2.21) and the continuity of R, we get

lim R(Rx,) = Ru. (2.22)

n— +00
By the triangular inequality, we have

d(Ru, Tu) < d(Ru, R(Rxzn41)) + d(R(Tx2,), T(Rx2,)) + d(T(Rx2,), Tu). (2.23)
On the other hand, we have

Rxyp — u, Txyy — u asn — +00.
Since R and T are compatible mappings, this implies that

lim d(R(Tx2), T(Rx2,)) = 0. (2.24)

n—+00

Page 8 of 16
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Now, from the continuity of 7" and (2.21), we have

lim d(T(Rxan), Tu) = 0. (2.25)

Combining (2.22), (2.24), and (2.25), and letting #n — +eo in (2.23), we obtain

d(Ru, Tu) <0,
that is,
Ru = Tu. (2.26)

Again, by the triangular inequality, we have

d(Ru, Su) < d(Ru, R(Rx2142)) + d(R(Sx2n+1), S(Rx2n41)) + d(S(Rx2p41), Su).  (2.27)
On the other hand, we have

Rxpni1 — U,  Sxpp1 — U asSn — +00.
Since R and S are compatible mappings, this implies that

Jim d(R(Sx2n41), S(R¥2p1)) = 0. (2.28)
Now, from the continuity of S and (2.21), we have

1lim_d(S(Rxzn1), Su) = 0. (2.29)

Combining (2.22), (2.28), and (2.29), and letting # — + < in (2.27), we obtain

d(Ru, Su) <0,
that is,
Ru = Su. (2.30)

Finally, from (2.26) and (2.30), we have
Tu = Ru = Su,

that is, u is a coincidence point of 7, S, and R. This completes the proof.

In the next theorem, we omit the continuity hypotheses on 7, S, and R.

Definition 2.7. Let (X<, d) be a partially ordered metric space. We say that X is reg-
ular if the following hypothesis holds: if {z,} is a non-decreasing sequence in X with
respect to < such that z, > z€ X asn — +oo, then z, < zforalln e N.

Now, our second result is the following.

Theorem 2.8. Let (X,<) be a partially ordered set, and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Let T, S, R : X — X be given
mappings satisfying for every pair (x, y) € X x X such that Rx and Ry are comparable,

D1 (d(Sx, Ty))
< ¥1(d(Rx, Ry), d(Rx, Sx), d(Ry, Ty)) — ¥2(d(Rx, Ry), d(Rx, Sx), d(Ry, Ty)),

where y, and y, are generalized altering distance functions and ®,(x) = y1(x, x, x).
We assume the following hypotheses:

(i) X is regular.

Page 9 of 16
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(ii) T and S are weakly increasing with respect to R.
(ili) RX is a closed subset of (X, d).
(iv) TX €S RX, SXS R X.

Then, T, S, and R have a coincidence point.

Proof. From the proof of Theorem 2.6, we have that {Rx,} is a Cauchy sequence in
(RX, d) which is complete, since RX is a closed subspace of (X, d). Hence, there exists
u = Rv, v e X such that

lim Rx, = u = Rv. (2.31)

n—+00

Since {Rx,} is a non-decreasing sequence and X is regular, it follows from (2.31) that
Rx,, < Rv for all n e N*. Hence, we can apply the considered contractive condition.

Then, for x = v and y = x,,, we obtain
q)l (d(SU, RX2n+1 )) = q)l (d(SU, T.X'zn))
< ¥1(d(Rv, Rxyy,), d(Rv, Sv), d(Rx2n, Rxon41))
— Y2(d(Rv, Rx2,), d(Rv, Sv), d(Rx2n, RX2n41)).

Letting n — +co in the above inequality, and using (2.5), (2.31), and the properties of
w1 and v, then we have

@1 (d(Sv, Rv)) < v¥1(0,d(Rv, Sv), 0) — ¥2(0, d(Rv, Sv), 0)
< ®¢(d(Sv, Rv)) — ¥2(0, d(Ry, Sv), 0).
This implies that y»(0, d(Rv, Sv), 0) = 0, which gives us that d(Rv, Sv) = 0, i.e,
Rv = Sv. (2.32)
Similarly, for x = x,,,,1 and ¥ = v, we obtain

@1 (d(Rx2p42, Tv)) = ©1(d(Sx2n41, Tv))
< Y1 (d(Rx2ns2, Rv), d(Rxoni1, Rxons2), d(Rv, Tv))
- lﬂz (d(Rx2n+2/ RV)/ d(Rx2n+1 ’ R-x2n+2 )/ d(RV/ TU))

Letting n — +co in the above inequality, we get
@, (d(Rv, Tv)) < ¥1(0,0,d(Ryv, Tv)) — (0, 0, d(Ry, Tv))
< ®;(d(Rv, Tv)) — ¥»(0, 0, d(Rv, Tv)).
This implies that w4(0, 0, d(Rv, Tv)) = 0 and then,
Rv = Tv. (2.33)
Now, combining (2.32) and (2.33), we obtain
Rv =Ty = Sv.

Hence, v is a coincidence point of 7, S, and R. This completes the proof.

Now, we present an example to illustrate the obtained result given by the previous
theorem. Moreover, in this example, we will show that Theorem 1.6 of Choudhury
cannot be applied.

Example 2.9. Let X = {4, 5, 6} endowed with the usual metric d(x, y) = |x - y| for all
x, y € X, and <:= {(4, 4), (5, 5), (6, 6), (6, 4)}. Clearly, < is a partial order on X.
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Consider the mappings T, S, R : X — X defined by

456 456
T=S=<464) and R=<456)'

We will show that T"and S are weakly increasing with respect to R. In the case under
study, we have to check that Tx < T(Tx) for all x € X.
For x = 4, we have

T4=4<LT(T4)=T4 =4.
For x = 5, we have

T5 =6 < T(T5) = TG = 4.

For x = 6, we have
T6 =4 < T(T6) = T4 = 4.

Thus, we have proved that 7 and S are weakly increasing with respect to R.

Now, we will show that (X, <, d) is regular.

Let {z,} be a non-decreasing sequence in X with respect to < such thatz, > ze X
as n —> +oo. Then, we have z, < z,,, for all n € N.

o If zy = 4, then zy = 4 < z;. From the definition of <, we have z; = 4. By induction,
we get z, =4 for all n e Nand z = 4. Then, z, < zfor all n e N.

o If zy = 5, then zy = 5 < z;. From the definition of <, we have z; = 5. By induction,
we get z, = 5 for all n e Nand z = 5. Then, z, < z for all n e N.

o If zy = 6, then zy = 6 < z;. From the definition of <, we have z; € {6, 4}. By induc-
tion, we get z, € {6, 4} for all n € N. Suppose that there exists p > 1 such that z, = 4.
From the definition of <, we get z, = z, = 4 for all # > p. Thus, we have z = 4 and z,
< z for all n € N. Now, suppose that z,, = 6 for all n € \. In this case, we get z = 6, and
z, < z for all n € N. Thus, we proved that in all the cases considered, we have z, < z
for all n € N. Then, (X, <, d) is regular.

Now, define the functions w1, v : [0, +00) x [0, +o0) x [0, +00) — [0, +e°) by

1
wl(t,u,v)=4(t+u+v), forallt,u,v>0
and
1
Yo (t, u,v) = 16(t+u+v), forallt,u,v > 0.

Clearly, y; and y, are the generalized altering distance functions, and for every x, y
€ X such that Rx < Ry, inequality (2.1) is satisfied.

Now, we can apply Theorem 2.8 to deduce that 7, S, and R have a coincidence point
u = 4. Note that u is also a fixed point of T since S = T, and R is the identity mapping.

Page 11 of 16
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On the other hand, taking x = 4 and y = 5, we get

¥1(d(4,5),d(4, $4), d(5, T5)) — ¥2(d(4, 5), d(4, S4), d(5, T5))

¥1(1,0,1) — ¥»(1,0,1)
1 1 3

278 8
< ®1(d(S4,T5)) = ®1(2) = 2

Thus, Inequality (1.2) is not satisfied for x = 4 and y = 5. Then, Theorem 1.6 of
Choudhury [5] cannot be applied in this case.

If R : X > X is the identity mapping, we can deduce easily the following common
fixed point results.

The next result is an immediate consequence of Theorem 2.6.

Corollary 2.10. Let (X, <) be a partially ordered set, and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Let T, S : X — X be given
mappings satisfying for every pair (x, y) € X x X such that x and y are comparable.
Then,

@1 (d(Sx, Ty)) < ¥1(d(x,y), d(x, Sx), d(y, Ty)) — ¥2(d(x, y), d(x, Sx), d(y, Ty)),

where y; and y, are generalized altering distance functions and ®1(x) = y1(x, %, x).
We assume the following hypotheses:

(1) T and S are continuous.
(ii) T and S are weakly increasing.

Then, T and S have a common fixed point, that is, there exists u € X such that u =
Tu = Su.

The following result is an immediate consequence of Theorem 2.8.

Corollary 2.11. Let (X, <) be a partially ordered set and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Let T, S : X — X be given
mappings satisfying for every pair (x, y) € X x X such that x and y are comparable.
Then,

@1 (d(Sx, Ty)) < ¥ (d(x, y), d(x, Sx), d(y, Ty)) — ¥2(d(x,y), d(x, Sx), d(y, Ty)),

where y1 and v, are generalised altering distance functions and ®4(x) = y1(x, %, x).
We assume the following hypotheses:

(i) X is regular.
(ii) T and S are weakly increasing.

Then, T and S have a common fixed point.

A number of fixed point results may be obtained by assuming different forms for the
functions y; and w». In particular, fixed point results under various contractive condi-
tions may be derived from the above theorems. For example, if we consider

1//1 (x, Y Z) = klxs + kzys + k3zs,
wz(x, y,Z) = (1 — k)[klxs + kzys + k3ZS],

Page 12 of 16
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where s >0 and 0 < k = k; + ky + k3 <1, then we obtain the following results.

The next result is an immediate consequence of Corollary 2.10.

Corollary 2.12. Let (X, <) be a partially ordered set, and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Let T, S : X — X be given
mappings satisfying for every pair (x, y) € X x X such that x and y are comparable.
Then,

[d(Sx, TY)I < ka[d(x, Y)I* + ko[d(x, Sx)I° + ks[d(y, Tv)T',

where s >0 and 0 < k = ky + ky + ks <1. We assume the following hypotheses:

(i) T and S are continuous.
(ii) T and S are weakly increasing.

Then, T and S have a common fixed point, that is, there exists u € X such that u =
Tu = Su.

The next result is an immediate consequence of Corollary 2.11.

Corollary 2.13. Let (X, <) be a partially ordered set, and suppose that there exists a
metric d on X such that (X, d) is a complete metric space. Let T, S : X — X be given
mappings satisfying for every pair (x, y) € X x X such that x and y are comparable.
Then,

[d(Sx, TY)I < Ra[d(x, y) [ + Ra[d(x, SX)|* + ks [d(y, TY) T, (2.34)

where s >0 and 0 < k = ky + ky + k3 <1. We assume the following hypotheses:

(i) X is regular.
(ii) T and S are weakly increasing.

Then, T and S have a common fixed point.
Remark 2.14. Other fixed point results may also be obtained under specific choices

of y; and ys».

Application
Consider the integral equations:

T

u(t) = / Ky (t s, u(s)) ds+g(t), t €[0,T],
OT

u(t) = / Ky(t s, u(s)) ds+g(t), t €[0,T],
0

where T >0.

The purpose of this section is to give an existence theorem for common solution of
(3.1) using Corollary 2.13. This application is inspired in [9].

Previously, we have considered the space C(I)(I = [0, T]) of continuous functions
defined on 1. Obviously, this space with the metric given by

d(x,y) = sup lx(t) —y(t)l, Vxye C),
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is a complete metric space. C(I) can also be equipped with the partial order < given
by

x,y € C(I), xxy<ex(t) <y(), Vtel.

Moreover, in [20], it is proved that (C(J), <) is regular.
Now, we will prove the following result.
Theorem 3.1. Suppose that the following hypotheses hold:

(i) Ki, Ky : Ix Ix R > R, and g: R — R are continuous;

(ii) for all t, s € I, we have
T
Ki(t s u(t)) <Kz (t, s,/ Ki(s, 7, u(t)) dr +g(s)) ,
0

T
Ky(t, s, u(t)) <Ky (t, s,/o Ky (s, T, u(r)) dr +g(s)) ;

(iil) there exists a continuous function p : I x I — R, such that

Ky (L 5,%) = Ka(t, s, y)| < p(t, s)(x —y)

forallt, se Iand x, y € R such that x > y;
(iv) su? fOTp(t, ds=a <1,
te

Then, the integral equations (3.1) have a solution u* e C(I).
Proof. Define T, S : C(I) - C(I) by

T
Tx(t) = / Ki(t, s, x(s)) ds+g(t), tel,
0
and
T
Sx(t) = / Ky(t s, x(s)) ds+g(t), tel.
0

Now, we will prove that 7' and S are weakly increasing. From (ii), for all t € I, we

have
T
Tx(t) = f Ki(t, s, x(s)) ds + g(¢)
0
< /OT K, (t, s, /OTKl(s, 7,x(7)) dt +g(s)) ds + g(t)

- / Kot Tx(s)) ds + (1)
0

= STx(t)
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Similarly,
T
Sx(t) = f Ky (t, s, x(s)) ds + g(t)
0
< /OTKI (t,s, /(;TKz(s, 7,x(7)) dr +g(s)) ds + g(t)

= fT Ki(t, s, Sx(s)) ds + g(t)
0
= TSx(t).

Then, we have Tx < STx and Sx < TSx for all x € C(J). This implies that 7 and S are
weakly increasing.
Now, for all x, y € C(J) such that x < y, by (iii) and (iv), we have

T
[Sx(t) — Ty(t)| < /0 IK2(t, s, x(s)) — Ki(t s, y(s))] ds
T
< /O Pt 9)((s) — x(s)) ds

T
<d(x, y)/o p(t,s) ds
ad(x,y).

IA

This implies that for all x, y € C(I) such that x < y,
d(Sx, Ty) < ad(x,y).

Hence, the contractive condition required by Corollary 2.13 is satisfied with s = 1, k;
=qa,and ky = k3 = 0.

Now, all the required hypotheses of Corollary 2.13 are satisfied. Then, there exists u*
€ C(J), a common fixed point of T and S, that is, #* is a solution to (3.1).
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