Luong and Thuan Fixed Point Theory and Applications 2011, 2011:46 ® Fixed Point Theory and Applications
http://www fixedpointtheoryandapplications.com/content/2011/1/46 a SpringerOpen Journal

RESEARCH Open Access

Fixed point theorem for generalized weak
contractions satisfying rational expressions
in ordered metric spaces

Nguyen Van Luong™ and Nguyen Xuan Thuan

* Correspondence:
luonghdu@gmail.com
Department of Natural Sciences,
Hong Duc University, Thanh Hoa,
Vietnam

@ Springer

Abstract

In this paper, we prove a fixed point theorem for generalized weak contractions
satisfying rational expressions in partially ordered metric spaces. The result is a
generalization of a recent result of Harjani et al. (Abstr. Appl. Anal, Vol.2010, 1-8,
2010). An example is also given to show that our result is a proper generalization of
the existing one.
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1 Introduction and preliminaries
It is well known that the Banach contraction mapping principle is one of the pivotal
results of analysis. Generalizations of this principle have been obtained in several direc-
tions. The following is an example of such generalizations. Jaggi in [1] proved the fol-
lowing theorem satisfying a contractive condition of rational type

Theorem 1.1. ([1]) Let T be a continuous self-map defined on a complete metric
space (X, d). Suppose that T satisfies the following condition:

d(x,Tx) .d (y, Ty)
d(x,y)
forall x, ye X, x =y and for some o, B > 0 with o + B < 1, then T has a unique

fixed point in X.
Another generalization of the contraction principle was suggested by Alber and

d(Tx, ) <« +Bd(x,y)

Guerre-Delabriere [2] in Hilbert spaces. Rhoades [3] has shown that their result is still
valid in complete metric spaces.
Definition 1.2. ([3]) Let (X, d) be a metric space. A mapping T : X — X is said to be

o-weak contraction if
a(T5 ) <d(5) - 9 (d (7))

for all x, y € X, where ¢ : [0, ) — [0, o) is a continuous and non-decreasing func-
tion with ¢(t) = 0 if and only if t = 0.
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Theorem 1.3. ([3]) Let (X, d) be a complete metric space and T be a ¢p-weak
contraction on X. Then, T has a unique fixed point.

In fact, while Alber and Guerre-Delabriere assumed an additional assumption lim, ,..
@(t) = « on ¢, but Rhoades proved Theorem 1.3 without this particular condition. A
number of extensions of Theorem 1.3 were presented in [4-9] and references therein.
Some of these results were presented without the continuity and monotonicity of ¢.

Recently, existence of fixed points in partially ordered sets has been considered, and
first results were obtain by Ran and Reurings [10] and then by Nieto and Lopez [11].
The following fixed point theorem is the version of theorems, which were proved in
those papers.

Theorem 1.4. ([10,11]) Let (X, <) be a partially ordered set, and suppose that there is
a metric d such that (X, d) be a complete metric space. Let T : X — X be a non-
decreasing mapping satisfying the following inequality

d(Tx, Ty) < kd(x,y), forall x,yeX with x<y,

where k e (0, 1). Also, assume either

(i) T is continuous or
(ii) X has the property:

If anon — decreasing sequence {x, } in X convergestox € X thenx, < xforalln (1)

If there exists xo € X such that xo < Txo, then T has a fixed point.

Besides, applications to matrix equations and ordinary differential equations were
presented in [10,11]. Afterward, coupled fixed point and common fixed point theorems
and their applications to periodic boundary value problems and integral equations
were given in [5-7,12-19]. In particular, Harjani and Sadarangani [5] proved some fixed
point theorems in the context of ordered metric spaces as the extensions of Theorem
1.3. We state one of their results.

Theorem 1.5. ([5]) Let (X, <) be a partially ordered set and suppose that there is a
metric d such that (X, d) be a complete metric space. Let T : X — X be a non-decreas-
ing mapping satisfying the following inequality

d(Tx, Ty) <d(x,y) —¢(d(xy)), forallx,yeX withx <y,

where ¢ : [0, ) —> [0, ) is a continuous and non-decreasing function with ¢(t) = 0 if
and only if t = 0. Also, assume either

(i) T is continuous or
(ii) X has the property (1).

If there exists xo € X such that xoy < Txq, then T has a fixed point.

In addition, Harjani et al. in [12] proved the following theorem as a version of Theo-
rem 1.1 in partially ordered metric spaces where they replaced the condition (1) by a
stronger condition, that is

If{x,} is a non - decreasing sequence in X such that x, — x then x = sup{x,}. (2)
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Theorem 1.6. ([12]) Let (X, <) be a partially ordered set and suppose that there is a
metric d such that (X, d) be a complete metric space. Let T : X — X be a non-
decreasing mapping such that

d(x,Tx) .d (y, Ty)

d(Tx, Ty) < «
(P T9) d(xy)

+Bd(x,y), forallx,y € Xwithx > y,x Y, €)

where 0 < o, B and o + B < 1. Also, assume either

(i) T is continuous or
(ii) X has the property (2).
If there exists xo € X such that xo < Txo, then T has a fixed point.

In this paper, we prove a fixed point theorem for generalized weak contractions
satisfying rational expressions in partially metric spaces, which is a generalization of
the result of Harjani et al. [12]. We also give an example to show that our result is a

proper extension of the result in [12].

2 Main theorem

Theorem 2.1. Let (X, <) be a partially ordered set, and suppose that there is a metric d
such that (X, d) be a complete metric space. Let T : X — X be a non-decreasing map-
ping satisfying the following inequality

d(Tx, Ty) <M (x,y) — ¢ (M (x,y)), forallx,y e X withx>y,x+y, (4)

where ¢ : [0, ) — [0, o) is a lower semi-continuous function with ¢(t) = 0 if and
only if t = 0, and

d (x,Tx).d (y, Ty)

) 1Y

M(x, y) = max

Also, assume either

(i) T is continuous or
(ii) X has the property (2).

If there exists xg € X such that xy < Txq, then T has a fixed point.
Proof. Let x5 € X be such that xy < Tx,, we construct the sequence {x,} in X as fol-

lows
Xp1=Tx,, n=0,1,2,... (5)
Since T is a non-decreasing mapping, by induction, we can show that

Xo <x1 <X <o S Xy S Xpyp < (6)

If there exists 1 such that Xn, = Xny+1, then X, = xyy+1 = TXp, This means that Xn, is a

fixed point of T and the proof is finished. Thus, we can suppose that x,, = x,,,; for all n.
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Since «x,, >x,., for all n > 1, from (4), we have

d(xn+1r xn) = d(Txnr Txn—l)

- max { d(xp, Txy). d(xp—1, Txn—1) ) d(xn'xn_l)}
d(xn/ xn—l)

y (max { d(xn, Txn). d(xn_1, Txn_1) ’ d(xnrxn—l)}> (7)

d(xn/ xnfl)
= max{d(Xns+1, Xn), d(xn, Xn—1)}
— @(max{d(xpe1, %n), d(xn, Xn-1)})

Suppose that there exists m, such that d(xm0+1,xm0) >d (xmu,xmu_l), from (7), we

have

A(Xmg+1,Xmy) < Max{d(Xmy+1, Xmg )r A(Xmgs Ximg—1)}
— @(max{d(Xmy+1, Xmy )r A(Xmy s Xmg—1)})

= d(xmo+1rxmu) - <p(d(xm0+1,xmo)) < d(xmo+lrxmu)

which is a contradiction. Hence, d (x,,,1, x,,) < d (x,,, %x,,.1) for all # > 1.
Since {d(x,,1, x,,)} is a non-increasing sequence of positive real numbers, there exists
0 > 0 such that

lim d (xp41,%0) = 8
n—00

We shall show that 6 = 0. Assume, to the contray, that 6 >0. Taking the upper limit
as n — oo in (7) and using the properties of the function ¢, we get

8 <8 — lim info (max {d (X1, %), d (Xp, xp_1)}) <85 —@ () <8
n—-oo
which is a contradiction. Therefore, J = 0, that is,
nlggo d(xn+lzxn) =0 (8)
In what follows, we shall prove that {x,} is a Cauchy sequence. Suppose, to the

contrary, that {x,} is not a Cauchy sequence. Then, there exists ¢ >0 such that we can
find subsequences {x,,,x}, (X1} of {x,} with n(k) > m(k) > k satisfying

A(Xm(y, Xn(i)) = € 9)

Further, corresponding to m(k), we can choose n(k) in such way that it is the
smallest integer with n(k) > m(k) > k satisfying (9). Hence,

A(Xm(ky Xn(ly—1) < € (10)
We have

& < d(Xm(ky, Xn(t)) < A(om(i) Xn(i)—1) + A(Xn(1) 1, Xnr)) < & + A(Xn(t)-1, Xn(i))
Taking k — < and using (8), we get

Nm d (g, Xni9) = € (11)
By the triangle inequality,

A(Xm(ky Xn(t)) < Ay, Xm(y—1) + A Xm()—1, Xnge)—1) + A(Xn(l)—1, Xn(k) ),

A(Xm(i)—1, Xn)—1) < d(Xm()—1, Xm(k)) + A(Xm(), Xn(te)) + A(Xn(e), Xn(k)—1)
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Taking k — e« in the above inequalities and using (7), (11), we obtain

lim d (Xin()—1, Xn()—1) = € (12)

k—00
Since m(k) < n(k), X,09-1 >®m-1, from (4), we have

d (Xn(ry, Xm(ty) = d (Tongi)—1, Txm(r)-1)

< max d(xn(k)flfon(k)fl)d(xm(k)flfTxm(k)fl),d(x"(k)_llxm(k)_l)
d (Xng)-1, Xm(r)-1)

d —1, Txn(iy—1) .d -1, T _
Y (max{ (xn(e)—1, Txn(y—1) -d (Xm(ie)—1, Tom(r) 1)/d(xn(k)1rxm(k)l)}>

d (Xn()—1, Xm(k)—1) (13)

A (Xn()—1, Xn(ky) -d (Xm(i)—1, Xm(i))
< max ,d X, —1, X _
< { d (St 1 i1 (Xn(e)—17 Xm()—1)

d ($nge)-1, Xn(ty) A ($me)-1, Xm(r))
—¢ | max A (Xn(i) =17 Xm(i)—
4 ( { d (xn(k)—lrxm(k)—l) ( n(k)—1, Xm(k) 1)

Taking upper limit as k — o in (13) and using (7), (11), (12) and the properties of
the function ¢, we have

e <max{0,e} —p (max{0,e})=e—p(e) <&

which is a contradiction. Therefore, {x,} is a Cauchy sequence. Since X is a complete
metric space, there exists x € X such that lim,_,.. x,, = x.

Now, suppose that the assumption (a) holds. The continuity of 7 implies

x=lim x, = lim Tx,_; = T(lim x,,_l) =Tx
n—oo n—oo n—o0o

and this proved that x is a fixed point of T.

Finally, suppose that the assumption (b) holds. Since {x,} is a non-decreasing
sequence and x,, — x, then x = sup{x,}. Particularly, x,, < x for all #n. Since T is non-
decreasing, Tx, < Tx for all n, that is, x,,,; < Tx for all n. Moreover, as x,, < x,,; < Tx
for all # and x = sup{x,}, we obtain x < Tx. Consider the sequence {y,} that is con-
structed as follows

VO =X, )/‘rl+1 =T)/‘rll n=011121~'~
Since yo < Tyo, arguing like above part, we obtain that {y,} is a non-decreasing

sequence and nlgrolo Yn =Y for certain y € X. By the assumption (b), we have y = sup{y,}.

Since x,, <x = Yo < Tx = Tyy < y,, < y for all n, suppose that x = y, from (4), we have

d(}/rHl/ xn+1) =d (Txn, Tyn)

P50, )
)

~ max { d(yn, yrg(ly),;,i(:)n’xn”)’d(y"’x")}
R o)
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Taking upper limit as # — o in the above inequality, we have
d(y, x) < max{0, d(y, x)} — ¢(max{0, d(y, x)}) < d(y,)

which is a contradiction. Hence, x = y. We have x < Tx < x, therefore Tx = x. That
is, x is a fixed point of T.

The proof is complete. O

Corollary 2.2. Let (X, <) be a partially ordered set, and suppose that there is a metric
d such that (X, d) be a complete metric space. Let T : X — X be a non-decreasing map-
ping such that

d(x, Tx).d(y, Ty)

d(Tx, Ty) < kmax { dx y)

Sd(x, y)} , (14)
forall x, y e X with x >y, x # y, where k € (0, 1). Also, assume either

(i) T is continuous or
(ii) X has the property (2).

If there exists xg € X such that xy < Txq, then T has a fixed point.

Proof. In Theorem 2.1, taking ¢(t) = (1 - k)t, for all £ € [0, «), we get Corollary 2.2.
O

Remark 2.3. For o, B >0, o + B < 1 and for all x, y € X, x = y, we have

d(x, Tx).d(y, Ty)

d(x,y)
- d(x, Tx). d(y, Ty)
< e pymax )

~ d(x, Tx).d(y, Ty)
- [ )

d(Tx, Ty) < o + Bd(x,y)

)

where k = oo + B € (0,1). Therefore, Corollary 2.2 is a generalization of Theorem 1.6,
so is Theorem 2.1.

Now, we shall prove the uniqueness of the fixed point.

Theorem 2.4. In addition to the hypotheses of Theorem 2.1, suppose that

forevery x,y € X, thereexists z € X that is comparabletox andy, (15)

then T has a unique fixed point.

Proof. From Theorem 2.1, the set of fixed points of T is non-empty. Suppose that x, y
€ X are two fixed points of 7. By the assumption, there exists z € X that is compar-
able to x and y.

We define the sequence {z,} as follows

20=2, Zpy1 =12y, n=0,1,2,...

Since z is comparable with x, we may assume that z < x. Using the mathematical
induction, it is easy to show that z,, < x for all n.

Suppose that there exists 7y > 1 such that Zn, = %, then z,, = Tz,,.; = Tx = x for all n
> ng - 1. Hence, z,, > x as 1 — oo.
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On the other hand, if z,, # x for all #, from (4), we have

d(x,zy) = d(Tx, Tzp—1)

_ A(%, Tx). d(zn_1, Ten_1)

‘m“{ d(x, 20 1) ’d(x’z"‘l)} )
d(x, Tx). d(zn—1, Tzn—1)

””(max{ d(x,20-1) ’d(x’z"‘”})

=d(x, zn-1) — ¢(d(x, 20-1)

It implies that d (x, z,,) <d (x, z,.1) for all n > 1, that is, {d(x, z,)} is a decreasing
sequence of positive real numbers. Therefore, there is an o > 0 such that d(x, z,) - a.
We shall show that & = 0. Suppose, to the contrary, that o >0. Taking the upper limit
as n — o in (16) and using the properties of ¢, we have

o= nlLHgO d(x,zp) <o — HILIEO infe(d(x,zs-1)) <o —¢(a) <«

which is a contradiction. Hence, o = 0, that is, z, — x as n —oo. Therefore, in both
cases, we have

nanolo Zn=x (17)

Similarly, we have

lim z, =y (18)

n—o0

From (17) and (18), we get x = y. O
Example 2.5. Let X = [0, ;]with the usual metric d (x, y) = |x - y|, Vx, y € X.

Obviously, (X, d) is a complete metric space. We consider the ordered relation in X as
follows

1
xyeX, x<y &x=yor (x,ye{O}U{n :n=2,3,...} andxfy)

where < be the usual ordering.
Let T: X — X be given by

0, ifx=0,
Tx=141/(n+1), ifx=1/n,n=23,...
\/2/2, otherwise

It is easy to see that T is non-decreasing and X has the property (2). Also, there is xg
=0 in X such that x5 = 0 < 0 = Tx,.

Clearly, T has a fixed point that is 0. However, we cannot apply Theorem 1.6
because the condition (3) is not true. Indeed, suppose that the condition (3) holds.
Taking y = 0 and x = 1/n, n = 2, 3, 4,... in (3), we have

1 1
d(Tl,T0> Sad(n,Tn).d(O,TO) +,3d<1,0>,\7’n=2,3,4,...
n d(},0) n

n’

This implies

1 1
<B , Vn=273,4,...
n+1 n
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or

n
Sﬁr vn=2,3,4,...
n+1

Page 8 of 10

Taking n — oo in the last inequality, we have 1 < f and we obtain a contradiction.
We now show that T satisfies (4) with ¢ : [0, =) — [0, e) which is given by

e(t) =1, Yt €0, 00).

We have x, ye X, x >y, x zyifx =1/n,y=0orx = 1/n,
we have two possible cases.
Case 1. x = 1/n, n > 2 and y = 0, we have

1 1 1

Mexy) = o (M(x) = n nd = n nn+1) T+l

Case 2. x = 1/m, y = 1/m, m > n = 2, we have

1 1
"In m

— 1|
m+1

|L— L]
M(x,y)=max{ " "+|11 _'{’|

For m > n > 2, we have
|711_n}-11|.|71{1 mi—l|S
ln = ml

is equivalent to

n m

1 - (m — n)?

n+1)(m+1) — mn

or

mn
=(@m-n
n+1)(m+1)

)2

The last inequality holds since

mn

<1< (@m-—n)?
n+1)(m+1)

Therefore,
1 1
M(x,y) = —
an=|r -0

We have
d(Tx, Ty) < M(x,y) — ¢ (M(x,y)), VYm>n=>2
is equivalent to

1 1
n+1 m+ 1

IA

, Ym>n>2

y=1/m, m>n = 2. So,

=d(Tx, Ty)
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or
m—n m—n (m—n)3
< — , Vm>n>2
n+1(m+1) mn (mn)3
or
m-nm? 1 1 m+n+1
< _ = , VYm>n=>2
(mn)3 mn m+1)(m+1) mnn+1)(m+1)
or
2
1_1 < m+n+1  Vm>n>2 (20)
n m nm+1H)(m+1)
We have
1 1\° 1 1 n m+n+1
— < < + = , Ym>n>2
n m n2 n+l m+1D(m+1) W+ (m+1)

Thus, the inequality (20) holds, so does the inequality (19).

Therefore, all the conditions of Theorem 2.1 are satisfied. Applying Theorem 2.1, we
conclude that 7T has a fixed point in X.

Notice that since T is not continuous, this example cannot apply to Theorem 1.1.

Moreover, since the condition (15) is not satisfied, the uniqueness of fixed point of T'

does not guarantee. In fact, 7" has two fixed points that are 0 and /2/2.
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