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Abstract

Using the notion of compatible mappings in the setting of a partially ordered metric
space, we prove the existence and uniqueness of coupled coincidence points
involving a (¢, w)-contractive condition for a mappings having the mixed
g-monotone property. We illustrate our results with the help of an example.
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1 Introduction

The Banach contraction principle is the most celebrated fixed point theorem. After-
ward many authors obtained many important extensions of this principle (cf. [1-16]).
Recently Bhaskar and Lakshmikantham [5], Nieto and Lopez [12,13], Ran and Reurings
[14] and Agarwal et al. [3] presented some new results for contractions in partially
ordered metric spaces. Bhaskar and Lakshmikantham [5] noted that their theorem can
be used to investigate a large class of problems and have discussed the existence and
uniqueness of solution for a periodic boundary value problem.

Recently, Luong and Thuan [11] presented some coupled fixed point theorems for a
mixed monotone mapping in a partially ordered metric space which are generalizations
of the results of Bhaskar and Lakshmikantham [5]. In this paper, we establish the exis-
tence and uniqueness of coupled coincidence point involving a (¢,y)-contractive condi-
tion for mappings having the mixed g-monotone property. We also illustrate our
results with the help of an example.

2 Preliminaries
A partial order is a binary relation X over a set X which is reflexive, antisymmetric, and
transitive. Now, let us recall the definition of the monotonic function f: X — X in the
partially order set (X, ). We say that f is non-decreasing if for x, y € X, x < y, we
have fx < fy. Similarly, we say that fis non-increasing if for x, y € X, x < y, we have fx
¥ fy. Any one could read on [9] for more details on fixed point theory.

Definition 2.1 [10](Mixed g-Monotone Property)

Let (X, X) be a partially ordered set and F : X x X — X. We say that the mapping F has
the mixed g-monotone property if F is monotone g-non-decreasing in its first argument

and is monotone g-non-increasing in its second argument. That is, for any x, y € X,
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x1,% € X, 8%1 < g0 = F(x1,y) < F(x2,9) (1)
and
Y1, ¥2 € X, 8y < 8V2 = F(x,y1) = F(x,y2). ()

Definition 2.2 [10](Coupled Coincidence Point)

Let (x,y9) e X x X, F: Xx X > Xand g: X > X We say that (x, y) is a coupled
coincidence point of F and g if F(x, y) = gx and F(y, x) = gy for x, ye X.

Definition 2.3 [10]Let X be a non-empty set and let F: X x X > X and g: X > X.
We say F and g are commutative if, for all x, y € X,

8(F(x,y)) = F(g(x), 8(»))-

Definition 2.4 [6]The mapping F and g where F : X x X > X and g: X — X, are
said to be compatible if

Jim d((F(xn, ), F(gt g12)) = 0
and

Tim d(g(F(yn, 1)), F(¥n g50)) = O,

whenever {x,,} and {y,} are sequences in X, such that lim,_,.. F (x,, y,) = lim,_,.. gx,, =
x and lim,, ... F (y,, x,) = lim,,_,., gy, = ¥, for all x, y € X are satisfied.

3 Existence of coupled coincidence points
As in [11], let ¢ denote all functions ¢ : [0, ) — [0, «) which satisfy

1. ¢ is continuous and non-decreasing,
2.¢ () =0ifand only if £ = 0,
B.opt+s)<o )+ @(s), VL se [0, )

and let y denote all the functions y : [0, ) — (0, ) which satisfy lim, ,, w (£) > 0
for all » >0 and lim¢_,o-¥(t) = 0.
For example [11], functions @,(t) = kt where k >0, ¢, (t) = . ! X @3(2) = In(t + 1),
+

In(2t+1)

and @4(¢) = min{t, 1} are in @; y,(¢) = k¢t where k >0, vy, (t) = and

1, t=0
t
1,O<t<1
(-1
1
t, t>1
2

are in ¥,

Now, let us start proving our main results.

Theorem 3.1 Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X, d) is a complete metric space. Let F : X x X — X be a mapping having
the mixed g-monotone property on X such that there exist two elements xg, yo € X with
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8Xo < F(xo,y0) and gyo = F(yo, xo).

Suppose there exist ¢ € © and y € Y such that

d(gx, gu) +d(gy, 8v))
) ) 3)

(), P 0) = o) + ) ~ v

Sfor all x, y, u, ve X with gx > gu and gy < gv. Suppose F(X x X) € g(X), g is continu-
ous and compatible with F and also suppose either

(a) F is continuous or

(b) X has the following property:

(i) if a non-decreasing sequence {x,; — x, then x,, < x, for all n,
(ii) if a non-increasing sequence {y,} — y, then y < y,, for all n.

Then there exists x, y € X such that
gx=F(x,y) and gy=F(y x),

i.e, Fand g have a coupled coincidence point in X.
Proof. Let x¢, yo € X be such that gxoy < F (x0, y0) and gyo > F (yo, %0)-
Using F(X x X) € g(X), we construct sequences {x,} and {y,} in X as

X1 = F(xy, yn) and  gynia1 = F(yn, %) foralln > 0. (4)
We are going to prove that

Xy X Q¥ forallm >0 (5)
and

QVn = g1 foralln > 0. (6)

To prove these, we are going to use the mathematical induction.

Let n = 0. Since gxg < F(xo, ¥o) and gyo * F(yo, %o) and as gx; = F(xo, ¥o) and gy; = F
(Yo, %0), we have gxo < gx; and gyo * gy1. Thus (5) and (6) hold for n = 0.

Suppose now that (5) and (6) hold for some fixed n > 0, Then, since gx,, < gx,,,; and
2 * @ns1 > and by mixed g-monotone property of F, we have

8%ns2 = F(xns1, Yne1) = F(xn, Yni1) = F(%n, V) = §Xni1 7)
and

8Vns2 = F(Yne1, Xne1) < F(¥ns Xni1) < F(Vn, Xn) = 8Yns1- 8)
Using (7) and (8), we get

8Xni1 < 8¥n2 and  g¥ni1 = QYVni2-

Hence by the mathematical induction we conclude that (5) and (6) hold for all » > 0.
Therefore,

8X0 X 8X1 X800 - = 8 <X 8Xne1 <X 9)
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and

8V0 = 8V1 7 8V2 m i QVn 7 Vel (10)
Since gx,, > gx,, .1 and gy, < gy, - 1, using (3) and (4), we have

¢ (d(8%n+1,8%n)) = P(A(F(Xn, yn), F(xn-1,Yn-1)))

1
=, ®(d(8xn gxn—1) +d(8Yn: 8Yn-1)) (11)

—y (d(gxnfgxn—l) + d(gyn,gyn_1)>
) .

Similarly, since gy,, - 1 > gy, and gx,, - 1 < gx,, using (3) and (4), we also have

B (d(8yn, 8Vn+1)) = P(A(F(Yn—-1,%n-1), F(yn, x1)))

1
S 2¢(d(g)’n—lzg)’n) +d(gxn—1:gxn)) (12)
_y (d((gyn_l,gyn) + d(gxn—hgxn))
5 .

Using (11) and (12), we have

#(d(8xn+1,8%n)) + d(d(8Yni1,8yn)) < P(d(8Xn, §xn—1) + d(8Vn, §¥n—1))

—2y (d(gxnr gxnfl) ; d(g}/nr gYnl)) . (13)

By property (iii) of ¢, we have
¢(d(gxn+lrgxn) + d(g}’n+1rg}’n)) < ¢(d(gxn+1rgxn)) + ¢(d(g}’n+1rg}’n))~ (14)
Using (13) and (14), we have

& (d(gxns1,8%n) + A(8Yn+1,8Yn)) < H(d(8%xn, §Xn—1) + A(8Vn, &¥n—1))

_oy (d(gxn,gxn—l) ;r d(gyn,gyn—l)) (15)

which implies, since y is a non-negative function,

P(d(%ne1, 8%n) + A(gVn+1, 8¥n)) < D(A(8%n, g¥n—1) + A8V, 8¥n—1))-
Using the fact that ¢ is non-decreasing, we get

A(8%na1, 8%n) + A(g¥ne1, &¥n) < A(8%n, 8Xn—1) + A(g¥n, g¥n1)-
Set

Sn = d(gXns1, 8%n) + d(&Vn+1,8Vn)-

Now we would like to show that J,, — 0 as n — . It is clear that the sequence {J,}
is decreasing. Therefore, there is some ¢ = 0 such that

nlgglo O = T}Lrglo[d(gxmlrgxn) +d(8yn+1,8Yn)] = 4. (16)

We shall show that J = 0. Suppose, to the contrary, that 6 >0. Then taking the limit
as n — oo (equivalently, d,, — 0) of both sides of (15) and remembering lim,_,, w(f) >0
for all r >0 and ¢ is continuous, we have
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¢(8) = lim ¢(3,) < lim [¢>(6n1) -2y (8"2_1)]
=9(3) -2, lim <3n2_1> < ¢(8)

a contradiction. Thus ¢ = 0, that is
lim 8, = lim [d(gxn.1,8%n) + d(8Yn+1,8Yn)] = 0. (17)
n—oo n—-oo

Now, we will prove that {gx,} and {gy,} are Cauchy sequences. Suppose, to the con-
trary, that at least one of {gx,;} or {gy,} is not Cauchy sequence. Then there exists an ¢ >0

for which we can find subsequences {gx,,(x)}, {gx,,(x)} of {gx,.} and {g7,.(x)}, {2V} of {gy,.}
with n(k) > m(k) > k such that

A(8%n (k) 8Xm(k)) + A(&Vn(k), &Vm(k)) = €. (18)

Further, corresponding to m(k), we can choose n(k) in such a way that it is the smal-
lest integer with n(k) > m(k) and satisfying (18). Then

A(8%xn(k)—1, 8Xm(k)) + d(8Vn(k)-1, &¥Ym(k)) < €. (19)
Using (18), (19) and the triangle inequality, we have

& =1y = d(xn(i), §Xm(t)) + A(Vn(te): &Ym(k))
< d(8%n(k), §xn(k)—1) + A(&Xn()—1, &Xm(k)) + A(&Yn(k): &Vn(k)—1) + A(ZYn(i)—1, &Vm(k))
< d(8%n(k), 8xn(l)—1) + A(&Yn(k), Yn(k)—-1) + €.

Letting k — oo and using (17), we get

lim 1, = lirn [d(gxn(k),gxm(k)) + d(g)/n(k)rg)’m(k)] =€&. (20)
k—00 k—00

By the triangle inequality
T = d(8Xn(k), 8%m(k)) + A(8Yn(k), §Ym(k))
< d(8%u(i), Xn(iy+1) + A(8Xn(k)+1, 8Xm(k)+1) + A(Xm(k)+1, &Xm(k))
+d(8Yn(k) 8Yn(k)+1) + A(&YVn(k)+1, ¥m(k)+1) + A(&Ym(k)+1, &¥m(k))
= 8uk) + Sm(k) + A(Xn(ie)+1, §Xm(k)+1) + A(EYn(l)+1, &Ym(k)+1)-
Using the property of ¢, we have
O(1) = d(Bn(re) + Oy + A(&Xn(1)+1, 8Xm(k)+1) + A(ZVn(k)+1, &Vm(k)+1))
< @ (8n(k) + Sm()) + D(A(8Xn(k)+1, &Xm(i)+1)) (21)
+ ¢ (A(8Yn(k)+1, 8Ym()+1))-

Since n(k) > m(k), hence gx,(x) * gx,,(x) and gy,(x) * gV,.(x). Using (3) and
(4), we get

& (A(8xn(t)+1, 8%m(k)+1)) = S(A(F (Xngiey, Yu(i))r F(Xm(kys Ym(r))))

IA

1
5 B (A(8xn(k), 8Xm(k)) + A(&Yn(t), &¥Ym(k)))

oy (d(gxn(k)lgxm(k)) + d(g}’n(k)rgym(k))) (22)
2

Som) v ().
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By the same way, we also have
A (d(8Ym(k)+1/ 8Yn(k)+1)) = P(A(F(Vm(t)s Xm(k)) F(Vn(ky Xn(r))))\

1
=, Pd(&Vm(e): 8n(iy) + d(8¥m(t 8¥n(r))

_y <d(gYm(k)rg)’n(k)) + d(gxm(k)rgxn(k))> (23)
2

1 Tk
= ¢ —w(2>.
Inserting (22) and (23) in (21), we have
é (1) < P (Bngiy + Smiry) + (1) — 29 (Tzk) .
Letting kK — oo and using (17) and (20), we get
#(e) = $(0) +ple) =2 lim v (1) = g(e) =2 lim v (0) < 9(e)

a contradiction. This shows that {gx,} and {gy,} are Cauchy sequences.
Since X is a complete metric space, there exist x, y € X such that

lim F(xp, y,) = lim gx, =x and lim F(y, x,) = lim gy, =y. (24)
n—oo n—oo n— o0 n— o0

Since F and g are compatible mappings, we have

nlggo d(8(F(xn, yn)), F(8xn, gyn)) = 0 (25)
and
nllglo d(8(F(yn, xn)), F(8yn, gxn)) = 0 (26)

We now show that gx = F(x, y) and gy = F(y, x). Suppose that the assumption (a)
holds. For all # = 0, we have,

d(gx, F(8xn, 8yn)) < d(gx, §(F(xn, yn))) + d(&(F(xn, yn)), F(8Xn, 8¥n)-

Taking the limit as # — oo, using (4), (24), (25) and the fact that F and g

are continuous, we have d(gx, F(x, y)) = 0.

Similarly, using (4), (24), (26) and the fact that F and g are continuous, we have d(gy,
F(y, x)) = 0.

Combining the above two results we get
gx=F(x,y) and gy=F(y x).

Finally, suppose that (b) holds. By (5), (6) and (24), we have {gx,} is a non-decreasing
sequence, gx,, — x and {gy,} is a non-increasing sequence, gy,, — y as n — . Hence,
by assumption (b), we have for all n > 0,

P <x and gYn Y. (27)

Since F and g are compatible mappings and g is continuous, by (25) and (26)
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we have

Jim g(gxn) = gx = lim g(F(xn, yn)) = lim F(gxy, gyn) (28)
and,

Jim g(gyn) = gy = lim g(F(yn, x4)) = lim F(gyn, gxn). (29)

Now we have
d(gx, F(x,y)) < d(gx, §(8%n+1)) + d(8(8%n+1), F(x, 7))

Taking n — oo in the above inequality, using (4) and (21) we have,
d(gx, F(x,y)) = lim d(gx, g(gxn.1)) + im d(g(F(xn, yn)), F(x,y))

: (30)
< lim d(F(gxn gyn)), F(xy))

Using the property of @, we get
¢(d(gx, F(x,y))) = lim ¢(d(F(gxn, 8¥n)). F(x.1)))

Since the mapping g is monotone increasing, using (3), (27) and (30), we have for all
n=0,

Bl F(x, ) = lim  p(d(gg5n 83) + d(gyn 557))

~lim (d(ggxn,gx) +d(ggyn,gy)>.

n—00

2

Using the above inequality, using (24) and the property of v, we get o(d(gx, F(x, ¥))) = 0,
thus d(gx, F(x, )) = 0. Hence gx = F(x, y).

Similarly, we can show that gy = F(y, x). Thus we proved that F and g have a coupled
coincidence point.

Corollary 3.1 [11]Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. Let F : X x X — X be a mapping
having the mixed monotone property on X such that there exist two elements xo, Yo € X
with

xo < F(xo0,y0) and yo = F(yo, xo).
Suppose there exist ¢ € © and y € Y such that

d(x, u) +d(y,
B ), F0) = o) + o)) = v (10103100

2

forall x,y, u, ve X with x > u and y < v. Suppose either
(a) F is continuous or

(b) X has the following property.

(i) if a non-decreasing sequence {x,; — x, then x, < x, for all n,
(ii) if a non-increasing sequence {y,} — y, then y < y,, for all n,

then there exist x, y € X such that
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x=F(x,y) and y=F(y x)

that is, F has a coupled fixed point in X.

Corollary 3.2 [11] Let (X, X) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. Let F : X x X — X be a mapping
having the mixed monotone property on X such that there exist two elements xo, Yo € X
with

xo < F(x0,70) and yo = F(yo,Xo).

Suppose there exists y € Y such that

d(x, u) +d(y,v) v (d(x, u) +d(y, v))

d(F(JC, }’)r F(U, U)) = 2 2

forall x,y, u,ve X with x > u and y < v. Suppose either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {x,; — x, then x,, < x, for all n,
(ii) if a non-increasing sequence {y,} — y, then y < y,, for all n,

then there exist x, y € X such that
x=F(x,y) and y=F(y x)

that is, F has a coupled fixed point in X.

Proof. Take ¢(t) = t in Corollary 3.1, we get Corollary 3.2.

Corollary 3.3 [5] eses of Corollary 3.1, suppose that for Let (X, <) be a partially
ordered set and suppose there is a metric d on X such that (X, d) is a complete metric
space. Let F: X x X —> X be a mapping having the mixed monotone property on X
such that there exist two elements xo, Yo € X with

xo < F(xo0,y0) and yo = F(yo, xo).

Suppose there exists a real number k € [0, 1) such that
k
A(F(xy), F(u,v)) = [d(x,u) +d(y,v)]

forall x,y, u,ve X with x > u and y > v. Suppose either
(a) F is continuous or
(b) X has the following property.

(i) if a non-decreasing sequence {x,} — x, then x,, < x, for all n,
(ii) if a non-increasing sequence {y,;} — y, then y < y,, for all n,

then there exist x, y € X such that
x=F(x,y) and y=F(y x)

that is, F has a coupled fixed point in X.
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Proof. Taking v (1) = ! ; kt in Corollary 3.2.

4 Uniqueness of coupled coincidence point

In this section, we will prove the uniqueness of the coupled coincidence point. Note
that if (X, <) is a partially ordered set, then we endow the product X x X with the fol-
lowing partial order relation, for all (x, y), (4, v) € X x X,

Y s Wwv) & x<xuy=uv

Theorem 4.1 In addition to hypotheses of Theorem 3.1, suppose that for every (x, y),
(2, 2) in X x X, if there exists a (u, v) in X xX that is comparable to (x, y) and (z, t),
then F has a unique coupled coincidence point.

Proof. From Theorem 3.1, the set of coupled coincidence points of F and g is non-
empty. Suppose (x, ¥) and (z, £) are coupled coincidence points of F and g, that is gx =
F(x, y), gy = F(y, x), gz = F(z, t) and gt = F(¢t, z). We are going to show that gx = gz and
gy = gt. By assumption, there exists (#, v) € X x X that is comparable to (x, y) and (z,
t). We define sequences {gu,}, {gv,} as follows

Up=u vo=v. guy =Fuyv,) and gun, = F(v,, u,) foralln.

Since (u, v) is comparable with (x, y), we may assume that (x, y) > (&, v) = (4o, vo).
Using the mathematical induction, it is easy to prove that

(x,y) = (un,vy) forall n. (31)

Using (3) and (31), we have

¢ (d(8x, guns1)) = @(d(F(x,y), F(un, vn)))

< ;w(d(x, Up) +d(y,vn)) — ¥ (d(xl ") ; w v")) .
Similarly
@(d(gvns1,8Y)) = 9(d(F(vn, un), F(y, x)))
< ;fp(d(vw y) + d(un/ x)) - ‘ﬁ <d(1’n/ }/) ;d(”w x) ) (33)

Using (32), (33) and the property of ¢, we have

@(d(gx, guns1) +d(8y, 8vn+1)) =< @(d(8x, gun+1)) + ¢(d(8Y, §Vn+1))
< p(d(gx, gun) +d(8gy, gvn))

oy (d(gx,gun) ; d(gyfgvn)> .

(34)

which implies, using the property of v,
o (d(gx: gune1) +d(8y, gUne1)) = (d(gx: gun) + d(8y: 8Vn))-
Thus, using the property of ¢,

d(gx, gun+1) +d(8y, gvns1) < d(gx, gun) +d(8y, §Vn)-
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That is the sequence {d(gx, gu,,)+ d(gy, gv,)} is decreasing. Therefore, there exists o >
0 such that

Jim [d(gx, gun) +d(gy, gvn)] = . (35)

We will show that o = 0. Suppose, to the contrary, that o >0. Taking the limit as n
— oo in (34), we have, using the property of v,

(@) = (o) — 2 lim <d(gx,gun) +d(gy:gvn)> < (@)

2
a contradiction. Thus. o = 0, that is,

lim [d(gx, gun) +d(gy, gun)] = 0.

It implies
lim d(gx, gu,) = lim d(gy, gv,) = 0. (36)
n—oo n—oo

Similarly, we show that
lim d(gz, gun) = lim d(gt, gvu) = 0. 37)

Using (36) and (37) we have gx = gz and gy = gt.

Corollary 4.1 [11]In addition to hypotheses of Corollary 3.1, suppose that for every (x,
y), (z, t) in X x X, if there exists a (u, v) in X x X that is comparable to (x, y) and (z, t),
then F has a unique coupled fixed point.

5 Example
Example 5.1 Let X = [0, 1]. Then (X, <) is a partially ordered set with the natural
ordering of real numbers. Let

d(x,y) =|x—y| for xyel01].

Then (X, d) is a complete metric space.
Let g : X — X be defined as

gx=x%, forall xeX,
and let F: X x X — X be defined as

x2 2

>
Fop=1 3 'Y=

0, if x <y.

F obeys the mixed g-monotone property.
Let ¢ : [0, ) — [0, o) be defined as

o(t) = zt, for te[0,00).
and let y : [0, o) — [0, =) be defined as

Y(t) = it, for t € [0, 00).

Page 10 of 13
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Let {x,} and {y,} be two sequences in X such that lim,_,., F (x,, y,,) = a, lim,,_,.. gx,, =
a, lim, ;.. F (y,, x,) = b and lim,,_,.. gy, = b Then obviously, a = 0 and b = 0. Now, for

all n > 0,
§%n = X3, 8Vn = Vi
2 2
Xy —Vn .
F(tn, 1) = 5 =y
0, if Xp < Yn
and
2 2
Vo =% .
F(yn %) = 3 =
0, if Y'n < Xp.

Then it follows that,

Jim d(g(F(xn yn)), F(8xn 8¥n)) = 0
and

Jim d(g(F(yn, xn)), F(8¥n: g¥n)) = O,

Hence, the mappings F and g are compatible in X. Also, xo = 0 and y, = ¢(>0) are
two points in X such that

g% = 8(0) = 0 = F(0,¢) = F(xo, y0)

and
2
8o =8(c)=c= 5 = F(e 0) = F(yo, xo).
We next verify the contraction (3). We take x, y, u, v, € X, such that gx > gu and gy <
gv, that is, x* > u* and y* < v*.
We consider the following cases:

Case 1. x > y, u > v. Then,

o(d(F(x,y), F(u,v))) = z[d(F(xl ¥), F(u,v)]

_Sdchfyzuzfv2
a5

3P =) = (P )

T4 3

_3 =y =0

T4 3

_ 1 (d(gx gu) +d(gy, gv)
2 2

_ 3 (d(gx gu) +d(gy, gv)
4 2

1 (d(gx, gu) +d(gy, gv)
4 2

- 2 (g gu) + dlg 30)

1 (d(gx, gu) +d(gy, gv)
T4 ( 2 )
- 2 9ldlgn u) + (g, )

v (d(gx,gu);d(gy,gﬂ)
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Case 2. x > y, u < v.Then

¢ (d(F(x.y), F(u,v)) = i[d(F(x, y), E(u,v)]

- Z |:d(x2 ;yz, 0)]

3 ¥ -2

T4 03

3 12 +x% —y? —u?
T4 3

_ 31 =) = (0 =)
T4 3

_3 Ivz ek qu -

m—xhw—w

|M—M+w—#

d(gx, gu) +d(gy. gv)

! )
. )
- ; (d(gx,gu) +d(gy,gv))
i )
)

1 <d(gx,gu) +d(gy/gV)
4

< (g, g0) + d(gr, )

1 (d(gx, gu) +d(gy, gv)
4 2

- ;¢>(d(gx, gu) +d(gy, gv))
d(gx, gu) +d(gy, gv)
-y () o)

Case 3. x < y and u > v. Then

2 _ .2
o(d(F(x,y), F(u,v))) = i [d(o’ ’ 3 ' )]

3 ju? — 12|
T4 03
3 u? +x2 — 1 — X2
T4 3
_3 (2 =) + (2 _xz)‘(sincey>x)
4 3
3 |y2—vzl+|u2—x2\
_4

w—xww—ﬂ
2

-, (j(gxrgu) +:(gy, ))>
- (d(gx gu) + d(gyr ))
. ( (g%, gu) + (gy,gV)>
_ Z(d(gx,gu) +d(gy, gv)

B 411 <d(gx,gu);d(gy,gV)>

S 0dlggu) + digy, gv)

-~ (d(gxr gu);d(gy, gV)>
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Case 4. x < y and u < v with x* < u® and y* > v*. Then, F(x, y) = 0 and F(u, v) = 0,

that is,

¢(d(F(x,y), F(u,v))) = ¢(d(0,0)) = $(0) = 0.

Therefore all conditions of Theorem 3.1 are satisfied. Thus the conclusion follows.
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