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1 Introduction

In 1976, Lim [1] introduced a concept of convergence in a general metric space, called
strong A-convergence. In [2], Kirk and Panyanak introduced a concept of convergence
in a CAT(0) space, called A-convergence (see Section 2 for the definition). Moreover,
they showed that many Banach space concepts and results which involve weak conver-
gence can be extended to the CAT(0) space setting by using the A-convergence.

For each semigroup S, let B(S) be the Banach space of all bounded real-valued map-
pings on S with supremum norm. A continuous linear functional y# € B(S)* (the dual
space of B(S)) is called a mean on B(S) if || p# || = u(1). For any fe B(S), we use the
following notation:

w(f) = ns(f(s)).

A mean p on B(S) is said to be left invariant [respectively, right invariant] if u (f(ts))
= us (fis)) [respectively, u, (fist)) = ps (fis))] for all fe B(S) and for all t € S. We will
say that g is an invariant mean if it is both left and right invariants. If B(S) has an
invariant mean, we call S an amenable semigroup. It is well known that every commu-
tative semigroup is amenable [3]. For each s € S and fe B(S), we define elements /; f
and 7, f in B(S) by (I/)(¢) = f (st) and (r)(¢) = f (¢s) for any ¢ € S, respectively. A net
{tto) of means on B(S) is said to be asymptotically invariant if

lim(sta () = ta(F)) = 0 = lim(jza () — ta(£)).

In [4], Rodé proved the following:

Theorem 1.1. [4]If S is an amenable semigroup, C is a closed convex subset of a Hil-
bert space H,S = {T; : s € S} is a nonexpansive semigroup on C such that the set F(S)of
common fixed points of Sis nonempty and {y,} is an asymptotically invariant net of
means, then for each x € C{T,, x}converges weakly to an element of F(S).
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Further, for each x € C, the limit point of {Ty, X}is the same for all asymptotically
invariant nets of means {i,}.

It is remarked that if S is amenable, then there is always an asymptotically strong
invariant net of finite means, i.e., means that are convex combination of point evalua-
tions. This follows from Proposition 3.3 in [5].

Development of this subject had been made by several authors [1,6-8]. The main
purpose of this article is to extend this result of Rodé for a nonexpansive semigroup
on a CAT(0) space in which the A-convergence plays the role of weak convergence.

2 Preliminaries

Let (X, d) be a metric space. A geodesic joining x € X to y € X is a mapping ¢ from a
closed interval [0, /] € R to X such that ¢(0) = «x, ¢(l) = y and d(c(2), c(t)) = |t-¢| for all
t, te [0, []. In particular, c is an isometry and d(x, y) = [. The image y of c is called a
geodesic (or metric) segment joining x and y. When it is unique, this geodesic is
denoted [x, y]. Write c(ox 0 + (1 - &)l) = ax &(1 - )y, and for « = ;, we write ;xEB %y
as xf”, the midpoint of x and y. The space X is said to be a geodesic space if every two
points of X are joined by a geodesic.

Following [2], a metric space X is said to be a CAT(0) space if it is geodesically con-
nected and if every geodesic triangle in X is at least as thin as its comparison triangle
in the Euclidean plane. This latter property, which is what we referred to as the (CN)
inequality, enables one to define the concept of nonpositive curvature in this situation,
generalizing the same concept in Riemannian geometry. In fact (cf. [[9], p. 163]), the
following are equivalent for a geodesic space X:

(i) X is a CAT(0) space.
(ii) X satisfies the (CN) inequality: If x,, x; € X and x"?’“ is the midpoint of x, and
x1, then

X0 D x1

1 1 1
d(y, 5 ) < 2dz(y,xo)+ 2dZ(y,xl) — 4d2(xo,x1), forally € X.

(iii) X satisfies the Law of cosine: If a = d(p, q), b = d(p, r), ¢ = d(q, r) and & is the
Alexandrov angle at p between [p, q] and [p, r], then ¢* > a®+b> -2ab cos &,

For any subset C of X, let = = 7p be a nearest point projection mapping from C to a
subset D. It is known by [[9], pp. 176-177] (see also [[10], Proposition 2.6]) that if D is

closed and convex, the mapping 7 is well-defined, nonexpansive, and satisfies
d*(x,y) = d*(x, wx) + d*(7wx, y)forallx € Cand y € D. (1)

Definition 2.1. [[11], Definition 5.13] A complete CAT(0) space X has the property of
the nice projection onto geodesics (property (N) for short) if, given any geodesic segment
1 C X, it is the case that m(m) € [m)(x), ,(y)] for any x, y in X and m € [x, y].

As noted in [11], we do not know of any example of a CAT(x) space which does not
enjoy the property (N).
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Let S be a semigroup, C be a closed convex subset of a Hilbert space H, and for each
sin S, T is a mapping from C into itself. Suppose {Tgx : s € S} is bounded for all x €
C. Let x € C and p be a mean on B(S). By Riesz’s representation theorem, there exists
a unique xo € C such that

ws{Tsx, y) = (x0,y) (2)

for all y € H. Here (, ) denotes the inner product on H.

The following result is a mild generalization of a result of Kakavandi and Amini
[[12], Lemma 2.1].

Lemma 2.2. Let C be a closed convex subset of a CAT(0) space X and p be a mean
on B(S). For a bounded function h : S — C, define

0u(y) = us(d* (h(s),7))

Jor all y e X. Then, ¢, attains its unique minimum at a point of co{h(s) : s € S}.
For each x € C, denote S(x) := {Tex : s € S}. If S(x) is bounded, then by Lemma 2.2
we put

Ty (h) := argmin{y > ps(d*(h(s), 7))},

and for /(s) of the form T, we write T,(h) shortly as T,x.
Remark 2.3. If X is a Hilbert space, then

(i) T,x = xo where x, verifies (2), and
(ii) ||%o]|> = supye x (20, ¥) - ||7]1?).

Proof. (i): Let xo be such that u(Tx, y) = (xo, y) for all y € X. We have ¢,(xo) = ¢,(0)
#1150l - 2050 %0} = B,0) - [[x0l|? € 34(0) + || Tuxl 2 - 2oy Tyx) = 6 (T,). There-
fore, xo = T)x.

(ii): For any x, y € X, we know that || Ty - y||* = || Tsx||* - 2(Tsx, y) + ||y||> By the
linearity of # and (2), we have u(||Tsx - ¥||%) = us(|| Tsx||?) - 2(x0, ¥) + ||¥||>. Thus,
infye x p(|| Tox - Y13 = (|| Tex||?) - supye x (2(xo, ¥ - ||y] |?). On the other hand, by
(), infyex 1758 - 911D = 11Tt - %ol?) = w1 Tl 1) - 20T, %) + 1ol 12 = gl
Tx||?) - ||%ol|*. Hence, |[xo]|* = sup,e x (24xo, 9) - |Iy][*)- ®

Let C be a closed convex subset of a CAT(0) space X and S a semigroup. We say
that the set S(S) :={T; : s € S} is a nonexpansive semigroup on C if

(i) Ts : C —> C is a nonexpansive mapping, i.e., d(Tw, Tyy) < d(x, y) for all x, y € X,
forall se S,

(ii) the mapping s - T is bounded for all x € C, and

(iii) Ty = T,T, for all s, t € S.

We denote by F(S) the set of all common fixed points of mappings in S(S), i.e.,
F(S) := U,e, F(T;), where F (Ty) := {x € C: Ty = «} is the set of fixed points of 7.
For any bounded net {x,} in a closed convex subset C of a CAT(0) space X, put

7(%, {xs}) = limsup d(x, x¢)



Anakkamatee and Dhompongsa Fixed Point Theory and Applications 2011, 2011:34 Page 4 of 14
http://www fixedpointtheoryandapplications.com/content/2011/1/34

for each x € C. The asymptotic radius of {x,} on C is given by

7(C {xa}) = incf (%, {xa}),

and the asymptotic center of {x,} in C is the set
A(C, {xg}) ={x € C:r(x, {x4}) = 1(C, {x4})}.

It is known that in a complete CAT(0) space, A(C, {x,}) consists of exactly one point
and A(X; {x4}) = A(C, {xo}) (cf. [2]).

Remark 2.4. (i) Let D, E be directions and v : E — D. If {x,) : B € E} is a subnet of
a bounded net {x,, : o € D}, then r(C, {x,)}) < r(C, {xa}).

(ii) Let C be a closed convex subset of a CAT(0) space X, T : C — C a nonexpansive
mapping and x € C. If {T"x} is bounded and if z € A(C, {T"x}), then z € F(T).

Proof. (i) Let oy € D. By the definition of subnets, there exists f, € E such that v((3)
¥ a for all B > Bo. For each x € C, we have SUp,y,, d(X, Xo) > supgy g d(x, Xu(p)).
Thus, SUP,y, (%, Xe) > infg, supg,_g d(x, xu(p)), and this holds for all ¢y. Hence,
r(x, {xa}) = infy, sup,._,, d(x,%2) > 7(x, %)), and this holds for all x € C. Conse-
quently, 7(C, {xo}) = infic ¢ (%, {xo}) 2 infic ¢ (%, x08) = 1(C, (x,)}).

(i) Since T is nonexpansive, lim sup,, d*(T"x, Tz) = lim sup,, d*(TT"x, Tz) < lim sup,,
d*(T"x, z).

As every asymptotic center is unique, we have z = 7z. O

Definition 2.5. [[2], Definition 3.3] A net {xo} in X is said to A-converge to x € X if x
is the unique asymptotic center of {ug} for every subnet {ug} of {xo}. In this case, we
write A - limy, x,, = x and call x the A-limit of {x}.

Proposition 2.6. [[2], Proposition 3.4] Every bounded net in X has a A-convergent
subnet.

Remark 2.7. (i) Let D be a direction, {x, : oc € D} a net in X and x € X. If lim sup,
d(x, xo) > p for some p >0, then there exists a subnet {xg Yof {x,} such that
d(x,xg,) = pfor all c.

(ii) Let {x,} be a net in X. Then, {x,} A-converges to x € X if and only if every subnet
&y of %o} has a subnet {x,} which A-converges to x.

Proof. (i): For each ov € D, we have supysq d(x, xy) > p. Thus there exists B, > o
such that d(x, xg,) > p, and this holds for all . Set a set E = {,, : @ € D}. Clearly, E is
a direction, and define v: E - D by v (B,) = B, Let o € D, thus v(B,) > o for all
Ba = Bay and this shows that {xg,} is a subnet of {x,} satisfying d(x,xg,) > p for all c.

ii): It is easy to see that if {x,} A-converges to x, then every subnet of {x,} also
A-converges to x. On the other hand, suppose {x,} does not A-converge to x. Thus,
there exists a subnet {xg} of {x,} such that x ¢ A (C, {xg}), and so lim supg d(x, xg) >p
>r(C, {xg}) for some p > 0. By (i), there exists a subnet {xy,} of {xg} satisfying
d(x,xy,) > p for all B. By assumption, there exists a subnet {X(y),} of {xy,} A-conver-
ging to x. Using Remark 2.4,
p <limsup, d(x, x(,),) = 7(C, {x(),}) = 7(C, {x,}) < 1(C, {x5}), a contradiction. O

In [13], Berg and Nikolaev introduced a concept of quasilinearization. Let us formally
denote a pair (a, b) € X x X by 4}, and call it a vector. Then, quasilinearization is
defined as a map (, ) : (X x X) x (X x X) by
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= = 1, 1, _1 2 _1 2
(ab, cd) = 2d (a,d) + 2d (b, ) 2d (a,c) 2d (b, 4)

for all a, b, ¢, d € X. Recently, Kakavandi and Amini [14] introduced a concept of w-
convergence: a sequence {x,} is said to w-converge to x € X if 1My, o0 (XX, ;1;) - ¢ for
alla, be X

Proposition 2.8. [[14], Proposition 2.5] For sequences in a complete CAT(0) space X,
w-convergence implies A-convergence (to the same limit).

A simple example shows that the converse of this proposition does not hold:

Example 2.9. Consider an R-tree in R” defined as follow: Let {e,} be the standard
basis, xg = €1 = (1, 0, 0, 0,...), and for each n, let x,, = xo + e,.1. An R-tree is formed by
the segments [x1, x,] for n > 0. It is easy to see that {x,} A-converges to x,. But {x,} does
not w-converge to x, since (x,x;,xox,) = —for all n > 2.

Thus, a bounded sequence does not necessary contain an w-convergent subsequence.

3 Main results
3.1 A-convergence
Lemma 3.1. [[12], Lemma 3.1] If C is a closed convex subset of a CAT(0) space X and
T : C — Cis a nonexpansive mapping, then F(T) is closed and convex.

Lemma 3.2. [[12], Proposition 3.2] Let C be a closed convex subset of a CAT(0) space
X and S an amenable semigroup. If S(S)is a nonexpansive semigroup on C, then the fol-
lowing conditions are equivalent.

(i) S(x)is bounded for some x € C;
(ii) S(x)is bounded for all x € C;
(iii) F(S) # 0.

Proposition 3.3. [[12], Theorem 3.3] Let C be a closed convex subset of a complete
CAT(0) space X, S an amenable semigroup, and S(S)a nonexpansive semigroup on C
with F(S) # 9. Then, T,x € F(S)for any invariant mean yu on B(S).

We now let S be a commutative semigroup and define a partial order > on S by s > ¢
if s = ¢ or there exists u € S such that s = utz. When s > ¢ but s # ¢, we simply write s >
t. We can see that (S, ¥>) is a directed set. Examples of such S are the usual ordered
sets (N U {0}, +, =) and (R*U {0}, +, 2). The following fact is well known:

Proposition 3.4. Let y be a right invariant mean on B(S). Then,

sup inff(ts) < u(f(s)) = infsup f(ts)
s t
for each fe B(S). Similarly, let u be a left invariant mean on B(S). Then,
sup inf f(st) < p(f(s)) < infsup f(st)
s S t
for each fe B(S).

Remark 3.5. If lim, f (s) = a for some a € R and {s’} is a subnet of {s} satisfying s’ > s
for each s, then

ue(f(s) = a.
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Proof. This is an easy consequence of Proposition 3.4 since uy (f (s")) = us(f () =
limg f(s) =a. ™

Proposition 3.6. [[12], Proposition 4.1] Let C be a closed convex subset of a complete
CAT(0) space X, S a commutative semigroup, and S(S)a nonexpansive semigroup on C
with F(S) # . Then, for each x € C,, the net {mTsx}, s converges to a point Px in F(S),
where T = mg(s) : C — F(S)is the nearest point projection.

Proposition 3.7. Let C be a closed convex subset of a complete CAT(0) space X, S a
commutative semigroup, and S(S)a nonexpansive semigroup on C with F(S) # (. Then,
Jor any invariant mean yu on B(S), T,x = lim; nTgx = Px for all x € C.

Proof. Fix x € C and let ¢ >0. From Proposition 3.6, we see that there exists so € S
such that d(nTw, Px) < ¢ for all s * so. We know by Proposition 3.3 that T,x € F(S).
So, d(Px, Tx) < d(Px, nTx) + d(nTex, Tex) < d(nTex, Tex) + € < d(T,x, Tex) + ¢ for all
s ¥ so. Since {Tgx : s € S} is bounded by Lemma 3.2, there exists M >0 such that d
(T,x, Tgx) < M for all s € S. Therefore, d*(Px, Tx) < dz(T”x, Tx)+2Me + &* for each s
7 So- Since U is an invariant mean, we have
ws(d(Px, Tsx)) = pg(d2(Px, Tuspx)) < ps(d? (Tpx, Tesox))+2Me+e? = ps(d*(Tyx, Tex))+2Me+e? for any &
>0. By the argminimality of T,x (see Lemma 2.2), T,,x = Px. O

In order to obtain the Rodé’s theorem (Theorem 1.1) in the framework of CAT(0)
spaces, we need to restrict the asymptotically invariant nets of means {x#,} to those
that satisfy an additional condition: for each ¢ € S,

e, (d*(Tsx, ¥)) — e, (d*(Tyx,y)) — Ouniformly fory € C. (3)

In the Hilbert space setting, condition (3) is not required because the weak conver-
gence can obtain from (2) directly.

Lemma 3.8. Let X be a complete CAT(0) space that has property (N), C be a closed
convex subset of X, S a commutative semigroup, and S(S)a nonexpansive semigroup on
C with F(S) # 0. Suppose {uy} is an asymptotically invariant nets of means on B(S)
satisfying condition (3). If {T, X} A-converges to x,, then xo € F(S).

Proof. First, we show that, for each r € S,

limd(T,, x, T,T, x) = 0. (4)
o
If this is not the case, there must be some 6 >0 so that for each ¢, there exists o >

o satisfying d(T,.,x, T; T, x) > 8. Put ¢ = 522 . Since the asymptotically invariant net {}

satisfies (3), there exists oy for which for each o * «o,

Dy (T,T,l”x) = ;L‘,S(dz(TSx, Ty Ty, X)) < Ha, (dZ(T,Tsx, T;T,,x)) + € < [ha, (dz(Tsx, Ty X))+€ = @, (T x)+e, Set
Tu/x®TrTurx . . . . g
w= 90 ) “0". By the (CN) inequality, the following in equalities hold for each
se S
1
#(Tx,w) < d*(Tex, Ty, %)+ d*(Tex, T, Ty, X) — 4d2 (T X Tr Ty, X)

82
d*(Tyx, T3 Ty, x) — 4

IA
N =N =

N N~

& (Tx, Ty, ) +
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Therefore,

1 1 2
Prg, (w) < 2¢M0/0 (Tua/ox) + 290;@,0 (TfTuar,,x) Ty
e 82
< Puy, (Tuw(,x) + 7T 4
= Puw, (Tua/,,x)'

which is a contradiction and thus (4) holds.

Next, we show that xp € F(S). We suppose on the contrary that xo ¢ F(S). Thus, for
some r e S, Ty # X, i.e., d(xg, Tyxo) := ¥ >0. Since {T,, x} C co{Tsx}, it is bounded.
We can get an M >0 so that d(T,xx) <M for all o We let
0 < & < min{ 11;’;1,21\/1}. From (4), there exists o, with the property that
a(;T,x,T,x)<e for all o * @, Now, for each o * «a
d(Ty,x Trxo) < d(Ty,x, Tr Ty, x) + d(T,T,,x, Trxo) < d(T,x x0) + €. Thus,

d? (T, x, Trxo) < d?(Ty,x, xo) + 26d(T,,x, x0) + €% Let w= "% Using the (CN)

inequality, we see that

1 1 1
d*(Ty,x,w) < 2dZ(TMx, Xo) + 2d?'(TMx, Tixo) — 4d2(x0,T,xo)
L, Lo N
< d(T,xx0)+ _(d°(Ty,x x0) +2eM +&7) —
2 “ 2 “ 4
e2 2
= d* (T, M —
(T, % x0) + M + ) 4

for all & > 0. Consequently,

2 2
lim sup d?(T,,,x, w) < limsupd?(T,,x, xo) + &M + , ):l
o o

< lim sup d? (T, x, xo),

contradicting to the fact that {x.} is the center of {T, x}. Therefore, T,x, = x, for all r
€ S, and this shows that xy € F(S) as desired. O

Theorem 3.9. Let X be a complete CAT(0) space that has Property (N), C be a closed
convex subset of X, S a commutative semigroup, and S(S)a nonexpansive semigroup on
C with F(S) # 0. Suppose {uy}is an asymptotically invariant net of means on B(S) satis-
Jfying condition (3). Then, {T,,x} A-converges to Px € F(S)for all x € C. Here, Px is
defined in Proposition 3.6.

Proof. Let x € C and {4} be any subnet of {y,}. There exists a subnet {¢y~ of {¢1s}
such that {u,-} w*-converges to yu for some invariant mean g on B(S). By Proposition
3.7, T,x = Px. Since the net {T),,x} C co{Tsx : s € S}, it is bounded. Then by Proposi-
tion 2.6, there exists a subnet {itq;} of {#,} such that {Tudﬂx} A-converges to some X,
e C. By Lemma 3.8, xo € F(S).

We show x, = T,x by splitting the proof into three steps.

Step 1. If Ty, x := argmin{y = y1p,(d*(Tss,,¥))}, then Ty, x € cofTox}em,

Suppose Ty, x ¢ co{Tx}sys,, by (1),
@ (TosoX, Ty, %) 2 d*(TesgX, WLy, %) + d*(Tyy,, %, 7Ty, x) for each s € S where

7w C— co{Tsx}ss, is the nearest point projection. Thus,

Page 7 of 14
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Hag (dz (Tssyx, Tuuﬁ X)) = e, (d2 (Tsspxs ”Tuaﬁ x))+d2 (T;Laﬁ %, 7Ty, X) > [a, (dz (Tssox, ”Tu% x)). This

“p
impossibility shows that Tﬂuﬁx € co{Tsx}sms,
Step 2. limy (T, Ty, ) =

If this does not hold, there must be some 1 >0 so that for each B, there exists §’ >
2

satisfying d(T, ap X Thia, X) > 1. Put ¢ = " . Since the asymptotically invariant net {up}
2

satisfies (3), there exists B, such that |ite, (d*(Tx, Ty, X)) = My, (A% (T, x, Ty, X))l <€
for each B ¥ Bo. We suppose first that

Tﬂaﬁ/u x® T,

x
Heay, (d (Tsso %, T/’-uﬂ/o x)) < Py, (d*(Tsx, T/’-uﬂ/o x)). Set ,, _ “#o . By (CN)

inequality, the following inequalities hold for each s € S:

1 1 1

2 2 2 )
d°(Tyx, w) < 2d (Tsx, Tuaﬂ,ux) + 2d (Tsx, Tuaﬂ,ux) 4d (Tuuﬁ/0 X, Tuuﬁ/0 x)
< 1d2(T T, ) e (Tex, T ) s
X, X X, X) — .
P R R S 4

Therefore,

n2

1 1
wuuﬂ,o (w) < 2¢M“ﬂ’o (Tﬂuﬂ,o x) + 2('0““/3’0 (Tﬂuﬂ,o x) — 4
1 2

1 2 e M
< 2(pﬂaﬂ,0 (Tﬂuﬂ,o x) + 2/“&,3/05 (d@"(Tssox, Tunﬂ,o x)) + 27T 4

= 0uuy, Ty 9+ & =" =y, (T,
X))+ — = x),
— (Dllvotﬂ,o I/'ozﬂ,u 2 4 (pﬂozﬂ,u llvotﬂ,o
contradicting to the argminimality of Tua%x. In case

Ray, (d*(Tsx, Tﬂaﬂ,o X)) < Moy, (d*(Tss X, T““ﬁ’g x)), we can show in the same way that
Hay, (@ (TegX, W) < By, (4 (Tssp, T, x)) for some w which also leads to a

contradiction.

Step 3. xo = T,x.

We suppose on the contrary and let 1 := d(xo, T,x) >0. Let I = [T,%, xo] and 7; : C
— I be the nearest point projection onto /. Since {Tx} is bounded, there exists M >0

such that d(Tw, m; (Twx)) < M for all s € S. Set Ny > 4(1\54;") and p = 5\, . Suppose
there exists sy € S such that d(m)(T), x9) > 2p for all s > so. We know, by Step 1, that
Ty, x € co{Tex}sso. Let A := {y € C: d(m)(y), x0) > 2p}. Using property (N), A is convex
and co{Tx}sys, C AC {y e C:d(mi(y), x0) > 2p} and thus d(m(T, aﬁx),xo) >2p. By
Step 2, limg d(T),,,x, Ty, x) = 0. Choose By, using the nonexpansiveness of 7;, so that
d(mi(Ty,, x), 1(Ty,,x)) < p for all B % Bo. Thus, d(7i(Tp,,x), %0) > p for all B > Bo.
But then %o ¢ CO{Tuaﬁ X}ps=p, which contradicts to the fact that x, is the A - limit of
{T}1.,%}. Therefore, there must be a subnet {s’} of S such that s’ > s for all s and

27

d Tox), 20 =
(mr1(Tyx), x0) < 2p 5N,

(5)
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for all s’. Hence,

2
d(r(Tex), Tux) = 1 — d(mi(Tex), x0) > n — . . ©)
5N
By the property of Ny, 57°N, >4nM + 41> and so
4n?  4nM

5Ny 5Ny
From (5), (6), and (7),

4n? 27 4nM 2n o,
+( +(en )

SNO SNO SNO 5[\]O

> 2d(xo, m(Tyx))d(Tyx, m(Tyx)) +d*(x0, m1(Tyx)).

dz(m(Tsrx),Tux) > nz — )2 >

Using (1),

d?(Tyx, Tyx) > d*(m1(Tyx), Tyx) + d* (1 (Tyx), Tex)
> d?(xo, 71(Tyx)) + 2d(x0, 711 (Tyx))d(Tyx, 71 (Tex)) + d° (m1(Tyx), T, x)
= (d(xo, mi(Tyx)) + d(Tyx, m(T,x)))?
> d*(Tyx, xo)

for all s”. Since the points x, and T,x belong to the set F(S), the nets (d*(Tx, x0)}
and {d*(T.x, T,x)} are decreasing. So, lim, d*(Tx, xo) and lim, d*(Tx, T,x) exist.
Hence, ¢,(T,x) = lim, d*(Tx, T,x) = limg d*(T,x, T,x) = pg (d*(T,«, T,x)) = pAd®
(T, x0)) = limy dX(Tyx, xo) = lim, d*(Tx, xo) = ¢u(xo), a contradiction. Thus, x, =
T,x.

The above argument shows that, for every subnet {¢,} of {1}, there exists a subnet
{1y} of {u} such that {Tp,,*} A-converges to T,x(= Px). By Remark 2.7 (ii), {T},x}
A-converges to Px. ©

It is an interesting open problem to determine whether Theorem 3.9 remains valid
when the semigroup is amenable but not commutative.

3.2 Applications

Proposition 3.10. Let C be a closed convex subset of a complete CAT(0) space X and T
: C > C be a nonexpansive mapping with F(T) = &. Let S = (N U {0}, +),
S(S)={T":neS, A =N orR"and B > 0 be such that ) . B = for all A € A.
Suppose for all k € S,

lim By =0 (8)

and for each m € S,
[o.¢]
Alggo kX: |83k — Ba(le—m)l = 0. 9)
=m

For any f = (ao, ai,...) € B(S) let ui(f) = > oo Bukadr. Then for each x € C,
{T,., x}A-converges to z for some z in F(T).

In particular, if X is a Hilbert space, we have Y 5, B T'xconverges weakly to z for
some z in F(T) as A —> .

Page 9 of 14
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Proof. For each m € S, lus()=milf)l = |30 B = 3 Brsaiom| < 0o 1Bl ks Y (B = B Lol
By (8) and (9), we have lim, _, oo |t (f) — s (7mf)| = 0, and this shows that the net {1} is
asymptotically invariant. Let x € C and consider a; of the form a; = dX(T:x, y) where y €
C. We see that {4} satisfies (3). By Theorem 3.9, we have {T,,x} A - converges to z for
some z in F(T).

In Hilbert spaces, by a well-known result in probability theory, we know that

00
Z ﬁxk
k=0

for all y e C. So we have T, x = 3 52, BuxThx. O
Corollary 3.11 (Bailon Ergodic Theorem). Let C be a closed convex subset of a Hil-

2 00 2
=Sl
k=0

o0
T'x = BuT'x
k=0

bert space H and T : C — C be a nonexpansive mapping with F(T) = &. Then, for any
xe C,

1n—l
Spx = T'x

converges weakly to z for some z in F(T) as n — oo.
Proof. Let A = N and put, for A € A and ke S = (NU {0}, +),

1
k< a—1,
Bik=1 A -
0, k>xr—1.

The result now follows from Proposition 3.10. O

Corollary 3.12. [[15], Theorem 3.5.1] Let C be a closed convex subset of a Hilbert
space H and T : C — C be a nonexpansive mapping with F(T) = &. Then, for any x €
C, Syx = (1 — 1) 332, r*T*xconverges weakly to z for some z in F(T) as r 1 1.

Proof. Let A = R" and put, for A € A and ke S = (N U{0}, +),

(r—1)
‘BAk = )\k+1

Taking r = *}!, Proposition 3.10 implies the desired result.

Let S = (R" U {0}, +) and C be a closed convex subset of a Hilbert space H. Then, a
family S(S) = {T(s) : s € S} is said to be a continuous nonexpansive semigroup on C if
S(8) satisfies the following:

(i) T(s) : C — C is a nonexpansive mapping for all s € §,

(if) T(¢ + s)x = T(t)T(s)x for allw e Cand t,s€ S,

(iii) for each x € C, the mapping s — T(s)x is continuous, and
(iv) T(0)x = x for all x € C.

Proposition 3.13. Let C be a closed convex subset of a Hilbert space H. Let S = (R" U
{0}, +), S(S)be a continuous nonexpansive semigroup on C with F(S) #%, A = R" and
& be a density function on S,i.e, g > 0 and [;° g (s)ds = Ifor all A € A. Suppose g,
satisfies the following properties. for each h € S,
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Jim g,(s) = 0 (10)
uniformly on [0, h] and

Aggﬁmwuﬁ—&@—hwu=o a1
Then, for any x € C,

‘/Ooog,\ ()T (s)xds

converges weakly to some z € F(S)as A — oo,
Proof. For fe B(S) we define 11,(f) = [ 8.(s)f (s)ds for all A > 0. Thus, 4, is a mean

on B(S). For any i € S we consider

muﬂ—uumﬂhLAM&@V6M&—Aw&@V@+M¢

h 00
§A|&mwmm+ﬁ|&m—&@—mwmm.

By (10) and (11), limy |w, (f) — wa(raf)| = 0. So, {#;} is asymptotically invariant. For
each ze C, let fls) = ||z - T(s)x||>. We see that {u;} satisfies (3). For each x € C, we
know that

[ s

for all y € C. Thus, T,,x= f0°° &.(s)T(s)xds. By Theorem 3.9, we have
Js” 8.(s)T(s)xds converges weakly to some z € F(S) as A — 0. 0
Corollary 3.14. [[15], Theorem 3.5.2] Let C be a closed convex subset of a Hilbert

space H. Suppose S = (R" U {0}, +) and S(S)be a continuous nonexpansive semigroup
on C with F(S) # . Then, for any x € C,

2 00
ds < /0 2.(5) ||y — T(s)x”zds

/OOO .(5)T(s)xds — T(s)x

1 A
Six = / T(s)xds
A Jo

converges weakly to some z € F(S)as L — oo.

Proof. Let A = R" and put, for A € A andse §, g.(s) = iXIOM' The result now fol-
lows from Proposition 3.13. O

Corollary 3.15. [[15], Theorem 3.5.3] Let C be a closed convex subset of a Hilbert
space H. Suppose S = (R* U {0}, +) and S(S)be a continuous nonexpansive semi-group
on C with F(S) # 0. Then, for any x € C,

T / e "T(s)xds
0

converges weakly to some z € F(S)as r | 0.
1

Proof. Let A = R" and put, for L. e A andse S, *As. Again, we can then

1
)= e

apply Proposition 3.13 by taking r = i o

Page 11 of 14
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By using Lemma 2.2, we can obtain a strong convergence theorem in Hilbert spaces
stated as Theorem 3.17 below.

Proposition 3.16. Let C be a closed convex subset of a Hilbert space H and T : C —
C be a nonexpansive mapping with F(T) = &. Given x € C and let r = r(C, {T"x}). Let
z be the unique asymptotic center of {T"x}. For each n € N, define

My = 39 = {Buden C 10,112 ) B =1

k>n

and

2
V, = sup Z,Bnk Thx — Xn

pell, k>n

where Xy = ) oy BuxTix. If V := lim,,_,.. V,, then V = r*.
Proof. Given ¢ >0. Since z € A(C, {T"x}), by Remark 2.4 (ii), z € F(T). Choose n, € N
such that ||T"x - z|| < r + ¢ for all n > n,. Fix n > ng and let p = {B,1}1=n € 11, Thus,

Z lgnk ’ = Z ,Bnk
k>n

k>n

2
T — X, Tkx—zH < (r+e)’.

SO Vy = sup per, Y jon ﬂnkHTkx — X H2 < (r+e)% Letting n — o, V =lim, _, .. V, <
(r + €)* for any € > 0. Hence, V' < .

Next, we show that * < V. Indeed, since z € CO{Tkx}kzn for all m € N, there exists a
sequence {X,} with X, € co{T*x};>, for each n and X, >z as n — o. Put
X, = Zkzn ,B,,kax, Since {T”x} is bounded, there exists M >0 such that
||Tkx — Xp || + ||Tkx —z|| < M. For each ¢ >0, choose n, € N such that ||x, —z| <& V,

< V+eforall m = n,and ||T'x - z|| > r - ¢ for all k > n,. Thus for any 1 > n,,

D Bl T x = %> = 1T — 2] |

k>n
k = k k = k
= > Bl 1T — Fall — [IT"x — 2|11 (11 T"x — X[ + || T"x — 211
k>n
= k o ke
= Buill%n — 2l|([1T% — Zal| + || T'x — 2]]) < eM.
k>n
Hence,
2 k 2
(r—e)> <) BullT'x—zl
k>n
k 2 k = 112 k = 12
= Bl T — 217 + > Bl T x = Fal 1> = Y Bl TV x — X
k>n k>n k>n
< Vir Y BuelliT'x = Xl P — [T — 2I1*| <V +&+eM.
k>n

So (r - €)* <V + & + &M for any ¢ >0. This implies P <V

Theorem 3.17. Let C be a closed convex subset of a Hilbert space H and T : C — C
be a nonexpansive mapping with F(T) = &,. Suppose z, 11, V, and X,be defined as in
Proposition 3.16. If the sequence {x,}satisfies
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Jim S Bl I T =5l | =V, (12)

k>n

then {Xn}converges (strongly) to z€ F (T) as n — oo.
Proof. Suppose for some ¢ >0, there exists a subsequence {X;} of {X,} such that

||5cnl —z|| >¢ for all / € N. For each y € C and n € N, define
2
oY) = D gen Bl Tfx — y||% Let 0 < § < 88' By (12) and z € A(C, {T*x}), we choose

nssuch that 1”2 =8 =V — 8 < @, (%) < V+8 =12+ for all n; > ns and || T» - z||?
<* + 6 for all k = ns Fix [ > ng and let ¢ = J_C"l;z. By the Parallelogram law, we have for

each k > n,
1 1 1
k k = k -
IT% = ol = 1T =+ 1T =22 = ll%, — 211
Hence,
1, 1, 1, 5 _
on (@) < 2(r +8)+ 2(r +8) — 48 <17 =8 < @y (Xn).

Using Lemma 2.2, we see that this contradicts to the minimality of ¢y, (Xy,). O
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