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Abstract

Let H be a Hilbert space, C be a closed convex subset of H such that C + C € C, and
T:C — H be a k-strictly pseudo-contractive mapping with F(7) = & for some 0 < k
<1.Let F: C — C be a k-Lipschitzian and n-strongly monotone operator with £ >0
and 11 >0 and f: C — C be a contraction with the contractive constant oc € (0, 1).

2
7, 0<y < u(n—a’g ) _ : and 7 <1. Let {a,} and {B,} be sequences in

(0, 1). It is proved that under appropriate control conditions on {e,,} and {B,}, the
sequence {x,} generated by the iterative scheme x,,1 = o, Yx,) + B.x, + (1 - B, -
o, UF)PSX, where S . C — H is a mapping defined by Sx = kx + (1 - k) Tx and Pc is
the metric projection of H onto C, converges strongly to g € F(T), which solves the
variational inequality {ufq - ¥Aq), g - p) < 0 for p € F(I).

MSC: 47H09, 47H05, 47H10, 47)25, 49M05

2
letO <p < &
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1 Introduction

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Recall
that a mapping f: C — C is a contraction on C if there exists a constant & € (0, 1)
such that |[f(x) - f»)|| < a||x - y||, x, y € C. A mapping T : C - H is said to be
k-strictly pseudo-contractive if there exists a constant k € [0, 1) such that

Tx—TP” < [lx—plI> + RII(I—=T)x— (I-TH|I>, x yeC,

and F(T) denote the set of fixed points of the mapping 7; that is, F(T) = {x € C:
Tx = x}.

Note that the class of k-strictly pseudo-contractions includes the class of non-expan-
sive mappings T on C (that is, ||Tx - Ty|| < ||x - y||, %, y € C) as a subclass. That is, T
is nonexpansive if and only if T is O-strictly pseudo-contractive. The mapping 7 is also
said to be pseudo-contractive if k = 1 and T is said to be strongly pseudo-contractive if
there exists a constant A € (0, 1) such that T - Al is pseudo-contractive. Clearly, the
class of k-strictly pseudo-contractive mappings falls into the one between classes of
nonexpansive mappings and pseudo-contractive mappings. Also we remark that the
class of strongly pseudo-contractive mappings is independent of the class of k-strictly
pseudo-contractive mappings (see [1-3]). The class of pseudo-contraction is one of the
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most important classes of mappings among nonlinear mappings. Recently, many
authors have been devoting the studies on the problems of finding fixed points for
pseudo-contractions, see, for example, [4-7] and references therein.

For nonexpansive mappings, one recent way to study them is to construct the iterative
scheme, the so-called viscosity iteration method: more precisely, for a nonexpansive
mapping 7T, a contraction fwith the contractive constant o € (0, 1), and o, € (0, 1),

Xni1 = opf (%) + (1 — )T, n>0. (1.1)

This iterative scheme was first introduced by Moudafi [8].

In particular, under the control conditions on {c,,}

(C1) lim,, .. o, = 0;

(C2) Zp2yan = 00

(C3) Xilplans1 — ol < 00 or,

(C4) limps oo 3 =1,

Xu [9] proved that the sequence {x,} generated by (1.1) converges strongly to a fixed
point g of T, which is the unique solution of the following variational inequality:

(a—f(@), a—p) <0, peFT).

Recall that an operator A is strongly positive on H if there exists a constant y > 0
with the property:

(Ax, x) > 7lIxlI>, xeH.

In 2006, as the viscosity approximation method, Marino and Xu [10] considered the
following iterative method: for a strongly positive bounded linear operator A on H
with constant y > 0, a nonexpansive mapping 7 on H, a contraction f: H — H with
the contractive constant o € (0, 1), {¢,,} < (0, 1) and v >0,

Xne1 = (I — apA)Txy + anyf(xn), n=>0. (1.2)

They proved that if the sequence {e,,} satisfies the conditions (C1), (C2), and (C3) (or
(C1), (C2), and (C4)), then the sequence {x,} generated by (1.2) converges strongly to
the unique solution of the variational inequality

((A—yf)x*, x—x*) >0, xeF(),

which is the optimality condition for the minimization problem

.1
Jnin (Ax, x) — h(x),

where / is a potential function for /.

In 2010, in order to improve the corresponding results of Cho et al. [5] as well as
Marino and Xu [10] by removing the condition (C3), Jung [6] studied the following
composite iterative scheme for the class of k-strictly pseudo-contractive mappings.

Theorem J. Let H be a Hilbert space, C be a closed convex subset of H such that C +
Cc C T:C— H be a k-strictly pseudo-contractive mapping with F(T) = &, for some
0 < k <1. Let A be a strongly positive bounded linear operator on C with constant
y € (0,1)and f: C — C be a contraction with the contractive constant o € (0, 1) such

that 0 <y < Z Let {o,,} and {B,} be sequences in (0, 1) satisfying the conditions (C1),
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(C2) and the condition 0 <lim inf,_,.. 8, < lim sup,_,.. B, < 1. Let {x,,} be a sequence

in C generated by
Xo € C

Yn = Bnxn + (1 - ,Bn)PCS-xn/
Xnse1 = Y f(xn) + (I — anA)yn, n >0,

where S : C > H is a mapping defined by Sx = kx + (1 - k)Tx and P is the metric

projection of H onto C. Then {x,} converges strongly to a fixed point q of T, which is the
unique solution of the following variational inequality related to the linear operator A:

(vf(@)—Aq, p—q) <0, pekF(T).

On the other hand, a mapping F : H — H is called x-Lipschitzian if there exists a
positive constant x such that

[[Fx — Fyl| <«l|lx—yll, x yeH. (1.3)
F is said to be 7n-strongly monotone if there exists a positive constant 717 such that
(Fx—Fy, x—y) > nllx—yII>, x yeH. (1.4)

From the definitions, we note that a strongly positive bounded linear operator A is a
||A||-Lipschitzian and y-strongly monotone operator.

In 2001, Yamada [11] introduced the following hybrid iterative method for solving
the variational inequality

X1 = (I — pryF)Sx,, n>1, (1.5)

where F : H — H is a k-Lipschitzian and 7n-strongly monotone operator with x >0,
n>0,0<pu< i'} and S : H - H is a nonexpansive mapping, and proved that if {1,}

satisfies appropriate conditions, then the sequence {x,} generated by (1.5) converges
strongly to the unique solution of the variational inequality

(Fx, x —X) >0, x € F(S).

In 2010, by combining the iterative method (1.2) with the Yamada’s method (1.5),
Tian [12] considered the following general iterative method.

Theorem T1. Let H be a Hilbert space, F : H - H be a k-Lipschitzian and
n-strongly monotone operator with k >0 and 1 >0, and S : H — H be a nonexpansive
mapping with F(S) # &. Let f: H — H be a contraction with the contractive constant o

wic?

€ (0,1). Let 0 < pu < i'z’and 0<y < wi="5 ) _ <. Let {a,,} be a sequence in (0, 1)
o

o

satisfying the conditions (C1), (C2) and (C3) (or (C1), (C2) and (C4)). Let {x,} be a

sequence in H generated by

Xo € H,
X1 = oy f(xn) + (I — ayiuF)Sx,, n > 0.

Then {x,} converges strongly to a fixed point xof S, which is the unique solution of the
following variational inequality related to the operator F:
(WFx — yf(X), X —2) <0, z€F(S). (1.6)

In this paper, motivated by the above-mentioned results, we consider the following
general iterative scheme for strictly pseudo-contractive mapping: for C a closed convex
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subset of H such that C + C € C, k-strictly pseudo-contractive mapping 7 : C - H
with F(T) # &, a contraction f: C — C with the contractive constant oc € (0, 1), # > 0
and {a,}, (B4} < (0, 1),

{XO GC,

Xn+l = anyf(xn) + Buxn + ((1 - ,Bn)I - OlnMF)Pcsxnr n=>0, 1)

where S : C — H is a mapping defined by Sx = kx+(1 - k)Tx, Pc is the metric projec-
tion of H onto C, and F : C — C is a k-Lipschitzian and n-strongly monotone operator
with £ >0 and 11 >0. Under certain different control conditions on {o,,}, we establish
the strong convergence of the sequence {x,} generated by (IS) to a fixed point of 7,
which is a solution of the variational inequality (1.6) related to the operator F. By
removing the condition (C3) Y 77/ lons1 — @n| < 00 on {e,,}, the main results improve,
develop and complement the corresponding results of Tian [12] as well as Cho et al.
[5], Jung [6] and Marino and Xu [10]. Our results also improve the corresponding
results of Halpern [13], Moudafi [8], Wittmann [14] and Xu [9].

2 Preliminaries and lemmas
Throughout this paper, when {x,} is a sequence in E, then x, — x (resp., x, — x) will
denote strong (resp., weak) convergence of the sequence {x,} to x.

For every point x € H, there exists a unique nearest point in C, denoted by Pc(x),
such that

llx = Pe(x)ll < llx—yl|

for all y € C. Pc is called the metric projection of H onto C. It is well known that Pc
is nonexpansive.

In a Hilbert space H, we have
e = yII* = [l + V1> = 2(x, y) forx, y e H. 2.1)

It is also well known that H satisfies the Opial condition, that is, for any sequence
{x,} with x,, - x, the inequality

lim inf||x, — x|| < lim inf||x, — y||
n— o0 n—o00

holds for every y € H with y = «.

We need the following lemmas for the proof of our main results.

Lemma 2.1 [15]. Let H be a Hilbert space and C be a closed convex subset of H. If T
is a k-strictly pseudo-contractive mapping on C, then the fixed point set F(T) is closed
convex, so that the projection Prry is well defined.

Lemma 2.2 [15]. Let H be a Hilbert space and C be a closed convex subset of H.
Let T : C — H be a k-strictly pseudo-contractive mapping with F(T) = &. Then F
(PcT) = F(T).

Lemma 2.3 [15]. Let H be a Hilbert space, C be a closed convex subset of H, and T :
C — H be a k-strictly pseudo-contractive mapping. Define a mapping S : C — H by
Sx =Ax + (1 - ) Tx for all x € C. Then, as A € [k, 1), S is a nonexpansive mapping
such that F(S) = F(T).

The following Lemmas 2.4 and 2.5 can be obtained from the Proposition 2.6 of
Acedo and Xu [4].
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Lemma 2.4. Let H be a Hilbert space and C be a closed convex subset of H. For any
N = 1, assume that for each 1 < i < N, T;: C —> H is a ki-strictly pseudo-contractive
mapping for some 0 < k; <1. Assume that {n;}¥ is a positive sequence such that
SN ni =1 Then YN, 0Ty is a nonself-k-strictly pseudo-contractive mapping with k =
maxik; : 1 <i < N}

Lemma 2.5. Let {Ti} and {n;}Y be given as in Lemma 2.4. Suppose that {T;} has a
common fixed point in C. Then F(Y"N, n,;T;) = NY, F(T;).

Lemma 2.6 [16,17]. Let {s,} be a sequence of non-negative real numbers satisfying

Snel < (1 —An)Su+Aubp+1, n >0,

where {A,}, {0} and {r,} satisfy the following conditions:

(1) A €10, 1] and Y 2y = 00,

(i)lim sup, se 6, < 0 07 Y020 Andy < 00,

(iii) 7, 2 0 (1 2 0), Y po Tn = OC.

Then lim,,_,., s,, = 0.

Lemma 2.7 [18]. Let {x,} and {z,} be bounded sequences in a Banach space E and
{y,.} be a sequence in [0, 1] which satisfies the following condition:

0 < liminfy, <limsupy, < 1.
n—0o0 n—00

Suppose that x,,.1 = Y%, + (1 - %)z, for all n = 0 and

lim SUP(||Zn+1 — Zul| = [|%ns1 _xn”) <0.
n—00

Then lim,,_,.. ||z, - %,4|| = 0.
Lemma 2.8. [n a Hilbert space H, the following inequality holds:
llx+yl1* < Ilxll* + 2(y, x+y), x y€H.

Lemma 2.9. Let C be a nonempty closed convex subset of a Hilbert space H such that
C+ CCcC. Let F: C— C be a k-Lipschitzian and n-strongly monotone operator with
k >0 and n >0. Let 0 < u < i'{and0< t<p<l. Then S:=pl-tuF:C— Cisa con-

traction with contractive constant p - tt, where T = ;;,L(Qn — i) < with t < i
Proof. From (1.3), (1.4) and (2.1), we have

|Sx—Sy|* = llo(x —y) — tu(Fx — Fy)II?
= p?|lx —yII* + £ u?||Fx — Fy||> — 2tppu(Fx — Fy, x — )
< PPl —ylI? + 2plie?llx —yll = 2tppnllx —yl1?
< PPl = yII> + topPi?llx — yll = 2tppnllx —yII?
= (p* — tpu(2n — pu?))|lx — yII?
< (p—tr)llx =yl
where T = J (21 — pk?) < 1, and so
lISx = Syl < (p — tx)llx — ll.
Hence S is a contraction with contractive constant p - tr. O
3 Main results

We need the following result for the existence of solutions of a certain variational
inequality, which is slightly an improvement of Theorem 3.1 of Tian [12].

Page 5 of 11



Jung Fixed Point Theory and Applications 2011, 2011:24 Page 6 of 11
http://www fixedpointtheoryandapplications.com/content/2011/1/24

Theorem T2. Let H be a Hilbert space, C be a closed convex subset of H such that C +
Cc G and T:C— C be a nonexpansive mapping with F(T) = &. Let F: C — C be a
k-Lipschitzian and n-strongly monotone operator with k >0 and n >0. Let f: C — C be a

contraction with the contractive constant o < (0, 1). Let 0<M<i'},

2
0<y < nn="3) _ wand t <1. Let x, be a fixed point of a contraction St 3 x o t)f (x) +
(I-tuF)Tx forte (0,1) andt < i Then {x,} converges strongly to a fixed point xof T as

t — 0, which solves the following variational inequality:
(WF% = yf(x), X —p) <0, peFT).

Equivalently, we have Prr)(I — uF + yf)x = X.

Now, we study the strong convergence result for a general iterative scheme (IS).

Theorem 3.1. Let H be a Hilbert space, C be a closed convex subset of H such that C +
Cc C and T: C— H be a k-strictly pseudo-contractive mapping with F(T) = & for
some 0 < k <1. Let F: C — C be a k-Lipschitzian and n-strongly monotone operator with
k >0 and n >0. Let f: C — C be a contraction with the contractive constant a € (0, 1).

KZ
n-"3) _ rand v <1. Let flot,,} and {B,;} be sequences in (0, 1)

o

21
Let0<,u<’(2,0<y<

which satisfy the conditions:
(C1) lim, ,.. @, = O;
(C2) Z20n = 0%
(B) 0 <lim inf,_,.. B, < lim sup,,_,.. fn < 1.
Let {x,} be a sequence in C generated by

{XO e C,
X1 = AV f(xn) + Bnxn + (1 — Bu)] — ayuF)PcSx,, n >0,

where S : C — H is a mapping defined by Sx = kx + (1 - k)Tx and Pc is the metric
projection of H onto C. Then {x,} converges strongly to q € F(T), which solves the fol-
lowing variational inequality:
(uFq —yf(q), —p) =0, peF(T).
Proof. First, from the condition (C1), without loss of generality, we assume that o,z
2a,(t—ya)
<1, l—anayy < land o, <(1 - fB,) for n > 0.

We divide the proof several steps:

Step 1. We show that ||x, — p|| < max{llxo —p||, @) =ukpl } for all # > 0 and all p

T—ya

€ F(T) = F(S). Indeed, let p € F(T). Then from Lemma 2.9, we have

[Xne1 =PIl = Nlon(vf(xn) — wEp) + Bun(xn — p)
+ ((1 = Bu)l — anpuF)PcSxn — ((1 = Bn)l — otnptF)PCSP|
=< (1= Bn— an®)llxn — pll + Bullxn — pll + anllyf (xn) — wFpl|
= (1 —ant)llxn — pll + an(llyf (ea) — ¥ f(P)I + v f(p) — Fpll)

— WwF
S(1_(T_ya)an)||xn_p||+(f_)/O{)O{nHyf(p) w PH
T—ya
— uF
Smax{llxn—pH, llyf(p) — wFpl| .
T—Yy«x
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T—ya

Using an induction, we have ||x, — p|| < max {on —pll, [y fp)=nkpll } Hence, {x,} is

bounded, and so are {f(x,)}, {PcSx,,; and {FP:Sx,}.
Step 2. We show that lim,, ,.||%,,1 - %,|| = 0. To this show, define

Xpe1 = BuXn + (1 - ﬂn)zm

Observe that from the definition of z,,

Zn+l — Zn

Xn+2 — Bra1Xns1 Xn+1 — BnXn

forall n > 0.

1- ,3n+1 1-— ,Bn
_ an+lyf(xn+1) + ((1 - ﬂn+l)1 - an+1,UvF)PCsxn+l
1- :Bn+1

_anyf(xn) +((1 = Bp)I — apyiuF)PcSxy

Anil

1- :Bn+1

1—

+ PCSx,Hl — PCan +

Anil

- 1- ,Bn+1
Qn

+
l_ﬁn

Thus, it follows that

Hzne1 = zZull = [IXpe1 — x|l < 1

Bn

COESTICY

Op
1 _,Bn

()/f(xn+1) - /‘Lchsan)

Anil

- /371+1

1

/J,FPCSx,, —

1

Al

/J,FPCSx
- :3n+1 ml

(UFPcSxy — yf(xn)) + PcSxni1 — PcSxn.

(7 1f (nse )11 + I IFPcSXnia [1)

From the condition (C1) and (B), it follows that

lim SUP(||Zn+1 — Zul| = [|%ne1 _xn”) <0.

n—o00

Hence, by Lemma 2.7, we have

+ f”ﬁ (RIEPCSxl | + 11 (en)ll).

lim ||z, — x,|| = 0.
n—oo
Consequently,
lim [|x;1 — xq|] = lim (1 — By)llzn — x|l = 0.
n— 00 n—0o0

Step 3. We show that lim,,_,..||x, - PcSx,|| = 0. Indeed, since

Xpel = Oln)/f(xn) + BuXn + ((1 - ﬂn)l - aﬂMF)PCS'xnr

we have

[1xn — PcSxyll
that is,

[, — PcSxy ||

A

IA

A

(1% — X1 || + [[%ns1 — PcSxyl|
[ — Xns1ll + anllyf (xn) — WFPcSxyl|
+ Bullxn — PcSxnll,

1
1_,3n

[%n — Xne1 || +

Qn

1-p

1y f(%n) — WFPcSxall.
n

Page 7 of 11



Jung Fixed Point Theory and Applications 2011, 2011:24 Page 8 of 11
http://www.fixedpointtheoryandapplications.com/content/2011/1/24

So, from the conditions (C1) and (B) and Step 2, it follows that

lim ||x, — PcSx,|| = 0.
n—o0

Step 4. We show that
lim sup(yf(q) — nFq, x» —q) <0,

n—oo

where g = lim, ,o x, being x, = tyfix,) + (I - tuF )PcSx, for 0 < t <1 and t < i We
note that from Lemmas 2.2 and 2.3 and Theorem T2, g € F(T) = F(S) and ¢ is a solu-
tion of a variational inequality

(uFq—vyf(a), a—p) =0, peFT). (3.1)
To show this, we can choose a subsequence {xn,} of {x,} such that

,-lir?o (vf(q) — uFq, xo, — q) = lim sup(yf(q) — nFq, x, —q).

Since {x,,} is bounded, there exists a subsequence {Xn; } of {x;} which converges weakly
to w. Without loss of generality, we can assume that Xn; — W. Since ||x,, - PcSx,|| = 0
by Step 3, we obtain w = PcSw. In fact, if w 2 PcSw, then, by Opial condition,

lim inf||x,,j —w|| <lim inf||x,,j — PcSw||
j—o00 j—o0
< li};il)()ionf(||xnj — PcSxy || + [|[PcSxn; — PcSw||)

< lim inf||x,, — wl],
]—>00

which is a contradiction. Hence w = PSw. Since F(P:S) = F(S), from Lemma 2.3, we
have w € F(T). Therefore, from (3.1), we conclude that

lim sup(yf(q) — nFq, x, — q) = im(yf(q) — nFq, xo, — q)
n—00 J—0o0
= (vf(q) — nFq, w—q)
<0.
Step 5. We show that lim,, ,..||x, - ¢g|| = 0, where g = lim, ,¢ x; being x, = £)f (xt) +
(I - tuF)PcSx, for 0 < t <1 and t < i, and ¢ is a solution of a variational inequality
(wFq—yf(9), —p) =0, peF(T).
Indeed, from (IS), we have
Xni1 — g = (¥ f(xn) — 1Fq) + Bu(xn — q)
+((1 = Bp)I — ayuF)PcSxy — ((1 — Bn)I — oyt F)q.

Applying Lemmas 2.8 and 2.9, we have

|[Xne1 — g1
< 1Ba(xn — ) + (1 = Bu)I — ctnptF)PcSxy — (1 — Bu)l — anptF)PcSqll?
+ 20 (vf (xn) — 1Fq, Xni1 — q)
< (1 = Bn — anT)lx0 — ql1 + Bullxn — qll)?
+ 20,y (f (%) — f(9), Xne1 — q) + 200y f(q) — uFq, Xpns1 — )
< (1= tan)?l1xn — ql1> + 20y llxn — ql| ||xns1 — qlI
+ 200 (yf(q) — wFq, Xni1 — q)
< (1= ton)?[lxn — ql1* + oy (1% — q11> + |[xna1 — q11%)
+ 200 (yf(q) — KFq, Xni1 —q),
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that is,

2.2
1—2ta, + 70, +apya

X1 — gl < ) |lxn — ql1?
—(Xn)/Ol

2a

. " {yf(q) — uFq, X — q)

—Oln)/Ol
2(r — ya)a 202

=(1- ") llxn — gl + "l —ql12
1—ayya 1—ayya

2a,
. My F(q) = 1FG, Xet — )
_(Xny(x

(1 _ - ya)%) g — qi? + 247 7V

IA

1 —ayya 1 —ooyya
( AN T (vf(9) — nFq, xn — q))
2(t — ya) T—yo ’
= (1 — An)llon — q||2 + A,

2(r—ya)
l—ayya

where M = sup{||x, - q||2: n > 0}, A, = ay, and

2a,

1
n= 2t - ya) +‘L’—)/Ol<yf(q)_MFq’ Xne1 — ).

From the conditions (C1) and (C2) and Step 4, it is easy to see that 4, — 0,
> o0 An = 00, and lim sup,, .. , < 0. Hence, by Lemma 2.7, we conclude x,, — ¢ as
n — co. This completes the proof. O

Remark 3.1. (1) Theorem 3.1 extends and develops Theorem 3.2 of Tian [12] from a
nonexpansive mapping to a strictly pseudo-contractive mapping together with remov-
ing the condition (C3) X72,|an1 — | < 00

(2) Theorem 3.1 also generalizes Theorem 2.1 of Jung [6] as well as Theorem 2.1 of
Cho et al. [5] and Theorem 3.4 of Marino and Xu [10] from a strongly positive
bounded linear operator A to a x-Lipschitzian and 7n-strongly monotone operator F.

(3) Theorem 3.1 also improves the corresponding results of Halpern [13], Moudafi
[8], Wittmann [14] and Xu [9] as some special cases.

Theorem 3.2. Let H be a Hilbert space, C be a closed convex subset of H such that
C+CcC andT;: C— H be a k;-strictly pseudo-contractive mapping for some 0 < k;
<1 and ﬂﬁl F(T;) #9. Let F : C — C be a r-Lipschitzian and 1-strongly monotone
operator with k >0 and 11 >0. Let f: C — C be a contraction with the contractive con-
stant v e (0, 1). Let 0 < u < i" “(’/*Wz(z) _ rand t < 1. Let {a,,} and {fn} be

@

[e2

sequences in (0, 1) which satisfy the conditions.
(C1) lim,,_,.. o, = 0;
(C2) Zp2yan = 00
(B) 0 < lim inf,_,.. B8, < lim sup,_,.. B, < 1.
Let {x,} be a sequence in C generated by

{XO S C,
Xn+l = anyf(xn) + Buxn + ((1 - ,Bn)l - OlnMF)Pcsxnr n=>0,

where S : C — H is a mapping defined by Sx = kx + (1 — k) Zfil n;Tixwith k = maxik;

: 1 <i <N} and {n;} is a positive sequence such that Zﬁl n;i = land Pc is the metric
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projection of H onto C. Then {x,} converges strongly to q € F(T), which solves the
Sollowing variational inequality:

N
(WFq—yf(a), a—p) <0, pe () F(T).

Proof. Define a mapping 7: C — H by Tx = Zﬁl n;Tix. By Lemmas 2.4 and 2.5, we
conclude that T: C — H is a k-strictly pseudo-contractive mapping with k = max{k; :
1 <i<N}and F(T) = (XN, 7iTi) = (N~ F(T;)- Then the result follows from Theorem
3.1 immediately. O

As a direct consequence of Theorem 3.2, we have the following result for nonexpan-
sive mappings (that is, O-strictly pseudo-contractive mappings).

Theorem 3.3. Let H be a Hilbert space, C be a closed convex subset of H such that
C + C c C, {T}Y,:C— Hbe a finite family of nonexpansive mappings with
ﬂﬁl F(T;) #9. Let F: C — C be a k-Lipschitzian and 1-strongly monotone operator

with k >0 and n >0. Let f: C — C be a contraction with the contractive constant o, €

(0,1). Let 0 < p < i'g,

2
w-"5) _ rand t <1. Let a,} and {Bn} be sequences
0<y< 20 {0} {Bn} q

o

in (0, 1) which satisfy the conditions.
(C1) lim,,_.. &, = O;
(C2) X220, = 005
(B) 0 < lim inf,_,., B, < lim sup,_,.. B, < 1.
Let {x,} be a sequence in C generated by

Xo € C,
{xml = (xnyf(xn) + Buxp + ((1 - ,3,,)1 - (anF)PC Zﬁl nilix,, n=>0,

where {n;}},is a positive sequence such that Zﬁ 1 ni = land Pc is the metric projection
of H onto C. Then {x,} converges strongly to a common fixed point q of {T;} , which

solves the following variational inequality:

N
(WFq—yf(a), a—p) <0, pe () F(T).

Remark 3.2. (1) Theorems 3.2 and 3.3 also generalize Theorems 2.2 and 2.4 of Jung
[6] from a strongly positive bounded linear operator A to a x-Lipschitzian and 7n-
strongly monotone operator F.

(2) Theorems 3.2 and 3.3 also improve and complement the corresponding results of
Cho et al. [5] by removing the condition (C3) X33 lane1 — @nl < 00 together with
using a k-Lipschitzian and n-strongly monotone operator F.

(3) As in [19], we also can establish the result for a countable family {7}} of k;-strict
pseudo-contractive mappings with 0 < &; <1.
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