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Abstract
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1 Introduction

In 2007, Huang et al. [1], introduced the cone metric spaces and proved some fixed
point theorems. Recently, Many results closely related to cone metric spaces are given
(see [2-6]). In addition, some topological properties of these spaces are surveyed.

In 2010, Khojasteh et al. [7] introduced a new concept of integral with respect to a
cone and proved some fixed point theorems in cone metric spaces. At the same year,
Moradi et al. [8] introduced a new type of fixed point theorem by defining Trcontrac-
tion as a new contractive condition in complete metric spaces. To state this result,
some preliminaries from [8,9] are recalled. First, set R} = [0, +00) and

W : {F:R{ — R} : Fis non - decreasing, right continuous F~!(0) = {0}}. (1.1)

Definition 1.1. Let (X, d) be a metric space, f, T : X — X be two mappings and F
Y. The mapping f is said to be Tr-contraction, if there exists oo € [0, 1) such that for all
x ye X

F(d(Tfx, Tfy)) < aF(d(Tx, Ty)). (1.2)

Example 1.2. Suppose X = Rjis endowed with the Euclidean metric. Consider two
mappings T, f: X — X defined by Tx = ; + land fx = 2x, respectively. Obviously, f is

not a contraction but it is a Tr-contraction, where F(x) = x.
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Definition 1.3. Let (X, d) be a metric space. A mapping T : X — X is said to be
closed graph, if for every sequence {x,} such that nll)ﬂgo Txn = a, there exists b € X such

that Tb = a. For example, the identity function on X is closed graph.

In 2010, Moradi et al. [8] proved the following fixed point theorem.

Theorem 1.4. Let (X, d) be a complete metric space, oo € [0, 1) and T, f: X — X be
two mappings such that T is one-to-one and closed graph, and f is Tr - contraction,
respectively, where F € . Then, f has a unique fixed point a € X. Also, for every x €
X, the sequence of iterates {Tf'x} converges to Ta.

2 Cone metric space
Let E be a real Banach space. A subset P of E is called a cone, if and only if, the fol-
lowing hold:

« P is closed, nonempty, and P = {0},
ea,be R,a,b>0,and x, y € P imply that ax + by € P,
ex€ Pand -x € P imply that x = 0.

Given a cone P C E, we define a partial ordering < with respect to P by x < y, if and
only if, y -x € P. We write x < y to indicate that x < y but x = y, while x << y stand
for y - x € intP, where intP denotes the interior of P. The cone P is called normal, if
there exist a number K >0 such that, 0 < x < y implies ||x|| < K ||y||, for all x, y € E.
The least positive number satisfying this, called the normal constant [1].

The cone P is called regular, if every increasing sequence which is bounded from
above is convergent. That is, if {x,},>; is a sequence such that x; < x, < - < y for
some y € E, then there exist x € E such that lim,,_,.. ||x, - || = 0. Equivalently, the
cone P is regular, if and only if, every decreasing sequence which is bounded from
below is convergent [1]. Also, every regular cone is normal [5]. Following example
shows that the converse is not true.

Example 2.1. [5]Suppose E = C([0, 1|)with the norm || f|| = || f |l + || f ||« and
consider the cone P = { fe E: f> 0}. For each K 2 1, put flx) = x and g(x) = x2K,
Then, 0 < g <f, || f|l =2, and ||g|| = 2K + 1. Since K|| f || < ||g||, K is not normal
constant of P.

In this paper, E denotes a real Banach space, P denotes a cone in E with intP = &
and < denotes partial ordering with respect to P. Let X be a nonempty set. A function
d: X x X — Eis called a cone metric on X, if it satisfies the following conditions:

(I) d(x, y) =2 0 for all x, y e X and d(x, y) = 0, if and only if, x = y,

(I1) d(x, y) = d(y, x), for all x, y € X,

(III) d(x, y) < d(x, z) + d(y, z), for all x, y, z€ X.

Then, (X, d) is called a cone metric space (see [1]).

Example 2.2. [5]Suppose E = £, P = {{x,},env € E : %, 2 0, for all n} and (X, p) be a
metric space. Suppose d : X x X — E is defined by d(x,y) = {p(zx,;y) hnen Then, (X, d) is a
cone metric space and the normal constant of P is equal to 1.

Example 2.3. Let E=R* P ={(x,y) € E|x,y>0},x=R. Supposed : X x X —» E is
defined by d(x, y) = (|x - y|, a|x - y|), where a > 0 is a constant. Then, (X, d) is a cone
metric space.

The following definitions and lemmas have been chosen from [1].
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Definition 2.4. Let (X, d) be a cone metric space and {x,},-n be a sequence in x and
x € X Ifforall ce E with 0 < ¢, there is ng € N such that for all n >ny, d(x,, xo) <
¢, then {x,},en is said to be convergent and {x,},.n converges to x and x is the limit of
Kt ne N-

Definition 2.5. Let (X, d) be a cone metric space and {x,},.n be a sequence in X. If
for all c € E with 0 < ¢, there is ng € N such that for all m, n > ny, d(x,, x,,) < ¢,
then {x,},cn is called a Cauchy sequence in X.

Definition 2.6. Let (X, d) be a cone metric space. If every Cauchy sequence is conver-
gent in X, then X is called a complete cone metric space.

Definition 2.7. Let (X, d) be a cone metric space. A self-map T on X is said to be
continuous, if lim,_,., x,, = x implies lim,_,.. T (x,,) = T (x) for all sequence {x,},cn in
X.

We use the following lemmas in the proof of the main result and refer to [1] for
their proofs.

Lemma 2.8. Let (X, d) be a cone metric space and P be a cone. Let {x,},cn be a
sequence in X. Then, {x,},en converges to x, if and only if,

lim d(x,,x) = 0. (2.1)

Lemma 2.9. Let (X, d) be a cone metric space and {x,},cn be a sequence in X. If {x,;}
ne N IS convergent, then it is a Cauchy sequence.

Lemma 2.10. Let (X, d) be a cone metric space and P be a cone in E. Let {x,},.n be
a sequence in X. Then, {x,},cn is a Cauchy sequence, if and only if,

lim d(xy, x,) = 0. (2.2)
m,n— o0

In 1969, Meir and Keeler [4] introduced a new type of fixed point theorem by defin-
ing Meir-Keeler contraction (KMC) as a new contractive condition in complete metric
spaces. It is as follows:

Theorem 2.11. Let (X, d) be a complete metric space and f has the property (KMC)
on X, that is, for all ¢ >0, there exists 6 >0 such that

d(x,y) <e+8 implies d(fx,fy) <e

forall x, y e X. Then, f has a unique fixed point.

In 2006, Suzuki [10] proved the integral type contraction (which has been introduced
by Branciari [11]) is a special case of KMC (see also[12]). In 2010, Rezapour et al. [13]
extended Meir-Keeler’s theorem to cone metric spaces as follows:

Theorem 2.12. Let (X, d) be a complete regular cone metric space and f has the
property (KMC) on X, that is, for all 0 = ¢ € P, there exists 6 > 0 such that

d(x,y) <e+38 implies d(fx fy) <e
for all x, y € X. Then, f has a unique fixed point.

3 Cone integration
We recall the following definitions and lemmas of cone integration and refer to [7] for
their proofs.

Page 3 of 15
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Definition 3.1. Suppose P is a cone in E. Let a, b € E and a < b. Define

[a,b] ={x€E :x=tb+(1—1t)a, forsometce [0, 1]} (3.1)
and

[a,b) ={x€E :x=tb+(1—1t)a, forsomete[0,1)}. (3.2)

Definition 3.2. The set {a = xo, x1,, %, = b} is called a partition for [a, b], if and
only if, the intervals {|xi_1,xi)}\ ,are pairwise disjoint and [a, b] = {UL,[xi—1,xi)} U {b)}.
Denote Pla, blas the collection of all partitions of [a, b].

Definition 3.3. For each partition Q of [a, b] and each increasing function ¢ : [a, b]
— E, we define cone lower summation and cone upper summation as

n—1
Le™(¢, Q) = 2 @)l — i (3.3)
and
n—1
U,?‘m(fﬁr Q) = Z ¢(xi+1)||xi — Xiqll, (34')
i=0

respectively. Also, we denote ||A(Q)|| = supi||x; - x;.1]|, x: € Q}.

Definition 3.4. Suppose P is a cone in E. ¢ : [a, b] — E is called an integrable func-
tion on [a, b] with respect to cone P or to simplicity, cone integrable function, if and
only if, for all partition Q of [a, b]

lim LCon , =SC0n= lim UCon ,
a@Qll—»o " (¢.Q) a@i—»o " ¢.Q)

which S°" must be unique.
We show the common value S by

b b
/ ¢(x)dp(x) or to simplicity / ¢ dy.

We denote the set of all cone integrable function ¢ : [a, b] — E by L!([a, b], E).

Lemma 3.5. Let M be a subset of P. The following conditions hold:

(1) If [a,b] € [a,c] C M, then [ f dy < [*f dp, for f € L' (M, P).

(2) [P(af +B8)dy = [ fdy+B [ gdy forf,g e L' (M,P)and a,p €R.

Definition 3.6. The function ¢ : [a, b] — E is called sub-additive cone integrable
function, if and only if, for each a, b € P

a+b a b
f ¢dpsf ¢dp+/ ¢ dp. (3.5)
0 0 0

In 2010, Khojasteh et al. [7] introduced the following fixed point theorem in cone
metric spaces.

Theorem 3.7. Let (X, d) be a complete cone metric space and ¢ : P — P be a non-
vanishing, sub-additive cone integrable mapping on each |a, b] € P such that for each ¢

X
> 0, f(f ¢ dy > Oand the mapping 6(x) = / ¢ dpfor (x = 0), has a continuous inverse
0

at zero. If f: X — X is a mapping such that

Page 4 of 15
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d(f(x).f () d(xy)
/ $dp <« / ¢ dy,
0 0

for all x, y € X, and for some o € (0, 1). Then, f has a unique fixed point in X.

Also, they proved the following lemma:

Lemma 3.8. Let E = R%, P = {(x, y)€e E|x y=0},x=R. Supposed : X x X > E is
defined by d(x, y) = (|x - y|, ot|x - y|), where o = 0 is a constant. Suppose ¢ : [(0, 0), (a,
b)] — P is defined by ¢(x, y) = (¢1(x), ¢2(y)), where ¢1,¢2 : R — Riare two integrable
functions. Then,

(a,b) a b
/( ¢dp=x/a2+b2(jl/0 ¢>1(t)dt,;/(; $2(1)dr).

0,0)

The rest of the paper is organized as follows: In Section 4, we extend Theorems 1.4
and 3.7 in cone metric spaces. Many authors avoid of using the normality condition of
P (see [13-15]). Here, we avoid of using such condition and the sub-additivity assump-
tion (Theorem 4.7). In addition, a new generalization of Theorems 1.4 and 3.7 which
has a closer relative with KMC (see [4,10]), is given. In Section 5, an example is given
to illustrate our result is a generalization of the results given by Moradi et al. [8] and
Khojasteh et al. [7].

4 Some extensions of recent results
The following definitions play a crucial role to state the main results.

Definition 4.1. A mapping F : P — P is said to be right continuous, if for each pair of
sequences {x,} and {y,} in P, there exist sequences {e,} {e,land {e,} (where
lleall = lle,ll =M #O0, for all n e N), such that

/
en <Yn=Xn=¢€,+&n

where &, — 0 and (x,, - y,) — 0, then F (x,) - F(y,) — 0.

Definition 4.2. A mapping F : P — P is bounded, if for each bounded subset Q < P
with respect to norm of E, F(Q) is a bounded subset.

Definition 4.3. Let P be a cone in E. Let Q) be the set of all mappings F : P — P such
that

(1) F(0) = {0}.

(II) For each sequence {t,} < P, F (t,) — 0 implies that t, — 0.

(III) F is bounded and non-decreasing in a sense that Fla) < F(b) if a < b, for every a,
be P.

(IV) F be right continuous as declared in Definition 4.1.

Definition 4.4. y: P — P is called a £-function, if for each ¢ > 0, there exists 6 > 0
such that y(t) < ¢ for each ¢ < t < ¢ + 0. Suppose Lpdenote the set of all £-functions on
P into itself.

Example 4.5. For each x € P define y(x) = ox, which o € [0, 1). Suppose ¢ > 0 is

given. Taking § = (1 — 1)eimplies that y(x) < ¢ for each ¢ < x < & + 0. Thus, y is a
o

£-function.

Definition 4.6. Let (X, d) be a cone metric space and f, T : X — X be two functions
and F € Q. The mapping f is said to be Tr - contraction, if there exists o € [0, 1) such
that for all x, y € X,
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FA(Tfx, Tfy)) < aF(d(Tx, T)). 4.1)

The following theorem extends the previous result given by Moradi et al. [8] and
Khojasteh et al. [7] without assuming F(x) = [; ¢dp to be sub-additive.

Theorem 4.7. Let (X, d) be a complete cone metric space, € [0,1) and T, f: X —
X be two mappings such that T is one-to-one and closed graph, and fis Tr - contrac-
tion, respectively, where F € Q. Then, f has a unique fixed point a € X. Also, for every
x9 € X, the sequence of iterates {Tf xo} converges to Ta.

Proof. Uniqueness of the fixed point follows from (4.1). Let xy € X, x,,,1 = fx,, and y,
= Tx, for all € N. We break the argument into four steps.

Step 1.

Tim d(ynr, ya) = 0. 4.2)

By using (4.1),

F(d(yrle yn)) = F(d(Txn+1r Txn))
= F(d(Tfxn, Tfxn—1))
< aF(d(Txn, Txn—1))
= OlF(d(an }’nfl)) )

< a"F(d(y1,y0))-
Hence by (4.3),
'llggo F(d(}’ml,}’n)) = 0. (44')
Since Fe Q, im d(yn.1,yn) = 0.

Step 2. {y,}is a bounded sequence.
If {y,} is unbounded, then choose the sequence {n(k)};2, such that n(1) = 1, n(2) > n

(1) is minimal in the sense of e; <d(¥,(2), ¥x(1)) for some e; € P, where ||e;|| = 1. Simi-
larly, n(3) > n(2) is minimal in the sense of e; < d(¥,,(3) Yu(2)) for some e, € P, where
[lez|| = 1,..., n(k + 1) > n(k) is minimal in the sense of

er < d(Yn(ee1)r V() (4.5)

for some e; € P, where ||e|| = 1. By Step 1, there exists Ny € N such that for all k >
N, we have n(k + 1) - n(k) = 2. Obviously, for every k > N, there exists e, € P where
lle,ll = 1and

A(Yn(er1)=1/ Yn()) < €. (4.6)
Using (4.5), (4.6) and triangle inequality,

er < d(Yn(ier1) V(i)
< d(Yn(er1) Vn(es1)-1) + d(Yn(er1)=1, Yn(i)) (4.7)
< d(Vn(ks1)s Yn(es1)-1) + €'k

Hence, the sequence {d(y,, Yu@+1))} is bounded.
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If &x = dWuwy-15 V) + 240 niks1y Yuges1)-1), then g — 0. Also

ex < d(Yn(e1), Vn(k))
< d(Yu(t)-1/ Vn(ks1)-1)
< d(Yugk)—1, Yne)) + AWnge)s Yaes1)) + AVnee1)s Ya(re1)—1)
< € +dYn)—1, Yn()) + 2d(Vn(s1) Yn(ks1)-1) = €k + €.

(4.8)

In addition,

0 < d(Yn)—1/ Ya(ke1)—1) — AWn(ke1): Yn(k))

(4.9)
< d(Yn@)—1,Vnk)) + A1) Yres1)—1) — O.

Since F is right continuous,
F(d(yn(k)—1,Yn(re1)-1)) — F(d(Yn(rs1): Yn(iy)) — 0, as (k — 00). (4.10)

From F(d(Yu(kr1) Ynw)) < OF (AYVnu@ir1)-1 Ynw-1)), we conclude

0 < —F(d(¥n(ter1), Yn(y)) + 2F(d(Yn(ke1)=1, Yn(iy-1))
= F(d(Yn(ks1)-1, Yn)-1)) — E(A(Vn(es1)s Yn(i))) (4.11)
— (1 = )F(d(Yn(es 1)1/ Vn()-1))-

This means that,

0 < (1 — a)F(d(Vn(ks1)—1/ Yn(k)-1))

(4.12)
< F(d(yn(es1)-1, Yn()-1)) — F(@(Yn(es1), Yny))-

Since 1 - o >0 and (4.10) holds, then F(d(y,-1, Yu(k+1)-1)) = 0. So from (4.8), ex — 0
and this is a contradiction because ||e|| = 1.

Step 3. {y,} is Cauchy sequence.

Let m, n € N and m > n, from (4.1),

F(d(ym, yn)) = F(d(Tfxm—1, Tfxn—1))

< aF(d(Tfxm—2, Tfxn—2)) (4.13)

< o"F(d(Tfxm—n, Tx0)).

Since {y,} is bounded and (4.13) holds, m,lniinoo d(¥m, ¥n) = 0. This means that, {y,} is a
Cauchy sequence.

Step 4. f has a fixed point.

Since (X, d) is a complete cone metric space and {y,} is Cauchy, there exists y € X
such that nlglolo Yn =Y. Since T is closed graph, there exists a € X such that Ta = y. For
every n € N

F(d(yne1, Tfa)) = F(d(Txns1, Tfa))
= F(d(Tfxn, Tfa))
< F(d(Tx,, Ta))
= F(d(yny)) = 0, (n— 0).

(4.14)

This shows F(d(y,.1, If (a))) = 0. So d(¥,..1, If (a)) — 0. Therefore, y,, > Tfla), i.e.,
Ifla) = Ta. Since T is one to one, thus fa = a.0

Page 7 of 15
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Lemma 4.8. Define F(x) = fg ¢dp, where ¢ : P — P is a non-vanishing mapping and
sub-additive cone integrable on each [a, b] © P such that for each ¢ > 0,
fos ¢ dp > Oand the mapping F(x) by (x > 0), has a continuous inverse. Then, F satisfies
all conditions of Definition 4.3.

Proof. 1t suffices to show that F is bounded. Arguing by contradiction, suppose F is

unbounded. There exists a sequence {x;} € P such that for all ke N, ||x|| = 1 and ||F
(|| = oo. We can choose 1, € N and e; € P such that, ||e;]| = 1 for each k€ N and
F(xr) > n,%ek. (4.15)

On the other hand,

F(xt) =/ ¢dp
0
X
= / e ¢d, (4.16)
0

Xk

=< nk/nk ¢dp
0

Thus

Xk
nle, < nk/nk ¢d,. (4.17)
0

This means that,

Xk
nger < /nk ¢d,. (4.18)
0

If ;. — oo then

X
/nk od, — oo, (4.19)
0

X,
Suppose a € intP. From " — 0 we conclude that, there exists M >0 such that for
k
Xe ,
each k> M, a — " € intP and it means that
k

Xk

/le bd, < fa bd,. (4.20)
0 0

Therefore, (4.20) contradicts (4.19).

Remark 4.9. If F : Rj — Riis a non-decreasing function and F(1) = 0, then the condi-
tion (II) of Definition 4.3 holds. Indeed, if {t,} is a sequence in Risuch that F(t,) — 0
and ty /> 0, then there exists ¢ >0 and a subsequence {ty,Jof {t,} such that t,, > €.
Thus, 0 < F(¢) < F(ty,) — Oand this is a contradiction. Therefore,

F isnon — decreasing = F(t,) — 0 implies t, — 0.

Page 8 of 15
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Suppose P = {(x, y) : x 2 0, y = 0} as a cone in R If one define F: P — P by F(a, b) =
(ab, ab), then F is non-decreasing function and F(n, ,)=(},})— (0,0)but
(n, nlz) + (0,0). This means, such property does not holds in cone metric spaces. In

other words, in cone metric spaces

Fis non — decreasing # F(t,) — 0 implies t, — O.

Corollary 4.10. Let (X, d) be a complete cone metric space and P be a cone. Let T : X
— X be a mapping such that T is one to one and closed graph. Suppose ¢ : P — P is a
non-vanishing mapping and sub-additive cone integrable on each [a, b] € P such that

for each ¢ > 0, fOE ¢ dy > Oand the mapping 0(x) = / ¢ dp, by (x 2 0) has a continu-
0

ous inverse. If f: X — X is a mapping such that for all x, y € X

a(Tf (%) Tf (¥)) d(Tx, Ty)
/ $pdy<a / ¢ dp, (4.21)
0

0

for some o € (0, 1), then f has a unique fixed point in X.

Proof. Set F(x) = [ ¢dp in Theorem 4.7 and by using Lemma 4.8, the desired result
is obtained.

Remark 4.11. Theorem 4.7 is an extension of Theorem 1.4 and 3.7 in cone metric
spaces.

Corollary 4.12. Let (X, d) be a complete metric space, € [0, 1) and T, f: X — X be
two mappings such that T is one-to-one and closed graph, and f is Tr-contraction,
respectively, where F € Q. Then, f has a unique fixed point a € X. Also, for every x, €
X, the sequence of iterates {Tf"x,} converges to Ta.

Proof. By the same proof asserted in Theorem 4.7, the result is obtained.D

The following theorem is a diverse generalization of the results given by Moradi et
al. [8], Khojasteh et al. [7], Suzuki [10], Meir-Keeler [4] and Reza-pour et al. [13].

Theorem 4.13. Let (X, d) be a complete regular cone metric space and f be a map-
ping on X. Let T : X — X be a mapping such that T is one to one and closed graph.
Assume that there exists a function 0 from P into itself satisfying the following:

(I) 6(0) = 0 and 6(t) > 0 for all t > 0.

(I1) 6 is non-decreasing and continuous function. Moreover, its inverse is continuous.

(III) For all 0 = ¢ € P, there exists 5 > 0 such that for all x, y € X

0(d(Tx, Ty)) < e +¢8 implies 6(d(Tfx, Tfy)) < s. (4.22)
(IV) Forall x, ye X
O(x+y) <0(x) +6(y). (4.23)

Then, f has a unique fixed point.
Proof. 0(d(Tfx), TAy))) < O(d(Tx, Ty)) for all x, y € X with x = y. If not, there exist
X0, Yo € X such that

6(d(Tf (xo0). Tf (¥0))) < 0(d(Tx0, Tyo)), (4.24)
does not holds. Now, choose 0 > 0 such that

6(d(Txo, Tyo)) < 0(d(Tf (xo0), Tf (yo0))) + 6. (4.25)
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It means that, O(d(Tflxo), Tf (y0))) < Od(Tf (x0), Tf (¥5))) and this is a contradiction.
Let xg € X, x,, = f (%,.1) and y,, = Tx,, for all n € N. (If there is a natural m € N such
that d(¥,,+1, ¥) = 0, then d(Tx,,,1, Tx,,) = 0. Since T is one to one, d(x,,,1, %,,,) = O.
Thus, flx,,) = x,, and so f has a fixed point). Let d(y,,1, ¥,) = 0 for all n € N. So 6(d
Vs Yn) <0(d(y,, ¥,-1)). Hence, according to regularity of P, there exists o € P such
that 8(d(y,.41, ¥,)) = a. We claim that o = 0. If @ = 0, then according to condition
(III), there exists 0 << d such that 8(d(Tf(x), Tfly)) < for all x, y € X with 0(d(Tx,
Ty)) <o + d. Choose r > 0 such that g +N;(0) € P and take the natural number N
such that ||0(d(y,+1, ¥n)) - @|| <r for all n > N. So for all n € N

d d
”2 = (0(d(yns1,yn)) — @) — 5 I <, (4.26)

and hence
d d
5~ @(dns1, 7)) — @) € ) +N;(0) C P. (4.27)

S0, O d(Vyr1, ¥a)) -o¢ << d. Since f has the property (III), 0d(Y,12, Yne1)) < o for all n
> N. This is a contradiction because o < 6(d(y;,1, y;)) for all i > 1. Thus

Jim 6(d(yns1,¥n)) = 0. (4.28)

{yn}n2, is Cauchy sequence. If not, then there is a 0 << ¢ such that for all natural
number k, there are my, n; > k so that the relation d(ym,, yn,) < ¢ does not holds.
Since 0 has continuous inverse, there exists 0 << ¢ such that for all k € N, there are
my, 1 > k such that the relation 6(d(ym,, ¥n,)) < ¢ does not holds. For 0 < e < ¢
there exists 0 < d such that O(d(Tflx), Tf(y))) < e for all x, y € X with 0(d(Tx, Ty)) < e
+ d. Choose a natural number M such that 6(d(yi,1,¥i)) < in for all i = M. Also, take

my; > nyr > M such that the relation 6(d(ym,,, ¥n,)) < ¢ does not holds. Then, condi-
tion (IV) yields

e(d(y"Mfl' ynM+1)) = Q(d(yanl, ynM)) + H(d(y"/w ynM+1))
<444 (4.29)
Ld+e.
Hence, 6(d(Vny,, Yny+2)) < e. Similarly, 0 (d(yn,,, Yn,+3)) < e. Thus,
0(d(Yny ymy)) K e K¢, (4.30)

which is a contradiction. Therefore, {ys}oc; is a Cauchy sequence. Since (X, d) is
complete, there is # € X such that nlggo Yn = U. Hence, nlgTolo T(xn) =u, Since T is

closed graph, thus there exists v € X such that 7v = u. Now,
0(d(Txps1, Tfv)) = 0(d(Tfxn, Tfv)) < 0(d(Txy, Tv)) — 0. (4.31)

Therefore, y,,1 = Tx,,1 > 1Ifv. Hence, Tfv = Tv. Since T is one to one we conclude
that fv = v. Hence, f has a fixed point. Uniqueness of the fixed point follows from

0(d(Tx, Ty)) = 0(d(Tfx, TH)) < 6(d(Tx, T)), (4.32)

for all x = y.
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Remark 4.14. The following notations are considerable:

X
» By taking 0(x) = / ¢ dpin Theorem 4.13, where ¢ satisfies the assumptions of
0

Corollary 4.10, Corollary 4.10 is concluded.

By taking Tx = x in Corollary 4.10, Khojasteh’s result is concluded.

* By taking Tx = x in Theorem 4.13, Suzuki [10] and Rezapour-Haghi’s results [13],
are concluded.

The following theorem is a direct result of Theorem 4.13.
Theorem 4.15. Let (X, d) be a complete cone metric space, oo € [0, 1) and T, f: X —
X be two mappings such that T is one-to-one and closed graph, and f satisfies

0 (d(Tfx, Tfy)) < ¥ (6(d(Tx, Ty))), (4.33)

for all x, y € X, respectively, where 6 : P — P satisfies in (1), (II) and (IV) of Theorem
4.13 and € L£p(see Definition 4.4). Then, f has a unique fixed point a € X.

Proof. Suppose ¢ > 0 is given. For each &, y € X, we can choose d > 0 such that ¢ <
0(d(Tx, Ty)) < ¢ + 0. Since y is a L-function thus we have

0(d(Tfx, Tfy)) < ¥ (0(d(Tx, Ty))) < & (4.34)

This means that, the condition (III) of Theorem 4.13 holds and so f has a unique
fixed point.0

Corollary 4.16. Let (X, d) be a complete metric space, € [0, 1) and T, f: X — X be
two mappings such that T is one-to-one and closed graph, and f satisfies

d(Tfx, Tfy) d(Tx, 1y)
/ p() dt <y (f #(1) dt) , (4.35)
0 0

for all x, y € X, respectively, where v is a £-function and ¢ : Rj — Riis a non-vanish-
ing integrable mapping on each [a,b] C Risuch that for each & >0, [, ¢(t) dt > 0. Then,
f has a unique fixed point a € X.

Proof. By taking 6(x) = [; ¢(t) dt and P = R} in Theorem 4.15, the desired result is

obtained.

5 An example
In this section, we give an example to illustrate our results.

Example 5.1. Let X = {rll :neNJU{0}, E=R*and P = {(x, y) € E: %, y = 0}. Sup-
pose d(x, y) = (|x - y|, |x - y|), for each x, y € X. Then, (X, d) is a complete cone
metric space. Let f: X — X be defined by

', x=!,nisodd,

n+3
fx)=10 «x=0, (5.1)
1 1 :
n—1 X = n n 1s even.

It is easy to see that f has a unique fixed point x = 0. Let ¢ : R{ — R be defined by

1
(1) = tOt—Z (1 —1In(t)) i_>(§), (5.2)
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It is easy to compute that,

* 1
/ ¢(t) dt = xx, for each x > 0.
0

This implies that 0(x) = f; ¢(t) dt has the continuous inverse at zero. Consider the
mapping ¢ : P — E defined by

o(t.s) = (¢(t), ¢(s)), foreach (t,s) € P.

Since 6(x) = [; ¢(t) dt has the continuous inverse on R§ by Lemma 3.8, we deduce

9h)=/l¢@,rza
0

has the continuous inverse at zero. We show, f does not satisfy in Theorem 3.7 with
¢ defined as above.

Indeed, for x = ;1, y= rll (m > n are even) and using Lemma 3.8, we have

A iy) (1) (n-1yr-1))
/ ¢ dp = /(. ¢ dp
0

0,0)

m—n
V2(m-n) [ (m=1)(n-1) [ (m=1)(n-1)
(m—lgrznfl) ( " m—: /0 ¢(t) dt
m—n
—1)(n—1
I(m—r:l)fx—l)/(m )(n )qb(t) dt)
0

(m=1)(n—1) (m=1)(n—1)
=2 <((m_7;l)(Z—1)>< ’ mi:: ) ((m—rilxz—l))( ' mi:: >>

(5.3)

and

d(xy) m:I ! m7n
[ oa-| b dp
0 (0,0)
m—n m—n
_ «/2(mrr;—n) (mmnn/ mn (0) dt, mmfn/ mn (1) dt) (5.4)
0 0
-2 ((mmnn)(m_n)’ (mmnn)(m_n)).
Now, if

d(fx.fy) d(x,y)
/ ¢dp<qg / ¢ dp
0 0

for some g € [0, 1). Then, by taking n = 2 and m = 4, we get
3 3
2.2 22 414
2 ’ 2 7 .
(N O =2 () ()

This means that, g >1 and this is a contradiction. Therefore, we can’t apply Theorem
3.7 for f.
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But we claim, f satisfies in Corollary 4.10 by the same ¢@. If we define T by

1 1, -
w1 X =, nisodd,
T(x)={0 x=0, (5.5)
1 1, -
a1 X =, niseven.

Obviously, T is one to one, continuous and closed graph. It is easy to see,

ol
n n
Tf(x) = (3 x=(l), (5.6)
x

We claim that,

d(Tfx, Tfy) 1 d(Tx, 1y)
/ ¢ dp < / ¢ dp.
0 2 Jo

To prove our claim we need to consider the following cases:

Case (1). If x = ,L and y = ,11 (m > n are even), then

d(Tfx, Tfy) 1 d(Tx, Ty)
/ ¢dp < / ¢ dp
0 2 Jo

iff
V2 ((mm;ln)(m'@,,)’ (mm—nn)(mmfn)> < ;\/2 <((m_,¥),(z_l))(('"‘,;¥;"”)
,((m:?)}:,l))((m_"?—(z_”))
iff
= D ), 1

It is easy to see that, the last inequality is equivalent to

(m o ”)(m,;'ij,l )((m - 1)(" - 1))(("‘7,:,),(271)) < 1'
mn mn -2
From
-1 -1 -1 -1
(m=Dn=1) _ =D
mn m—n
we deduce

_ _ (m—1)(n—1)
(m—1)(n 1)) wen <1
mn

(

: m—n 1 m+n—1
Also, since "' " < 5 and ";" © > 1 we have

(m—n)(mr;’:ll) - 1.
mn -2

Thus, the desired result is obtained.

Case (2). If x = rln and y = :l, where m, n are odd.

Case (3). If x = !

L and y =, where m is odd and 7 is even.
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Proof of the Case (2) and (3) are similar to the argument as in the Case (1).

Case (4). If x =0 and y = :l, such that # is even, then

d(Tfx, Tfy) 1 d(Tx, Ty)
/ ¢ dp < / ¢ dp
0 2 Jo

iff

SCOIEH AN
iff

(rll)n = ;<n1 1>n1
iff

1/n—1\"" 1

< .

n n 2
From rll < ; and (";1)"_1 < 1, the desired result is obtained.

Case (5). If x =0 and y = ,11, such that # is odd, then

A(Th, TH) 1 pdTsm)
/ ¢ dp < f odp
0 2 Jo

iff
1 n+2 1 1 n+1
V2 (o, < _|o
n+2 -2 n+1
iff
1 n+2 1 1 n+1
<
n+2 “2\n+1
iff
1 /n+1\™' 1
< .
n+2\n+2 -2
From ni?. < ; and (Z:;)ml < 1, the desired result is obtained. Therefore, one can

apply Theorem 4.10 for the mapping f.
Remark 5.2. Example 5.1 shows Corollary 4.10 is an extension of Theorem 3.7.
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