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Abstract

In this article, we introduce some new iterative schemes based on the extragradient
method (and the hybrid method) for finding a common element of the set of
solutions of a generalized equilibrium problem, and the set of fixed points of a
family of infinitely nonexpansive mappings and the set of solutions of the variational
inequality for a monotone, Lipschitz-continuous mapping in Hilbert spaces. We
obtain some strong convergence theorems and weak convergence theorems. The
results in this article generalize, improve, and unify some well-known convergence
theorems in the literature.

Keywords: Generalized equilibrium problem, Extragradient method, Hybrid method,
Nonex-pansive mapping, Strong convergence, Weak convergence

1. Introduction

Let H be a real Hilbert space with inner product (.,.) and induced norm ||-||. Let C be
a nonempty closed convex subset of H. Let F be a bifunction from C x C to R and let
B : C — H be a nonlinear mapping, where R is the set of real numbers. Moudafi [1],
Moudafi and Thera [2], Peng and Yao [3,4], Takahashi and Takahashi [5] considered
the following generalized equilibrium problem:

Findx € CSuch thatF(x,y) + (Bx,y —x) > 0,Vy € C. (1.1)

The set of solutions of (1.1) is denoted by GEP(F, B). If B = 0, the generalized equili-
brium problem (1.1) becomes the equilibrium problem for F: C x C — R, which is to
find x € C such that

F(x,y) >0 forallyeC. (1.2)

The set of solutions of (1.2) is denoted by EP(F).

The problem (1.1) is very general in the sense that it includes, as special cases, opti-
mization problems, variational inequalities, minimax problems, Nash equilibrium pro-
blem in noncooperative games, and others; see for instance [1-7].

Recall that a mapping S : C — C is nonexpansive if there holds that

[1ISx —Syll < |lx—yll forallx,yeC.

We denote the set of fixed points of S by Fix(S).
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Let the mapping A : C - H be monotone and k-Lipschitz-continuous. The varia-
tional inequality problem is to find x € C such that

(Ax,y —x) = 0

for all y € C. The set of solutions of the variational inequality problem is denoted by
V I(C, A).

Several algorithms have been proposed for finding the solution of problem (1.1). Mou-
dafi [1] introduced an iterative scheme for finding a common element of the set of solu-
tions of problem (1.1) and the set of fixed points of a nonexpansive mapping in a Hilbert
space, and proved a weak convergence theorem. Moudafi and Thera [2] introduced an
auxiliary scheme for finding a solution of problem (1.1) in a Hilbert space and obtained a
weak convergence theorem. Peng and Yao [3,4] introduced some iterative schemes for
finding a common element of the set of solutions of problem (1.1), the set of fixed points
of a nonexpansive mapping and the set of solutions of the variational inequality for a
monotone, Lipschitz-continuous mapping and obtain both strong convergence theorems,
and weak convergence theorems for the sequences generated by the corresponding pro-
cesses in Hilbert spaces. Takahashi and Takahashi [5] introduced an iterative scheme for
finding a common element of the set of solutions of problem (1.1) and the set of fixed
points of a nonexpansive mapping in a Hilbert space, and proved a strong convergence
theorem.

Some methods also have been proposed to solve the problem (1.2); see, for instance,
[8-19] and the references therein. Takahashi and Takahashi [9] introduced an iterative
scheme by the viscosity approximation method for finding a common element of the
set of solutions of problem (1.2) and the set of fixed points of a non-expansive map-
ping, and proved a strong convergence theorem in a Hilbert space. Su et al. [10] intro-
duced and researched an iterative scheme by the viscosity approximation method for
finding a common element of the set of solutions of problem (1.2) and the set of fixed
points of a nonexpansive mapping and the set of solutions of the variational inequality
problem for an a-inverse-strongly monotone mapping in a Hilbert space. Tada and
Takahashi [11] introduced two iterative schemes for finding a common element of the
set of solutions of problem (1.2) and the set of fixed points of a nonexpansive mapping
in a Hilbert space, and obtained both strong convergence and weak convergence theo-
rems. Plubtieng and Punpaeng [12] introduced an iterative processes based on the
extragradient method for finding the common element of the set of fixed points of a
nonexpansive mapping, the set of solutions of an equilibrium problem and the set of
solutions of variational inequality problem for an a-inverse-strongly monotone map-
ping. Chang et al. [13] introduced an iterative processes based on the extragradient
method for finding the common element of the set of solutions of an equilibrium pro-
blem, the set of common fixed point for a family of infinitely nonexpansive mappings
and the set of solutions of variational inequality problem for an o-inverse-strongly
monotone mapping. Yao et al. [14] and Ceng and Yao [15] introduced some iterative
viscosity approximation schemes for finding the common element of the set of solu-
tions of problem (1.2) and the set of fixed points of a family of infinitely nonexpansive
mappings in a Hilbert space. Colao et al. [16] introduced an iterative viscosity approxi-
mation scheme for finding a common element of the set of solutions of problem (1.2)
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and the set of fixed points of a family of finitely nonexpansive mappings in a Hilbert
space. We observe that the algorithms in [13-16] involves the W-mapping generated
by a family of infinitely (finitely) nonexpansive mappings which is an effective tool in
nonlinear analysis (see [20,21]). However, the W-mapping generated by a family of infi-
nitely (finitely) nonexpansive mappings is too completed to use for finding the com-
mon element of the set of solutions of problem (1.2) and the set of fixed points of a
family of infinitely (finitely) nonexpansive mappings. It is natural to raise and to give
an answer to the following question: Can one construct algorithms for finding a com-
mon element of the set of solutions of a generalized equilibrium problem (an equili-
brium problem), the common set of fixed points of a family of infinitely nonexpansive
mappings and the set of solutions of a variational inequality without the W-mapping
generated by a family of infinitely (finitely) nonexpansive mappings? In this article, we
will give a positive answer to this question.

Recently, OHaraa et al. [22] introduced and researched an iterative approach for
finding a nearest point of infinitely many nonexpansive mappings in a Hilbert spaces
without using the W-mapping generated by a family of infinitely (finitely) nonexpansive
mappings. Inspired by the ideas in [1-6,8-16,22] and the references therein, we intro-
duce some new iterative schemes based on the extragradient method (and the hybrid
method) for finding a common element of the set of solutions of a generalized equili-
brium problem, the set of fixed points of a family of infinitely nonexpansive mappings,
and the set of solutions of the variational inequality for a monotone, Lipschitz—contin-
uous mapping without using the W-mapping generated by a family of infinitely
(finitely) nonexpansive mappings. We obtain both strong convergence theorems and
weak convergence theorems for the sequences generated by the corresponding pro-
cesses. The results in this article generalize, improve, and unify some well-known con-
vergence theorems in the literature.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm ||-||. Let C be a none-
mpty closed convex subset of H. Let symbols — and — denote strong and weak con-
vergences, respectively. In a real Hilbert space H, it is well known that

e+ (1= 2)p[” = alel® + (1= ) p)* = 21 = 2) ey

forallx, ye Hand A € [0, 1].

For any x € H, there exists the unique nearest point in C, denoted by Pc(x), such
that ||x - Pc(x)|| < ||« - y|| for all y € C. The mapping Pc is called the metric projec-
tion of H onto C. We know that Pc is a nonexpansive mapping from H onto C. It is
also known that Px € C and

(x — Pc(x), Pc(x) —y) = 0 (2.1)

forallxe Hand y e C.
It is easy to see that (2.1) is equivalent to

lx=y[* =[x = Pe@)]* + |y — Pc()|? 2.2)

forallxe Hand ye C.
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A mapping A of C into H is called monotone if
(Ax —Ay,x—y) >0

for all x, y € C. A mapping A of C into H is called a-inverse-strongly monotone if
there exists a positive real number o such that

(x —y, Ax — Ay) > || Ax — Ay|*

for all x, y e C. A mapping A : C — H is called k-Lipschitz-continuous if there exists
a positive real number k such that

[Ax—ay] <kfx—v]

for all x, y € C. It is easy to see that if A is a-inverse-strongly monotone, then A is
monotone and Lipschitz-continuous. The converse is not true in general. The class of
o-inverse-strongly monotone mappings does not contain some important classes of
mappings even in a finite-dimensional case. For example, if the matrix in the corre-
sponding linear complementarity problem is positively semidefinite, but not positively
definite, then the mapping A will be monotone and Lipschitz-continuous, but not a-
inverse-strongly monotone (see [23]).

Let A be a monotone mapping of C into H. In the context of the variational inequal-
ity problem, the characterization of projection (2.1) implies the following:

u € VI(C,A) = u=Pc(u— rAu), » > 0.
and

u = Pc(u — Au) forsome A > 0 = u € VI(C, A).

It is also known that H satisfies the Opial’s condition [24], i.e., for any sequence {x,}
C H with x,, - x, the inequality

liminf|lx, — x|| < lim inf ||x,, — y||
n—oo n—o00

holds for every y € H with x = y.

A set-valued mapping T : H — 2 is called monotone if for all x, y € H, fe Txand ge
Ty imply (x - y, f - g > 0. A monotone mapping T : H — 2/ is maximal if its graph G(T)
of T is not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping T is maximal if and only if for (x, ) € H x H,{(x -y, f-g 20
for every (y, g) € G(T) implies fe Tx. Let A be a monotone, k-Lipschitz-continuous
mapping of C into H and Ncv be normal cone to Catve C,ie,Ncv={we H:{(v-u,
w) >0, Vu e C}. Define

Av + Nevifv € C,
Tv= {@ Citvg

Then, T is maximal monotone and 0 € Tv if and only if ve V I(C, A) (see [25]).
For solving the equilibrium problem, let us assume that the bifunction F satisfies the
following condition:

(A1) F(x, x) = 0 for all x € C;
(A2) F is monotone, i.e., F(x, y) + F(y, x) < 0 for any x, y € C;

Page 4 of 19
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(A3) for each w, y, ze C,
lif(r)lF(tz+ (1—0xy) <F(xy),
t

(A4) for each x € C, y » F(x, y) is convex and lower semicontinuous.

We recall some lemmas which will be needed in the rest of this article.
Lemma 2.1.[7] Let C be a nonempty closed convex subset of H, let F be a bifunction from
C x Cto R satisfying (A1)-(A4). Let r >0 and x € H. Then, there exists ze C such that

1
F(z,y)+ (y—zz—x)>0, forallyeC.
T

Lemma 2.2.[8] Let C be a nonempty closed convex subset of H, let F be a bi-func-
tion from C x C to R satisfying (A1)-(A4). For r >0 and x € H, define a mapping 77 :
H — C as follows:

1
T;(x) ={ze€ C: F(z,y) + r(y—z,z—x) >0,Vy e C}

for all x € H. Then, the following statements hold:
(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any x, y € H,

ITo(x) = T, |* < (Tr(x) = T,(y), x — p)i

(3) K(T,) = EP (F);
(4) EP(F) is closed and convex.

3. The main results

We first show a strong convergence of an iterative algorithm based on extragradient
and hybrid methods which solves the problem of finding a common element of the set
of solutions of a generalized equilibrium problem, the set of fixed points of a family of
infinitely nonexpansive mappings, and the set of solutions of the variational inequality
for a monotone, Lipschitz-continuous mapping in a Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (A1)-(A4). Let A be a monotone and
k-Lipschitz-continuous mapping of C into H and B be an a-inverse-strongly monotone
mapping of C into H. Let S, S,,... be a family of infinitely nonexpansive mappings of C
into itself such that € = N, Fix(S;) N VI(C, A) N GEP(F, B) # ¥. Assume that for all i e
{1, 2,...} and for any bounded subset K of C, thenthere holds

lim sup [|Syx — Si(Spx)|] = 0. (*)
n—o00 xeK

Let {x,}, {#,.}, (9.} and {z,} be sequences generated by
x1=x€C,
1
F(un, y) + (Bxn, y — tn) + Lyt =) 20, Yy eC,
n
Vn = (1 - Vn)”n + J/nPC(Un - )\nAun)/
Zn = (1 — 0 — ,Bn)xn + pYn + ﬁnSnPC(un - }\nAYn)/
Co={z€C:llzs—2|]®> < ||xn—2l12+ (3 — 3yn +an)b?||Auy||?},
Qu={zeC:(xy—2z,x—x,) >0},
Xne1 = Pc,nqQ.%

(3.1)
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for every n = 1, 2,... where {4,}} € [a, b] for some a,b € (0, 41k ) {ru} € [d, €] for some

d, e e (0, 2), and {o,.}, {B.}, {7} are three sequences in [0, 1] satisfying the conditions:

(i) o, + B, < 1foral me N;
(i) lim o = 0;

(i) lim inf 8, > 0,
n—oo

(iv) im y» = 1and y, > i forallne N;

Then, {x,}, {#,,}, {y,} and {z,} converge strongly to w = Pq(x).

Proof. It is obvious that C, is closed, and Q,, is closed and convex for every n = 1,
2,.... Since

Ci={zeH: |z, - xn||2 +2(zp — Xp, Xn — 2) < (3 — 3 +an)b2“Aun”2}/

we also have that C, is convex for every n = 1, 2,... It is easy to see that (x,, - z, x -
%,y 2 0 for all ze Q, and by (2.1), Xn = P X. Let t,, = Pc(u, - A,Ay,) for every n = 1,
2,.... Let u € Q and let {T;,} >be a sequence of mappings defined as in Lemma 2.2.
Then u = Pc(u — ApAu) = T, (u — r,Bu). From u, = T;, (x, — 1sBx,) € C and the «-
inverse strongly monotonicity of B, we have

llup — ull? = ||T,n (x4 — rnBxy) — T, (u — r,Bu) ||2
< |%n = raBxa — (u — 14Bu) H2
< |lx, — uII2 — 21y (x, — u, Bx, — Bu) + rﬁIIan — Bu||2 (3.2)
< |lxy — ull* = 2ma | Bx, — Bul|* + 1, || Bx, — Bul|?
= |lxy — ull® + 1 (r — 2¢) | Bxy — Bul)

< llxn — ull®.
From (2.2), the monotonicity of A, and u € V I(C, A), we have

ltw — ull® < un — AnAyn — u])* = ttn — AnAyn — ta])?
= Nl — ull® = lltn — tall® + 22 (Ayn, 1 — 1)
= uw — ull® = l[un — tall + 200 ((Ayn — Aty 1t — ) + (At t — yn) + (Ayn, Yn — [n))
< Nuw — ul® = lltn — tall* + 220 (Ayn, Yn — tn)
< Mt = ull® = Jutn = yul|* = 2000 = yu vn = ta) = [ = 6> + 220 Ay v0 — 1)
= Nt — ull® = Jlun = vul|* = Jyn = ta]l® + 201t = AaAyn = Vo tw — 1)

Further, Since y, = (1 - v)u, + v,Pcu, - 2,Au,) and A is k-Lipschitz-continuous, we
have

(un - )LnAYn — Y, by — }’n)
= (Un — AnAun — Yn, tn — ¥n) + (AnAlln — AnAYn, tn — Vn)
(un — AnAtiy — (1 — vu)un — yuPc(un — AnAtin), ln — Yn) + An ”A”n — A¥n H “ by — Yn“

<
< Yntin — AnAtty — Pc(un — ApAtin), tn — ¥n) — (1 — Yn)An{Atin, ty — yn) + Ak ”un —Vn ” ”tn - }’n” .
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In addition, from the definition of P, we have

(U — ApAuy — Pe(uy — ApAuy), ty — Yn)
= (Uy — AAuy — Pe(un — rnAuy), ty — (1 — vu)tin — YuPc(thn — AnAuy))
= (1 — yn){un — AnAun — Pc(un — ApAuy), ty — Uy)
+Yn{tn — ApAup — PC(un - )mAun)r by — PC(un - )\nAun»
< (1= ) ||tn — AnAtty — Pe(tin — AnAuty) | 1ty — 1|
< (1= yu)n lttn — Aty — gl (& — ya]| + [lyn — un])
< (1 = vu)n IAunll (|2 = v | + 12 — tta]))-

It follows from b < 41k, Vo > ?l and (3.2) that

e — l? < ltw — ul® = JJun =y = 70 = ta]* + 272 (1 = y)b ARl (|62 = | + |10 — t0a]))
+2(1 = y)b Aty | ||tn — yu | + 26k |ty — yu | || tn — v
< lttn =l = ttn =y = v = ta]” + (1 = v) @62 NAu? + [t =y * + [0 — ua] )
(1 = y) O 1A 12 + | tn = ya|*) + VRt =y |* + [0 = 7a] ) (3.3)
= it — ull® = (v = bR) |t — yu|* + (1 = 290+ 0) [t — i |* + 3(1 = y) B2 N Auy |2
< llun — ull® +3(1 — yu)b? [ Aun|l?
<l — ull® +3(1 — )b [ Auy |12

In addition, from u € V I(C, A) and (3.2), we have

lyn = = (1 = ) (1t — 1) + Y(Pe(ttn — AnAuy) — )|
< (1= y)llun — ul® + | Pe(ttn — AnAttn) — Pe(w)||*
< (1= yu)llun — ull® + yallttn — AnAuy — ul)? (3.4)
< (1= yu)lluw — ull® + yalllun — wll® = 2An (Atty, 1y — 1) + A3 | Aty |1
< Nlun — ull® + b* || Au,|?

2, 12 2
< llxn — ull” + b* | Auy |1~

Therefore, from (3.2) to (3.4) and z,, = (1 - @, - B,)x, + &y, + B,Sut, and u = S,u,
we have

lzn — 1 = || (1 = etn — Bu)Xn + Gy + BuSutn — ]|’
< (1= atn — Ba) 1w — ull® + an|yn — ]| + BullSutn — ull?

2
< (1 —otn = Ba)llxn — ull® + atn[yn — u” + Ballts — ull? (3.5
< (1 — 0y — ﬁn)”xn - u”2 + an[”un - u”2 + bzllAunllz]
+Balllun — ull® +3(1 — yu)b? | Aug 1]

<l — ull® + (3 = 3y + a)b? Ay |?],

for every n = 1, 2,... and hence u € C,. So, Q € C, for every n = 1, 2,... Next, let us
show by mathematical induction that x,, is well defined and Q < C, n Q,, for every n
=1, 2,... For n = 1 we have x; = x € C and Q; = C. Hence, we obtain Q €C; n Q;.
Suppose that x is given and Q € C; N Q; for some k € N. Since Q is nonempty, C; N
Qx is a nonempty closed convex subset of H. Hence, there exists a unique element x,;
€ Ci N Qg such that X1 = Pg,nq,X. It is also obvious that there holds (x;,; - z, x - x
+1) 2 0 for every ze C; N Qg Since Q € Ci N Qy, we have (xx,1 - 2, ¥ - x¢,1) = 0 for
every z €  and hence Q) € Q.. Therefore, we obtain Q € Cy,; N Q1.
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Let [y = Pox. From Xp.1 = Pc,ng,x and [y v Q < C, n Q,,, we have
lXne1 — xll < lllo — xI| (3.6)

for every n = 1, 2,.... Therefore, {x,} is bounded. From (3.2) to (3.5) and the lipschitz
continuity of A, we also obtain that {u,}, {7.}, {Au,}, {¢,} and {z,} are bounded. Since
*.01€ C, N Q, € C, and Xn = PQ X, we have

ly — x|l < %1 — x|l

for every n = 1, 2,.... It follows from (3.6) that lim,, ,.. ||x, - x|| exists.
Since Xn = Pq X and «,,,; € Q,, using (2.2), we have

12 < lner = x01* = llxn — xI1?

1%ns1 — Xn
for every n = 1, 2,.... This implies that
lim |xy41 — x4l = 0.
n—oo
Since x,,,1 € C,, we have ||z, - %,,1||* < [|%y - %1||* + (3 - 3%, + 0,)b*||Au,||* and
hence it follows from lim,, ,.. %, = 1 and lim,,_,.. @, = 0 that lim,, ,.. ||z, - %,.41]| = 0. Since

Hxn —zull < 11%0 — Xne1 |l + [Xps1 — zall

for every n = 1, 2,..., we have ||x, - z,|| — 0.
For u e Q, from (3.5), we obtain

2 2
llzn — ull® — [lxn — ull
2 2 2
< (—on = Bu)llxn — ull™ + aullyn — ull™ + BullSntn — ull

< (3 = 3y + )b [|Augl|*.

Since lim,,_,.. %, = 1 and lim,,_,.. a,, = 0, {x,;}, {y,.}, {Au,;}, and {z,,} are bounded, we
have

lim Bu(|Sutn — ull® — [|x, — ul?) = 0.
n—oo
By lim inf ,_,.. B, > 0, we get
lim [|Sutn — ul|* — [lxn — ull* = 0.
n—oo
From (3.3) and u = S,u, we have
lim [[Sutn — ull® — [lxn — ull* < lim ||ty — ull® = |lxp — ul|?
n—oo n—oo
< lim 3(1 — y,)b?||Auy||* = 0.
n—oo

Thus, lim,,_,.. ||t, - u||* - ||, - u||* = 0.
From (3.3) and (3.2), we have

(Vn _bk)”un —Vn||2 + (27/71 -1 _bk)”tn —Vn||2
<l — ull® = [lta — ull® + 3(1 — ya)b?||Auy| .

It follows that

nli_)n(;lo()’n — bk)||u, — )’n”2 +(2yn — 1 =DbR)||t, — )’n“2 =0.

Page 8 of 19
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The assumptions on ¥, and A, imply that y, — bk > ; and 2y, — 1 — bk > éll Conse-

quently, lim,, .. ||u, - y,,|| = lim,se. ||, - yu|| = O. Since A is Lipschitz-continuous,
we have lim,,_,.. ||At, - Ay,|| = 0. It follows from ||u, - £,|| < ||ty - Yull + ||£n - Yl
that lim,,_,.. ||u, - t,|| = 0.

We rewrite the definition of z, as

Zp — Xp = O511(}’n — xn) + ,Bn(Sntn - xn)~

From lim,, .. ||z, - x,|| = 0, lim,, ,.. &, = 0, the boundedness of {x,}, {y,} and lim
inf, ,.. B, > 0 we infer that lim,_,.. ||S,t, - x,,|| = 0.
By (3.2)-(3.5), we have

llzw — ull? < (1 = otn — Ba)llxn — ull® + aulltn — ull* + b2 [|Aunl1*] + Balllun — ull* + 3(1 — yn)b?||Aun||?]
< (1= an = Bu)llx — ull* + anlllxn — ull® + 1ty — 2a)|Bx, — Bul|* + b*[|Auy||’|

+ Bullln — ull* + Ta(ra — 200)[[Bxy — Bul]> + 3(1 — y,)b?[|Auy|*]
< lxn — ull® + (et + Bu)ralra — 200)| 1By — Bull> + (3B — 3Buyn + ctn)b?||Ay]?].

(3.7)

Hence, we have
(otn + Bn)d(2c — €)||Bx, — Bul|?
< (otn + Bn)ra(2a — 1) ||Bxy — Bul|?
< 11 = ull® = 1z — ll* + (3B — 3Bnyn + )b’ || Aty |?
< (I — ull + l1za — ulD)x0 — 2all + (3Bn — 3Ba¥n + an)b?||Aunl|?.
Since lim,,_,., o, = 1, lim inf,_,.. 3, > 0, lim,_,.. ¥, = 1, ||x, - z,|| & O and the

sequences {x,} and {z,} are bounded, we obtain ||Bx, - B,|| — 0.
For u € Q, we have, from Lemma 2.2,

[lun — u||2 = ||Tr,.(xn - rann) - T, (u - TnBu)Hz

< ATy, (xp — 14Bxn) — T;, (u — 4,Bu), x, — r,Bx, — (u — 1,Bu))
1
= 2{||un - u||2 +[|xy — rBxp — (u —T,,Bu)llz — ||%n — ruBxy — (1 — 14Bu) — (un —u)||2}
< 1 o2 o2 — 7 Bx — (1 — 1. Bu) — o2
_2{||un ul|” + [|xn — ull [lxn — rnBxn — (1 — 1Bu) — (un — u)||”}
1 2 o2 _ 2 _ _ 2 _ 2
= 2{Ilun ull” + %0 — ull” — llxn — unll® + 210 (Bxy — Bu, Xy — tn) — 15,||Bxn — Bul|"}.
Hence,

2 2 2 2 2
Hun —ull® < |1xn —ull™ = [IXn — unll” + 27, (Bxy — Bu, x4 — upn) — 1, ||Bxy — Bul|

< N — ull® = (1% — unl|* + 27(Bxy — Bu, xy — ty).
Then, by (3.5), we have

lzn = ull® < (1= an = Ba)llxn — ull® + eallltn — ull® + U1 Aunl1*] + Balllun — ull® + 3(1 — yu)b?[|Aual’]
< (1= = Ba)llbxn — ull® + etn[ (1160 — ull® = [0 — unll* + 27 (Bxw — Bu, i — un)) + 07| Auty||?]

+ Bal (1160 = ull® = 110 — unll* + 200(Bxy — B, 2y — un)) + 3(1 = y)b*[|Aun|’]
<l = ull® + (= = Bu)llxn — unll + 2ra(an + Bu)l1Bxn — Bull |1 — ttall + (3Bn — 3Buyu + ctn)b?[|Attyl|?

Hence,

(an + Bu)lln = unl 1> < [ — wl1* = |lzn — ul|* + 21 (ctn + B ) 1B — Bull |12 — ttnll + (3Bn — 3Buyn + )b || Auy||*
< (1w = wll + 1125 — ull) 1% = 2all + 27 (ctn + Bu)l1Bxa — Bull 1% — tnl| + (3Bn — 3Bnyn + ctn) 0% | Aty >

Since lim,, ,.. ¢, = 0, lim inf, ,.. B,, > 0, lim,,,.. %, = 1, ||%,, - z,|| = O, ||Bx,, - Bu|| - 0
and the sequences {x,}, {#,,} and {z,} are bounded, we obtain ||x,, - u,|| — 0. From ||z, -
Ll < 2w - %l |+1% - tal|+] |4, - £4]], we have ||z, - £,]| = 0.
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From ||, - x,|| < ||£: - wal| + ||%, - ©,]|, we also have ||t, - x,|| — O.
Since z, = (1 - &0, - Bu)xy + Yy + BuSutn, we have B,(Sut, - t,) = (1 - o, - B)(E, -
X,) + Oty - ¥,) + (2, - t,). Then
BullSutn — tall < (1 —an — Bu)lltn — Xnll + anlltn — yull + 1120 — tull
and hence ||S,t, - t,|| = 0. At the same time, observe that for all i € {1, 2,...},

[1Sitn — tall < 1ISitn — Si(Sutu)ll + [1Si(Sutn) — Sutall 1| + |1Sutn — tall.

< 2{|Spty — Lyl + sup ||Sl(Snx) — Spx].
xeK

It follows from (3.8) and the condition (*) that for all i € {1, 2,...},

lim ||Sity — tu]] = 0. (3.9)
n—oo

As {x,} is bounded, there exists a subsequence {xp,} of {x,} such that x,; -~ w. From ||
%, - U,|| = 0, we obtain that u,; -~ w. From ||u, - £,|]| = 0, we also obtain that ¢,; —
w. Since {u,,;} € C and C is closed and convex, we obtain w € C.

First, we show w € GEP(F, B). By uy, = T, (xy — 14Bx,) € C, we know that

1
F(un, y) + (Bxp, y — ty) + o (y — tp, up — %) >0, Vy € C.
It follows from (A2) that

1
(Bxy, Yy — uy) + . (y — Un, up — x4) > F(y,un), Vy € C.

n

Hence,

Up, — Xn,
(BXp,, Y — Un,) + (¥ — Un,, . ) > F(y, uy,), ¥y € C. (3.10)
ni
FortwithO<t<landye Clety, =t + (1-tw. Sinceye Candwe C, we
obtain y, € C. So, from (3.10) we have
(Ve — tn, Bye) = (ye — un,, By) — (ye — tn;, Bn,)
Uy — X,
— =, ")+ F(yi up,)
T,
= (Y1 — Un;, Byr — Buy,) + (y1 — Un,;, Buy, — Bxy,)
Uy, — X,
- <Yt - un,-l " nl) + F(ytl un,-)-
Tn;
Since ||up, — Xp,|| = 0, we have |[Buy, — Bxy,|| — 0. Further, from the inverse-strongly
monotonicity of B, we have (y; — uy, By; — Bup,) > 0. Hence, from (A4), u""rzx"" -0

and Un; — W, we have
(ye — w, By:) > F(y,, w), (3.11)
as [ — oo. From (A1), (A4) and (3.11), we also have

0 =F(yi, 1) < tF(ye,y) + (1 — O)F(y1, w)
< tF(y,y) + (1 — t){yr —w, By:)
= tF(y, y) + (1 — )ty — w, Byr).
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and hence
0 < F(yoy) + (1 — t){y — w, By).
Letting t — 0, we have, for each y € C,
F(w,y) + (y —w, Bw) > 0.
This implies that w € GEP(F, B).

We next show that w e N2 Fix(S;). Assume w ¢ N Fix(S;). Since fn, — w and

w # S;,w for some iy € {1, 2,..} from the Opial condition, we have
lim inf||t,, — w|| < lim inf||t,, — Si,wl|
1—>00 1—>00
< lim inf{[[ty, — Sistn, || + 11Sis tn, — Siqw!l}
1—00

< lim inf||t,, — w||.
1—>00

This is a contradiction. Hence, we get w € N2, Fix(S;).
Finally we show w e V I(C, A). Let

_ | Av+ Nevifv e C,
Tv-{@ ifv € C.

where Ncv is the normal cone to C at v e C. We have already mentioned that in this
case the mapping 7 is maximal monotone, and 0 € Tv if and only if ve V I(C, A). Let
(v, 2@ € G(T). Then Tv = Av + Ncv and hence g - Av e Ncv.

Hence, we have (v - t, g - Av) > 0 for all £ € C. On the other hand, from ¢, = Pc(u,, -
AAy,) and v € C, we have

(un - )hnAYn - tn/ tn - U) = 0
and hence

th — U
W=ty " " +Ay,) > 0.
An

Therefore, we have

V—1tn, 8 = (V—ty, Av)

by, — Un,

> (V—ty, Av) — (V — Ly, + Ayn,)
Ay
ty, — Up,
= (V— ty;, Av — Ay, — " n1>
Any
by, — Up,
= (V—ty, AV — Aty + Aty — Ay, — )
Ay
tn, — Up,
= (V—tn, AV — Aly,) + (V — by, Aly, — AYn,) — (V — tn,, ’)L )
ni
tn, — Up,
> (v— tﬂﬂAtTh _AYni> —{v— L/ " n1>
An:

Hence, we obtain (v - w, g) > 0 as i — oo. Since T is maximal monotone, we have w
€ T70 and hence w e V I(C, A). This implies that w € Q.
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From [y = Pox, w € Q and (3.6), we have
o —x|| < [lw—x|| <liminf|lx, —x|| <limsup [[x;, —x[| < [llo — x]l.
=00 i—00
Hence, we obtain

Lim [y, — x| = [Jw — x]].
1—00

From Xp, —X — W — X, we have X, —X — W — X, and hence Xn, = W. Since Xn = Pan

and [pe Q< C,nQ, < Q, we have
—1lo — xn, 1> < (lo — Xnys Xn, — ) + (lo — X, X — Lo} > (lo — X, x — Io).

As i — oo, we obtain - ||ly - w||* = (lo - w, x - ) = 0 by [y = Pox and w € Q. Hence,
we have w = [. This implies that x,, — [. It is easy to see u,, — ly, y,, = lp and z, >
lo. The proof is now complete.

By combining the arguments in the proof of Theorem 3.1 and those in the proof of
Theorem 3.1 in [3], we can easily obtain the following weak convergence theorem for
an iterative algorithm based on the extragradient method which solves the problem of
finding a common element of the set of solutions of a generalized equilibrium pro-
blem, the set of fixed points of a family of infinitely nonexpansive mappings and the
set of solutions of the variational inequality for a monotone, Lipschitz-continuous
mapping in a Hilbert space.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (A1)-(A4). Let A be a monotone, and
k-Lipschitz-continuous mapping of C into H and B be an a-inverse-strongly monotone
mapping of C into H. Let S, S,,... be a family of infinitely nonexpansive mappings of C
into itself such that € = N, Fix(S;) N VI(C, A) N GEP(F, B) # ¥J. Assume that for all i €
{1, 2,...} and for any bounded subset K of C, thenthere holds

lim sup [|Syx — Si(Syx)|| = 0. (*)
n—-oo xeK

Let {x,}, {#,,; and {y,} be the sequences generated by

x1 =x€C,
1
F(un/ Y) + (Bxn,y —un)+ (Y —Up, Uy —xy) 20, Vye C

n (3.12)
Yn = PC(”n — )VnAun)/
Xne1 = BuXn + (1 - ,Bn)SnPC(un - )"nAYn)

for every n = 1, 2,.... If {,} € [a, b] for some a,b € (0, }e), {B,} < [0, €] for some 4, ¢
€ (0, 1) and {r,} < [d, €] for some d, e € (0, 2x). Then, {x,}, {#,} and {y,} converge
weakly to w € Q, where w = lim,,_,.. Pox,,.

4. Applications
By Theorems 3.1 and 3.2, we can obtain many new and interesting convergence theo-
rems in a real Hilbert space. We give some examples as follows:
Let A = 0, by Theorems 3.1 and 3.2, respectively, we obtain the following results.
Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from CxC to R satisfying (A1)-(A4). Let B be an a-inverse-
strongly monotone mapping of C into H. Let S, S,,... be a family of infinitely
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nonexpansive mappings of C into itself such that Z = N, Fix(S;) N GEP(F, B) # 0.
Assume that for all i € {1, 2,..} and for any bounded subset K of C, thenthere holds

lim sup ||S,x — Si(Syx)|| = 0.

n—oo xeK (*)

Let {x,}, {#,,} 7.}, and {z,} be the sequences generated by
x1 =x€C,

1

F(un, y) + (Bxu, y — up) + . (y — tn, ty —%,) >0, VyeC,
n

Zn = (1 — O — ,Bn)xn + 0plp + BnSnn,

Ch=1{z€C:llza —2zl> < Ity —2zl%},

Qu=1{zeC:{xy —z,x—x,) >0},

Xn+1 = Pc,nQ,x

for every n = 1, 2,.... where {r,} € [d, e] for some d, e € (0, 2e), and {e,,}, {8,,} are
sequences in [0, 1] satisfying the conditions:

(i) o, + B < 1foral me N;
(i) lim o = 0;

(iii) lirIlT_l)glfﬂn >O0foralne N;

Then, {x,}, {u,}, and {z,} converge strongly to w = Ps(x).

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from CxC to R satisfying (A1)-(A4). Let B be an a-inverse-
strongly monotone mapping of C into H. Let Sj, S,,... be a family of infinitely nonex-
pansive mappings of C into itself such that Z = N2, Fix(S;) N GEP(F, B) # #. Assume
that for all i € {1, 2,..} and for any bounded subset K of C, thenthere holds

lim sup [|S;x — Si(Syx)|| = 0. (*)
n—oo xeK

Let {x,} and {u,} be sequences generated by
x1 =x€C,

1

F(un, y) + (Bxn, ¥y — n) + . (y —p, up —x,) >0, VyeC,
n

Xne1 = BnXn + (1 - ,Bn)Snun

for every n = 1, 2,.... If {8,} < [0, ¢] for some 6, ¢ € (0, 1) and {r,} < [d, e] for some
d, e € (0, 2cx). Then, {x,} and {u,} converge weakly to w € ¥, where w = lim,,_,.. Psx,,.

Theorem 4.3. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from CxC to R satistying (A1)-(A4). Let A be a monotone and k-
Lipschitz-continuous mapping of C into H and B be an a-inverse-strongly monotone
mapping of C into H. Let Sj, S,,... be a family of infinitely nonexpansive mappings of C
into itself such that = N Fix(S;) N VI(C, A) N GEP(F, B) # #. Assume that for all i e
{1, 2,...} and for any bounded subset K of C, thenthere holds

lim sup [|Spx — Si(Spx)|| = 0. (%)

n—>00 ycg
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Let {x,}, {,.}, {7,.}, and {z,,} be sequences generated by

x1=x€C,

F(un, )/) + (Bxp, y — Un) + rln (y —up,up —x,) 20, VyeC,
Vn = PC‘(un - }\nAun)/

zy = (1 = Bu)xn + BuSuPc(un — AnAyy),

Co={zeC:llza —zlI* < |lxn —2zl|,
Qn=1{z€C:{xn—2,x—x,) >0},

Xns1 = Pc,n,x

for every n = 1, 2,... where {4,} < [a, b] for some g,b € (0, 41k)
d, ee (0, 20), and {B,} is a sequence in [0, 1] satisfying ligglfﬁn > 0, Then, {x,},

{u,}, .}, and {z,} converge strongly to w = Pq(x).

, {r,} € |d, e] for some

Proof. Putting 7, = 1 and «,, = 0, by Theorem 3.1, we obtain the desired result.

Let B = 0, by Theorems 3.1, 3.2, and 4.3, we obtain the following results.

Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from CxC to R satisfying (A1)-(A4). Let A be a monotone and k-
Lipschitz-continuous mapping of C into H. Let S;, S,,... be a family of infinitely nonex-
pansive mappings of C into itself such that A = N, Fix(S;) N VI(C, A) N EP(F) # .
Assume that for all i € {1, 2,...}, and for any bounded subset K of C, there holds

lim sup [|Syx — Si(Spx)|] = 0. (*)
n—oo xeK

Let {x,}, {#,.}, (7.}, and {z,;} be the sequences generated by

x1=x€C,

F(tn,y) + | (y = thn g —X,) = 0, Wy eC,

Vn = (1 - Vn)”n + VnPC(un - )\nAun)/

zp = (1 —an — Bu)xn + An¥n + BnSnPc(Un — AnAyn),
Co={z€C:llza —2zl> < |lxn —2l1* + (3 — 3yn +an)b?||Auy|?},
Qu={z€C:{xy—z,x—x,) 20},

Xne1 = Pc,nQ,x

for every n = 1, 2,.... where {1,;} € [a, b] for some q,b € (0, 41k)’ {r,} € [d, +) for

some d >0, and {o,,}, {8}, {7,} are three sequences in [0, 1] satisfying the following
conditions:

(i) o, + B < 1foral me N;
(i) lim oy = 0;
n—oo

(iii) lim inf 8, > 0,
n—oo

) . _ 3
(iv) nllglo Yn=Tland y, > . for all m e N;

Then, {x,}, {#,,}, {y,} and {z,} converge strongly to w = P,(x).

Theorem 4.5. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from CxC to R satisfying (A1)-(A4). Let A be a monotone and k-
Lipschitz-continuous mapping of C into H. Let Sj, S,,... be a family of infinitely nonex-
pansive mappings of C into itself such that A = N Fix(S;) N VI(C,A) N EP(F) # @.
Assume that for all i € {1, 2,...} and for any bounded subset K of C, thenthere holds
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nlggo ilelllz [1Spx — Si(Snx)l| = 0. (*)

Let {x,}, {#,,}, and {y,} be the sequences generated by
x1=x€C,
1
Fun,y) + (y —Untn—x0) 20, VyeC,
T,

n
Yn = PC(”n — )VnAun)/
Xne1 = BuXn + (1 - ,Bn)SnPC(un - )"nAYn)

for every n = 1, 2,.... If {1,} < [a, b] for some a,b € (O, i),{ﬁn} C [0, €], for some 0, ¢
€ (0, 1) and {r,} € [d, +°] for some d > O, then {x,}, {#,} and {y,} converge weakly to
we A, where w = lim,,_,.. Pax,,.

Theorem 4.6. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (A1)-(A4). Let A be a monotone and
k-Lipschitz-continuous mapping of C into H. Let S;, Sy,... be a family of infinitely non-
expansive mappings of C into itself such that A = N% Fix(S;) N VI(C, A) N EP(F) # @.
Assume that for all i € {1, 2,..} and for any bounded subset K of C, thenthere holds

lim sup [|Syx — Si(Spx)|] = 0. (*)
n—oo xeK

Let {x,}, {u,} {y,}, and {z,} be the sequences generated by
x1=x€C,

1
Fluny) +  (y =ttt —xn) 20, ¥y €C,

n

Yn = PC(“n - )\nAun):

Zn = (1 - ﬂn)xn + ﬂnSnPC(un - )\nAYn)r
Co={zeC:llza —zl* < |lxn —2zl|?,
Qu=1{2€C: {xy —z,x—x,) >0},
Xn+l = PCnﬁQn-x

for every n = 1, 2,.... where {4,} < [a, b] for some a,b € (0, 41k ) {rn} € [d, +°) and

for some d >0, and {§,} is a sequence in [0, 1] satisfying lirflT_l)glf,Bn > 0, Then, {x,},
{t1,,}, ), and {z,} converge strongly to w = Py (x).

Let B = 0 and F(x, y) = 0 for x, y € C, by Theorems 3.1 and 4.3, we obtain the fol-
lowing results.

Theorem 4.7. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let A be a monotone and k-Lipschitz-continuous mapping of C into H. Let Sy, S,,... be
a family of infinitely nonexpansive mappings of C into itself such that
I' = N2 Fix(S;) N VI(C, A) # @. Assume that for all i € {1, 2,...} and for any bounded
subset K of C, thenthere holds

lim sup ||Spx — Si(Sux)|l =0. (%)

n—oQo xeK

Let {x,}, ¥}, and {z,} be the sequences generated by

x1=x€C,

Yn = (1 - Vn)xn + J/nPC(xn - )\nAxn)/

zp = (1 —an — Bu)xn + anyn + BnSnPc(Xn — AnAyn),
Co={z€C:llza —zl> < |lxn — 2|1> + (3 = 3yn + an)b?||Ax,|?},
Qu={zeC:(xy—2z,x—x,) >0},

Xn+1 = Pc,nQ,x
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for every n = 1, 2,.... where {,} C [a, b] for some 4,b € (0, 41k ) and {a,,}, 8.}, {y.jare

three sequences in [0, 1] satisfying the following conditions:

(i) o, + B < 1foral me N;
(i) lim o = 0;

(i) lim inf 8, > 0,
n—oo

(iv) nlgglo Yn=1andy, > i for all m € N;

Then, {x,}, (..}, and {z,} converge strongly to w = Pr(x).

Theorem 4.8. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let A be a monotone and k-Lipschitz-continuous mapping of C into H. Let Sy, S,,... be
a family of infinitely nonexpansive mappings of C into itself such that
I =N Fix(S;) N VI(C, A) # @. Assume that for all i € {1, 2,...} and for any bounded
subset K of C, thenthere holds

lim sup ||Syx — Si(Sux)|l =0. (%)

n—o0 xeK

Let {x,}, .}, and {z,} be the sequences generated by

x1=x€C,

Vn = PC(xn - )\nAxn)/

Zn = (1 - ,Bn)xn + ﬂnSnPC(xn — )\nAYn)/
Co={z€C:llza —2lI* < llxn —2|I%,
Qu={z€C: (xy —z,x —x,) > 0},
Xne1 = Pc,nq,X

for every n = 1, 2,.... where {1,} < [a, b] for some a,b € (0, 41k)’ and {B,} is a

sequence in [0, 1] satisfying lirflgglfﬂn > 0. Then, {x,}, {¥,.}, and {z,} converge strongly
to w = Pr(x).

Let F(x, y) = 0 for x, y € C, then by Theorem 3.2 and the proof of Theorem 4.7 in
[3], we obtain the following result.

Theorem 4.9. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let A be a monotone and k-Lipschitz-continuous mapping of C into H and B be an o-
inverse-strongly monotone mapping of C into H. Let S, S,,... be a family of infinitely
nonexpansive mappings of C into itself such that
E = N, Fix(S;) N VI(C,A) N VI(C, B) # §. Assume that for all i € {1, 2,...} and for any
bounded subset K of C, thenthere holds

lim sup ||Syx — Si(Sux)|l =0. (%)

n—o0 xeK

Let {x,}, {#,,}, and {y,} be the sequences generated by

x1=x€C,

Uy = Po(xn, — 14Bxy),

Vn = PC(un - )VnAun)r

Xn+l = QnXp + (1 - Ofn)SnPC(un - )\nA)/n)



Peng Fixed Point Theory and Applications 2011, 2011:12
http://www.fixedpointtheoryandapplications.com/content/2011/1/12

for every n = 1, 2,.... if {4,} € [a, b] for some a,b € (O, ;{), {B,} < [0, €] for some 4, &
€ (0, 1) and {r,} < [d, €] for some d, e € (0, 2a). Then, {x,} and {u,} converge weakly
to w e &, where w = lim,,_,., P=x,,.

Remark 4.1.

(i) For all n = 1, let S,, = S be a nonexpansive mapping, by Theorems 3.2, 4.2, 4.7,
4.8, and 4.9 we recover Theorem 3.1 in [5], Theorem 3.1 in [1], Theorem 5 in [26],
Theorem 3.1 in [23], and Theorem 4.7 in [3]. In addition, let A = 0, by Theorems
4.6 and 4.5, respectively, we recover Theorems 3.1 and 4.1 in [11].

(ii) For all n > 1, let S,, = S be a nonexpansive mapping, by Theorems 3.1, 4.3, and
4.4, respectively, we recover Theorems 4.3, 4.4, and 4.7 in [4] with some modified
conditions on F.

(iii) Theorems 3.1, 3.2, 4.3-4.7 also improve the main results in [10,12,13] because
the inverse strongly monotonicity of A has been replaced by the monotonicity and
Lipschitz continuity of A.

The following result illustrates that there are the nonexpansive mappings Si, S, ,...
satisfying the condition (*).

Lemma 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T be a nonexpansive mapping of C into itself such that Fix(7) = &. If we define

Sn(x) = ! ZT:I Tix for n e {1, 2,..}, and x € C, then the following results hold:
n ~—j=
(a) For any bounded subset K of C, there holds
lim sup ||S,x — T(Snx)|| = 0.

n—-oo xeK
(b) N2, Fix(S;) = Fix(T).
(c) for all i € {1, 2,..} and for any bounded subset K of C, there holds

lim sup ||S,x — Si(Sxx)|| = 0.
n—00 xeK
Proof.
(a) It is due to Bruck [27,28] (please also see Lemma 3.1 in [22]).
(b) It follows from (a) that N2, Fix(S;) € Fix(T).
Moreover, it is obvious that N, Fix(S;) 2 Fix(T). Hence, N2, Fix(S;) = Fix(T).
(c) It can be proved by mathematical induction. In fact, it is clear that this conclu-
sion holds for i = 1. Assume that the conclusion holds for i = m, that is, for any
bounded subset K of C, there holds

Jim sup [1Snx — Sm(Snx)I| = 0. (4.1)

We now prove that the conclusion also holds for i = m + 1. In fact, we observe that

lim sup [1S5x — Syt (Sux)ll < 1im sup [1S,x — Syu(Sux) [ + Lim sup 1S, (Sux) — Ser (S|
n—00 yck N—=>00 yeK n—>00 yci

1 1 m—1 X (42)
< lim sup [|Spx — Sy (Spx)|| + lim su; HT™(Spx)|| + T (Spx)| | -
n—00 xelg ( ) n—00 xellz m+1 ( ) m(m + 1) FZO ( )
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It is easy to verify that S}, S,,... are nonexpansive mappings. It follows from (4.1) and
(4.2) that for any bounded subset K of C, there holds

Jim sup [1Snx — Sme1(Snx)|| = 0.

From Lemma 4.1, we know that by Theorems 3.1 and 3.2, respectively, we can obtain
the following results.

Theorem 4.10. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (A1)-(A4). Let A be a monotone and
k-Lipschitz-continuous mapping of C into H and B be an a-inverse-strongly monotone
mapping of C into H. Let T be a nonexpansive mapping of C into itself such that ® =

Fix(T)nVI(C, A)\NGEP(F, B) = &. Let {4,} € [a, b] for some a,b € (0, 41k)’ {r,} € [d, €]

and for some d, e € (0, 2c), and {e,}, {8,}, and {y,,} be three sequences in [0, 1] satisfy-
ing the following conditions:

(i) o, + B < 1foral me N;
i) Jim e = O
(iii) lim inf 8, > 0,
n—oo
(iv) nll{rolo Yn=T1and y, > 431 for all n € N; If we define S,(x) = rlz Z}:l Tx for n e

{1, 2,..}, and x € C, then the sequences {x,}, {#,}, {7,.}, and {z,} generated by algo-
rithm (3.1) converge strongly to w = Pg(x).

Theorem 4.11. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (A1)-(A4). Let A be a monotone and
k-Lipschitz-continuous mapping of C into H and B be an a-inverse-strongly monotone
mapping of C into H, and T be a nonexpansive mapping of C into itself such that ® =
Fix(T)nVI(C, A)\NGEP(F, B) = &. Assume that {1,} < [a, b] for some a,b € (0, ;) {B,}
C [0, ¢] for some 0, ¢ € (0, 1), and {r,} € [d, e] some d, e € (0, 2cx). If we define

Sn(x) = 111 Z’:l Tx for ne {1, 2,.} and x € C, then the sequences {x,}, {u,}, and {y,}

generated by algorithm (3.12) converge weakly to w € ©, where w = lim,,_,.. Pex,,.
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