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Abstract

The purpose of this article is to study the fixed point and weak convergence problem
for the new defined class of point-dependent A-hybrid mappings relative to a Bregman
distance Drin a Banach space. We at first extend the Aoyama-lemoto-Kohsaka-Takahashi
fixed point theorem for A-hybrid mappings in Hilbert spaces in 2010 to this much wider
class of nonlinear mappings in Banach spaces. Secondly, we derive an Opial-like
inequality for the Bregman distance and apply it to establish a weak convergence
theorem for this new class of nonlinear mappings. Some concrete examples in a Hilbert
space showing that our extension is proper are also given.
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1 Introduction

Let C be a nonempty subset of a Hilbert space H. A mapping T': C — H is said to be
(1.1) nonexpansive if ||Tx - Ty|| < ||« - y||, V&, y € C, cf. [1,2];
(1.2) nonspreading if ||Tx - Ty||* < ||x - ¥]|*> + 2 (x - T, y - Ty), ¥x, y € C, cf. [3-5];
(1.3) hybrid if ||Tx - Ty||* < ||x - y||* + (& - T, y - Ty), V&, y € C, cf. [3,5-7].
As shown in [3], (1.2) is equivalent to

2/|Tx — Ty|1> < |Tx —yII? + |Ix — |2

forall x, ye C.

In 1965, Browder [1] established the following

Browder fixed point Theorem. Let C be a nonempty closed convex subset of a Hil-
bert space H, and let T : C — C be a nonexpansive mapping. Then, the following are
equivalent:

(@) There exists x € C such that {T"x},n is bounded;

(b) T has a fixed point.

The above result is still true for nonspreading mappings which was shown in
Kohsaka and Takahashi [4]. (We call it the Kohsaka-Takahashi fixed point theorem.)

Recently, Aoyama et al. [8] introduced a new class of nonlinear mappings in a
Hilbert space containing the classes of nonexpansive mappings, nonspreading map-
pings and hybrid mappings. For A € R, they call a mapping T: C > H
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(1.4) A-hybrid if ||Tx - Ty||> < ||x - y||> + A {x - Tx, y - Ty), Vx, 9 € C.

And, among other things, they establish the following

Aoyama-Iemoto-Kohsaka-Takahashi fixed point Theorem. [8]Let C be a none-
mpty closed convex subset of a Hilbert space H, and let T : C — C be a A-hybrid map-
ping. Then, the following are equivalent:

(a) There exists x € C such that {T"x},|n is bounded;

(b) T has a fixed point.

Obviously, T is nonexpansive if and only if it is 0-hybrid; 7 is nonspreading if and
only if it is 2-hybrid; 7" is hybrid if and only if it is 1-hybrid.

Motivated by the above works, we extend the concept of A-hybrid from Hilbert
spaces to Banach spaces in the following way:

Definition 1.1. For a nonempty subset C of a Banach space X, a Gdteaux differenti-
able convex function f: X — (-e0,00] and a function A : C — R, a mapping T : C - X
is said to be point-dependent A-hybrid relative to Dy if

(1.5) Dy (Tx, Ty) < Dy (%, ) + A() (x - Tx, f(y) - ATy)), V&, y € C,

where Dy is the Bregman distance associated with f and f(x) denotes the Giteaux
derivative of f at x.

In this article, we study the fixed point and weak convergence problem for mappings
satisfying (1.5). This article is organized in the following way: Section 2 provides prelimin-
aries. We investigate the fixed point problem for point-dependent A-hybrid mappings in
Section 3, and we give some concrete examples showing that even in the setting of a Hil-
bert space, our fixed point theorem generalizes the Aoyama-Iemoto-Kohsaka-Takahashi
fixed point theorem properly in Section 4. Section 5 is devoting to studying the weak con-
vergence problem for this new class of nonlinear mappings.

2 Preliminaries
In what follows, X will be a real Banach space with topological dual X* and f: X —
(-o0,00] will be a convex function. D denotes the domain of £, that is,

D={xeX:f(x) < oo}

and D° denotes the algebraic interior of D, i.e., the subset of D consisting of all
those points x € D such that, for any y € X \ {x}, there is z in the open segment (x, y)
with [x,z] € D. The topological interior of D, denoted by Int(D), is contained in
De. fis said to be proper provided that D # . fis called lower semicontinuous (l.s.c.)
at x € X if ix) < lim inf,_,, £ (y). f'is strictly convex if

flax+ (1 —a)y) < af(x) + (1 —a)f ()

forall x, ye Xand a e (0, 1).
The function f: X — (-0, oo] is said to be Géteaux differentiable at x € X if there is
f(x) € X*such that

i 04~ _

t—0

v, f(x))

forallye X.
The Bregman distance Dy associated with a proper convex function fis the function
Df: D x D — [0,00] defined by
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Dy(y,x) = f() — () + (v x — ), M
i T =) =10

t—0* t
x € D°, cf. Proposition 1.1.2 (iv) of [9]. When fis Géateaux differentiable on D, (1)
becomes

Ds(y,x) = f(y) = f(x) = (v —x, f(x)), 2)

where f°(x,x —y) = is finite valued if and only if

and then the modulus of total convexity is the function vf : D° x [0,00) — [0, o0]
defined by

vr(x, t) = inf{Df(y,x) : y € D, |ly — x|| = t}.
It is known that
vr(x, ct) > cvp(x, t) ®3)
for all £ > 0 and ¢ > 1, cf. Proposition 1.2.2 (ii) of [9]. By definition it follows that
Dy(y,x) = ve(x, [ly — xl1). (4)

The modulus of uniform convexity of fis the function Jy: [0, =) — [0, <] defined by
. X+
() = inf [f() + ) = 2f (7)) sy e Dl =il = 1]

The function f'is called uniformly convex if d{t) >0 for all £ >0. If f'is uniformly con-
vex then for any & >0 there is § >0 such that

x+y\ _ f(x) f()
f<2>52+2_‘S 2

for all x,y € D with ||x - y|| = &
Note that for y € D and x € D°, we have

fo+fm -2 (7))

+ 7 -
Cf) - f = 1O 2 )T
2

<f) =f(x) = f7 ey =) < Dr(y %),

where the first inequality follows from the fact that the function t - flx + tz) - flx)/t
is nondecreasing on (0, o). Therefore,

vf(x, t) > 3f(t) (6)

whenever x € D° and ¢ > 0. For other properties of the Bregman distance Dy we
refer readers to [9].
The normalized duality mapping J from X to 2*" is defined by

Jr={xt e X* 1 (x, w%) = |lxl]? = [1x*]17)

for all x e X.

Page 3 of 15
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When flx) = ||¥||* in a smooth Banach space X, it is known that f(x) = 2/(x) for x €
X, cf. Corollaries 1.2.7 and 1.4.5 of [10]. Hence, we have

Iyl = lxl1? =y —x, f'(x))
Iyl1? = 1xl1? = 2y — x, Jx)
Iyl + [l 12 = 24y, Jx).

Dy(y, x)

Moreover, as the normalized duality mapping J in a Hilbert space H is the identity
operator, we have

Dy(y,x) = [IyII> + I1xl1> = 2¢y,%) = |ly — I*.

Thus, in case A is a constant function and flx) = ||x||* in a Hilbert space, (1.5) coin-
cides with (1.4). However, in general, they are different.

A function g : X — (-e0,00] is said to be subdifferentiable at a point x € X if there
exists a linear functional x* € X* such that

g(y) —8(x) = (y—xx*),  VyeX

We call such x* the subgradient of g at x. The set of all subgradients of g at x is
denoted by 9g(x) and the mapping 9g : X — 2* is called the subdifferential of g. For a
Ls.c. convex function f, df is bounded on bounded subsets of Int(D) if and only if fis
bounded on bounded subsets there, cf. Proposition 1.1.11 of [9]. A proper convex ls.c.
function fis Gateaux differentiable at x € Int(D) if and only if it has a unique subgra-
dient at x; in such case dofix) = f(x), cf. Corollary 1.2.7 of [10].

The following lemma will be quoted in the sequel.

Lemma 2.1. (Proposition 1.1.9 of [9]) If a proper convex function f: X — (-oo, o] is
Gateaux differentiable on Int(D) in a Banach space X, then the following statements
are equivalent:

(a) The function f is strictly convex on Int(D).

(b) For any two distinct points x,y € Int(D), one has Dy (y, x) >O0.

(c) For any two distinct points x,y € Int(D), one has

=y f'(x)=f ) >o0.

Throughout this article, F(T) will denote the set of all fixed points of a mapping 7.

3 Fixed point theorems
In this section, we apply Lemma 2.1 to study the fixed point problem for mappings
satisfying (1.5).

Theorem 3.1. Let X be a reflexive Banach space and let f: X — (-o0,00] be a l.s.c.
strictly convex function so that it is Gdteaux differentiable on Int(D) and is bounded on
bounded subsets of Int(D). Suppose C < Int(D) is a nonempty closed convex subset of X
and T : C — C is point-dependent A-hybrid relative to Dy for some function A : C — R.
Forx e Cand any ne N define

1 n=1
Spx = > Tkx,
N -0
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where T° is the identity mapping on C. If {T"x},c is bounded, then every weak clus-
ter point of {S,x},e N is a fixed point of T.

Proof. Since T is point-dependent A-hybrid relative to Ds; we have, for any y € C and
ke N U {0},

0 < Dy(T*x,y) — Dp(T"'x, Tp) + 2 (y)(T'x — T*'x, f'(y) — f'(Ty))
=f(T') = f(y) = (T'x =y, £ (1)) — F(T*'x) + F(Ty) + (T — Ty, f'(T))
+A()(Thx = T, f () = f/(T)

= [f(T") — F(T*' )] + [F(T) = F()] + () (T'x — T"x) — T + 7, /()
+HTH o — Ty — A(y)(Trx — TH %), f/(Ty)).

Summing up these inequalities with respect to k = 0, 1,..., n - 1, we get

0 < [f(x) = f(T"x)] + nlf (Ty) = F)] + (A(y) (x — T"x) + ny — nSyx, f'(y))
+{(n+1)Spax —x —nTy — A(Y)(x — T"x), f'(Ty)).

Dividing the above inequality by n, we have

g < /@) —f(T"x) A(y)(x — T"x)
- n

n

7).

1) — F)] + <

1 A -T"
+<n + S,x— x Ty — ) (x x)
n n

oy snx,f’(y)>
)

Since {T"x},.c ny is bounded, {S,x},.cn is bounded, and so, in view of X being reflexive,
it has a subsequence {S,x}ien so that S;x converges weakly to some ve C as n; -

. Replacing 7 by n; in (7), and letting n; — o, we obtain from the fact that {7"x},.
and {f(T"x)},.cn are bounded that

0=<f() —f)+y—vf )+ {v-Tf(T). (8)
Putting y = v in (8), we get

0 < f(Tv) = f(v) + (v — Tv, f'(Tv)),
that is,

0 < —D¢(v, Tv),

from which follows that DAv, Tv) = 0. Therefore Tv = v by Lemma 2.1. ©

The following theorem comes from Theorem 3.1 immediately.

Theorem 3.2. Let X be a reflexive Banach space and let f: X — (-e0,00] be a l.s.c.
strictly convex function so that it is Gdteaux differentiable on Int(D) and is bounded on
bounded subsets of Int(D). Suppose C < Int(D) is a nonempty closed convex subset of X
and T : C — C is point-dependent A-hybrid relative to Dy for some function A : C — R.
Then, the following two statements are equivalent:

(a) There is a point x € C such that {T"x},cn is bounded.

(b) F(T) = &.

Taking A(x) = A4, a constant real number, for all x € C and noting the function flx) =

||x||* in a Hilbert space H satisfies all the requirements of Theorem 3.2, the corollary
below follows immediately.

Page 5 of 15
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Corollary 3.3. [8]Let C be a nonempty closed convex subset of Hilbert space H and
suppose T : C — C is A-hybrid. Then, the following two statements are equivalent:

(a) There exists x € C such that {T"(x)},cn is bounded.

(b) T has a fixed point.

We now show that the fixed point set F(7) is closed and convex under the assump-
tions of Theorem 3.2.

A mapping T': C — X is said to be quasi-nonexpansive with respect to Dy if F(T) #
& and Dy (v, Tx) < DAv, x) for all x € C and all ve F(T).

Lemma 3.4. Let f: X — (-o0,00] be a proper strictly convex function on a Banach
space X so that it is Gateaux differentiable on Int(D), and let C C Int(D) be a none-
mpty closed convex subset of X. If T : C — C is quasi-nonexpansive with respect to Dy
then F(T) is a closed convex subset.

Proof. Let x € F(T) and choose {x,},cn € F(T) such that x,, — x as n — oo. By the
continuity of DA-, Tx) and DAx,, T,) < DAx,, x), we have

Dy(x, Tx) = nll)rglo Dy (xy, Tx) < nll)rg) Dy (x4, x) = Df(x,x) = 0.

Thus, due to the strict convexity of f; it follows from Lemma 2.2 that Tx = x. This
shows F(T) is closed. Next, let x, y € F(T) and oc € [0, 1]. Put z = ax + (1 - &))y. We
show that Tz = z to conclude F(T) is convex. Indeed,

Df(z, Tz)

=f(2) = f(Tz) — (z — Tz, f'(Tz))

=f(2) + [ef (x) + (1 = )f ()] = f(T2) — (2 — Tz, f'(T2)) — [af (x) + (1 — )f (¥)]

=f(2) +a[f(x) — f(Tz) — (x — Tz, f'(T2))]
+ (1= a)lf(y) = f(Tz) = (y — Tz, f'(T2))] — [ef (x) + (1 — )f ()]

=f(2) + aDy(x, Tz) + (1 — a)Ds(y, Tz) — [af (x) + (1 — a)f (y)]

< f(z) +aDy(x, 2) + (1 — a)Ds(y, 2) — [af (x) + (1 — &)f (y)]

=f(@) +alf(x) —f(z) = (x—z, @]+ (A —)[f(¥) —f(z) — ¥ —z ()]
— lof(x) + (1 —a)f(¥)]

=f(@) + of (x) — of (z) — {ax — ez, f'(2)) + (1 — &)f(y) — (1 — @)f ()
—((1—a)y— (1 —a)z f'(2)) — [ef (x) + (1 — )f ()]

=—{ax+ (1 —a)y— (az+ (1 —a)z), f'(z))

=—(0, f'(z)) = 0.

Therefore, Tz = z by the strictly convex of f. This completes the proof. O

Proposition 3.5. Let f: X —> (-o0,00] be a proper strictly convex function on a reflexive
Banach space X so that it is Gdteaux differentiable on Int(D) and is bounded on
bounded subsets of Int(D), and let C C Int(D) be a nonempty closed convex subset of
X. Suppose T : C — C is point-dependent A-hybrid relative to Dy for some function 2. :
C — R and has a point xy € C such that {T"(xo)},cn is bounded. Then, T is quasi-non-
expansive with respect to Dy and therefore, F(T) is a nonempty closed convex subset
of C.

Proof. In view of Theorem 3.2, F(T) = &. Now, for any ve F(T) and anyye C,as T
is point-dependent A-hybrid relative to D; we have
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Dy (v, Ty) = Dy(Tv, Ty)
< D(v,y) + A(y) (v—Tov.f'(y) — f'(T¥))
=Ds(v,y)

for all y € C, so T is quasi-nonexpansive with respect to D; and hence, F(T) is a
nonempty closed convex subset of C by Lemma 3.4. O

For the remainder of this section, we establish a common fixed point theorem for a
commutative family of point-dependent A-hybrid mappings relative to Dy

Lemma 3.6. Let X be a reflexive Banach space and let f: X — (-o00,00] be a ls.c.
strictly convex function so that it is Gateaux differentiable on Int(D) and is bounded
on bounded subsets of Int(D). Suppose C C Int(D) is a nonempty bounded closed con-
vex subset of X and {T1, Ts,..., T} is a commutative finite family of point-dependent A-
hybrid mappings relative to Dy for some function A : C — R from C into itself. Then
{T1, Ty,.... Tn} has a common fixed point.

Proof. We prove this lemma by induction with respect to N. To begin with, we deal
with the case that N = 2. By Proposition 3.5, we see that F(T1) and F(7,) are nonempty
bounded closed convex subsets of X. Moreover, F(T1) is T,-invariant. Indeed, for any v
€ F(T,), it follows from T,T, = T,T; that T1Tov = T,T,v = Tov, which shows that T,v
€ F(T,). Consequently, the restriction of T, to F(T;) is point-dependent A-hybrid rela-
tive to D, and hence by Theorem 3.2, T, has a fixed point u € F(T}), thatis, u € F
(T1) N K(T).

By induction hypothesis, assume that for some n > 2, E = N_,F(T}) is nonempty.
Then, E is a nonempty closed convex subset of X and the restriction of T),,; to E is a
point-dependent A-hybrid mapping relative to Dy from E into itself. By Theorem 3.2,
T,.; has a fixed point in X. This shows that E n F(T,.;) = <, that is, ﬂZ:llF(Tk) #0,
completing the proof. 0.

Theorem 3.7. Let X be a reflexive Banach space and let f: X —> (-o0,00] be a Ls.c. strictly
convex function so that it is Gateaux differentiable on Int(D). Suppose C C Int(D) is a
nonempty bounded closed convex subset of X and {T} is a commutative family of point-
dependent A-hybrid mappings relative to Dy for some function A : C — R from C into itself.
Then, {T}{; has a common fixed point.

Proof. Since C is a nonempty bounded closed convex subset of the reflexive Banach
space X, it is weakly compact. By Proposition 3.5, each F(T;) is a nonempty weakly
compact subset of C. Therefore, the conclusion follows once we note that {F(7})};; has
the finite intersection property by Lemma 3.6. 0.

4 Examples
In this section, we give some concrete examples for our fixed point theorem. At first,
we need a lemma.

Lemma 4.1. Let h and k be two real numbers in [0, 1]. Then, the following two state-
ments are true.

@) (W -1 - (h- k> =20, ifh;k > 0.5.
(b) (B - 13)? - (h- B> <0, ifhgk <0.5.
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Proof. First, we represent 4 and k by
h=0.5+a, where —0.5<a<0.5,
and
k=05+b, where —0.5<b<0.5.
Then, we have

(h2 —k)2 — (h—k)? = (a—b)2(a+b) (a+b+2).

If h;k > 0.5, then a + b >0, and so through the above equation, we obtain that (4* -
k*)? - (h - k)* = 0. On the other hand, hzk < 0.5 implies @ + b < 0, and hence, (h* -
IP)? - (h - k*<o0.

Example 4.2. Let C={x € P(N) :x = (x1,%2,...,%n,...), 0 <x; < 1— 1} and J be
a positive number so small that \/§ < 0.5. Define a mapping T : C — C by

xZ, ifvVs <x<1-—

Tx=(Tx1, Txa, ..., Txy,...) : Txi = {8, if§ <x; < J8;
xi, if0 <x; <6.

1.
i+17

Then for any A € R, T is not A-hybrid. However, for each x € C, if we let
ne=min{n: Y o ., x} < 8%} and define A : C —> R by

1
(= )
ne+1 (ne+1)?

then T is point-dependent A-hybrid, that is,

Ax) =

ITx = TyI1> < llx = yII> + A(y) (x = Tx,y = Ty) )

for all x, y € C. Therefore, we can apply Theorem 3.2 to conclude that T has a fixed
point, while the Aoyama-Ilemoto-Kohsaka-Takahashi fixed point theorem fails to give us
the desired conclusion.

1

Proof. Let x and y be two elements from C so that the m"” coordinate of x is 1 — il

the m™ coordinate of y is 0.5 and the rest coordinates of x and y are zero. We have

[|1Tx — Ty||*> = [|x — y||> = m (x — Tx,y — Ty))

() o] (o)
(1,00 (=, 0) Jlos s

9 2 9 4 1 m?
- + 2~ 3t 4= 2
16 m+1 2(m+1) (m+1)° (m+1)" 4(m+1)

— asm — oo.
16

Since the value of above equality is always positive as m is large enough, we conclude
that there is no constant 4 to satisfy the inequality:

Page 8 of 15
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ITx =Ty < [lx—y|I2+ A (x—Tx,y — Ty)

forallx, ye C.
It remains to show that T satisfies the inequality (9). We can rewrite the inequality as

i(Txi - TYi)z < ogol:(xl - yl.)Z + ogol:)\,(y)(xl — Txi)(yi — Tyi).

Thus, if we can show that for all i e N,
(Txi = Tyi)? < (xi — yi)? + A(¥) (i — Txi) (vi — Tya), (10)
then the assertion follows. We prove inequality (10) holds for all i € N by consider-
ing the following two cases: (I) i >min{n,, n,} and (II) i < min{n,, n,}.
e Case (I). i >min{n,, n,}.

In this case, at least one of x; and y; is less than or equal to J. Suppose that 0 < x; <
0. There are three subcases to discuss.

(I-1): If /8 <y; < 1— L, then we have

(Txi = Tyi)* = (xi — 77)* < (5 — i)’
< (i — i) + () (xi — Tx) (i — Ti).

(I-2): § <y; < /8, then we have
(Txi = Tyi)* = (i — 8)* < (xi — i)’
< (xi = )% + A(0) (i = Txi) (i — Tyi).
(I-3): If 0 < y; < 9, then we have
(Txi = Tyi)? = (xi —yi)* < (i = yi)* + 1(y) (i — Txi) (yi — Tvi).

The case that 0 < y; < 6 can be proved in the same manner.
e Case (II). i < min{n,, n,}.

In this case, there are 9 subcases to discuss.
(I1-1): \/(S<x,'§1—i+l1 and V8§ <yi<1— !

i+1°

If “3V" < 0.5, it follows from Lemma 4.1 that

(Txi = Tyi)? = (6F —97)* < (i —y)?
< (% — )7 + A(y) (i — Tox) (yi — Tyi).

If xi;_)/i > 0.5, then both x; and y; are greater than l,+11

graph of the function g(z) = z - z* in R, which is symmetric to the line L : x = 0.5, we

(=) = <i+11> B (i:1>2 = (nﬁc—l) B (nﬁl)z
=) = <i+11) a <1'+11)2 = (ny1+1) a (ny1+1)2’

, and so by considering the

have

Page 9 of 15
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Consequently, we obtain

(Txi = Tyi)? = (] —y})* <1 < 1 L (i = X)) (i = 97)
(nwl T (my1)?
< (xi —y0)” + () (i — Toxi) (vi — Tyi).

(I1-2): § <x; < /6 and /8 <y; <1 — !

i+1°

If y; < 0.5, then )" < 0.5. Thus, from Lemma 4.1, we have

(Txi — Tyi)* = (6 —¥})* < (& —¥})?
< (xi —y:)?

< (i —yi)* + M) (xi — Toxi) (i — Tyi).

If y; >0.5, we have either

1 1\?
S<xi<d&+| . —| .
i+1 i+1
1 1\’
8+(, )—( ) < xi < /8.
i+1 i+1

When § <x; <38+ (ill) — (.1)2, by considering the graph of the function g(z) = z -

— + i+1

722 in R, we have

. 2> 1 1 2>x4 8
imh = i+1 i+1) =7 ’

and thus, we obtain

or

yi—xi =y} —8>0.
Therefore,

(Txi — Tyi)* = (6 —¥7)?
< (% — i) < (i —y)” + 2(0) (% — Tx) (yi — ).

When s+ (1) — (! )2 < x; <+/8, both of x;-6 and y; —y}? are greater than

i+1
(1) =

Therefore,

(! )2 and thus also greater than (nlerl) - ( 1 >2‘

i+1 ny+1

1

(Txi —Tyi)* =(6—y})* <1< L, (i = 8) (i —v7)

1
my+1 (”y+1)2 )

< (i =70 + A() (i = Tx) (v = ).
Likely, we can prove the case:
(I-3): V8 <x;<1— ' and § <y; < /5.
(II-4): 0 <; < Jand /8 <y;<1— .}

i+1°
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Then, we have

(Txi = Tyi)? = (xi — ¥7)* < (xi — y1)°
< (i — i) + () (i — Txi) (i — Tyi).-

Similarly, we can prove the case:
(I-5): V8 <x;<1— ! and 0 <y, <4
(I1-6): § <x; <+/8 and § <y; < /8.

In this case, we have
(Txi — Tyi)? = (8 — 8)? = 0 < (xi — yi)? + A(¥) (xi — Ty) (yi — Ti).

(II-7): 0 < x; < dand § <y; < /8.

This case can be treated as (I-2).

(I-8):0<w;<dand 0 < y; < 4.

This case can be treated as (I-3).

(II-9): § < x; < /6 and 0 < y; < 0.

This case can be treated as (I-2). O

To end this section, we give another example which shows that the concept of a
nonspreading mapping in the sense of (1.2) is generally different from that of a 2-
hybrid mapping relative to some Dy in Hilbert spaces.

Example 4.3. Define f: R — R by fix) = x'° for all x € R, and define T : [0, 0.85] —
[0, 0.85] by Tx = x* for all x € [0, 0.85]. Then, T is neither nonexpansive nor non-
spreading, but it is A-hybrid relative to Dy for any A > 0. Thus, we can apply Theorem
3.2 to conclude T has a fixed point, while both of the Browder Fixed Point Theorem
and the Kohsaka-Takahashi fixed point theorem fail.

Proof. It is easy to check that T is not nonexpansive. As for not nonspreading, taking
x = 0.85 and y = 0.5, we have

[1Tx — Ty||2 = (x> — y?)? = [(0.85)? — (0.5)?]? = 0.22325625

while

e =yl +2 (x = Tx,y — )
=(x=p)?+2(x =)y -7
= (0.85 — 0.5)% + 2[0.85 — (0.85)*][0.5 — (0.5)?] = 0.18625.

Hence, T is not nonspreading in the sense of (1.2). It remains to show that for any 4
> 0, T is A-hybrid relative to Dy Note at first that, for all A > 0 and for all x, y € [0,
0.85],

Alx—Tx, f'(y) — f(T)
= a(x — %) (10y° — 10y'8) > 0.

Hence, it suffices to prove that T is 0-hybrid relative to Dy that is, to show that

Dy(Tx, Ty) — Dy(x,y) <0, Vx,y €[0,0.85].

Page 11 of 15
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Fixed any x € [0, 0.85], let /i(y) = DAT,, T,) - D{x, y). Then

h(y) = f(Tx) = f(Ty) — (Tx — Ty, f (Ty)) — [f (%) = f() — x =y, ' (V)]
= %20+ 9y?% — 104218 — %10 — 9y10 4 10x)°.

We have

W (y) = 180y"° — 180x%y'” — 90y° + 90x)®
= 90)/8(2)/11 - 2x2y9 —y+x)
=90y°[2°(* —x*) = (y —x)]
=90y°[2)° (y + x)(y — ) — (v — %)]
=90y°(y —x)[2Y° (y +x) — 1].

Since y and x are in [0, 0.85], one has
2y°(y+x) — 1 < 2(0.85)°(0.85 +0.85) — 1 < 0,

and hence

/ >0 /if)'fx;
h()/){fo Jif y > x.

Moreover, we know /(y) = 0 if x = y. Therefore, i(y) is always less than or equal to
zero and we have proved that D(Tx, Ty) - D{x, y) < 0 for all x, y € [0, 0.85]. ©

5 Weak convergence theorems

In this section, we discuss the demiclosedness and the weak convergence problem of
point-dependent A-hybrid relative to D We denote the weak convergence and strong
convergence of a sequence {x,} to v in a Banach space by x,, = v and x,, —> v, respec-
tively. For a nonempty closed convex subset C of a Banach space X, a mapping 7 : C
— X is demiclosed if for any sequence {x,} in C with x, -~ v and x,, - Tx,, > 0, one

has Tv = v.

We first derive an Opial-like inequality for the Bregman distance. For the Opial’s

inequality, we refer readers to Lemma 1 of [11].

Lemma 5.1. Suppose f: X — (-o0,00] is a proper strictly convex function so that it is
Gateaux differentiable on Int(D) in a Banach space X and {x,},.n is a sequence in D

such that x,, —~ v for some v € Int(D). Then

liminf Dy (x,, v) < liminfDy(x,,y), Vy € Int(D) with y # v.
n—oo

n—oo
Proof. Since

Dy (xn, v) — Dy(xn, y)
= f(xn) = f(0) = (tn — v f' () = [f(x0) = F() — (% — v, f W)
=f(n) = f(v) = (i — v, f' (V) = f(x0) +f () + (tn = 1. f (P))]
+ (= v, f' (1)) = (o — v f' (1))
== [f)—f) = W= O]+ —v.f'(y) = f(v)
== Dr(v,y) + (w — v, f'(y) = ' (v))

Page 12 of 15
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and x,, —~ v, we have
Jim [Dy(%n, v) = Dy(xn, ¥)] = =Dy (v 7).
Consequently,
lig(i)glfo(xn, V) = li,{gglf[(Df(xn, v) — Df(x4,¥)) + Dy (xn, ¥)]
= lim (Dy (5, ) — Dy, ) + liminf Dy (3, )

= —D¢(v,y) + llr{gglfo(xn, ¥),

and hence in view of D{v, y) >0 for y = v we obtain

lim inf Dy (x,, v) < liminf Dy (xy, y).
n—-oo n—oo

o

Proposition 5.2. Let f: X — (-o0,0] be a strictly convex function so that it is Gdteaux
differentiable on Int(D) and is bounded on bounded subsets of Int(D). Suppose C is a
closed convex subset of Int(D) and T : C — C is point-dependent A-hybrid relative to
Dy for some A : C — R. Then T is demiclosed.

Proof. Let {x,} be any sequence in C with x, -~ v and x,, - Tx,, > 0. We have to show
that Tv = v. Since f is bounded on bounded subsets, by Proposition 1.1.11 of [9] there
exists a constant M >0 such that

max{sup{||f’(xa)I| :n € N}, [[A)I], [If'(Tv)ll, IIf' )} <M.
Rewrite D(x,, Tv) as

Dg(xn, Tv) = f(xn) — f(Tv) — (xn — Tv, f'(Tv))
= f(xn) + f(Txn) — f(Txn) — f(Tv) — (0 — Tv, f'(Tv))
+ (Txp, — Tv, f'(Tv)) — (Tx, — Tv, f'(Tv))
= [f(Txn) — f(Tv) — (Txp — T, f'(Tv))] + f (xn) — f(Txn)
+ (Txy — xp, ' (T))
= Dp(Txy, Tv) + f(xn) — f(Txn) + (Txn — X, f'(T0)).

(11)

Noting flx,,) - ATx,) < {(x, - Tx,, f(x,)) and T is point-dependent A-hybrid relative to
Dy, we have from (11) that

Df(xn, Tv)
< Df(Txn, TU) + (xy — Txnrf,(xn» — (X — Txnrf,(TV»
< Dy(xn, v) + M) (%0 — Txn, f'(v) — f'(TV)) + (%0 — T, f'(x0) — f'(TV)) (12)

< D (n, v) + [IX@)IUS @)+ T (T + (L Cen)l+ 1 (To) DT — Tl
< Df(%n, V) + 2M(M + 1)[|x; — Txy].

If Tv = v, then Lemma 5.1 and (12) imply that
liminf Dy (x,, v)
n—o0
< lim inf Dy (xn, Tv)
n—oo

< liminf[Dy(x, v) + 2M(M + 1)||x, — Txy||] = lim inf D¢ (x,, v),
n—o0o n—oo
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a contradiction. This completes the proof. ©

A mapping T : C — C is said to be asymptotically regular if, for any x € C, the
sequence {T""'x - T"x} tends to zero as n — oo,

Theorem 5.3. Suppose the following conditions hold:

(5.3.1) f: X > (-00,00] is Ls.c. uniformly convex function so that it is Gateaux differen-
tiable on Int(D) and is bounded on bounded subsets of Int(D) in a reflexive Banach
space X.

(5.3.2) C < Int(D) is a closed convex subset of X.

(5.3.3) T: C — C is point-dependent A-hybrid relative to Dy for some A : C - R and
is asymptotically regular with a bounded sequence {T"x},c n for some xy € C.

(5.3.4) The mapping x — f(x) for x € X is weak-to-weak* continuous.

Then for any x € C, {T"x},cn is weakly convergent to an element v e F(T).

Proof. Let ve F(T) and x € C. If {T"x},c is not bounded, then there is a subse-
quence {T"x};jcn such that |[v — T"x|| > 1 for all i € N and |[v — T"x|| - o0 as i —

0. From (5.3.3), for any n € N, we have

Dy(v, T"™'x) = Dy(Tv, T"'x)
< Dy(v, T"x) + A(T"x) {v — Tv, f'(T"x) —f(T"x)} = Dy (v, T"x)
< D¢(v, x),

which in conjunction with (3), (4), and (6) implies that

D¢(v,x) = Dy(v, T"x) > ve(T"x, |lv — T"x||)
[l — T"x||ve(T"x, 1)

> |lv—T"x||8f(1) > oo, asi— oo,

\%

a contradiction. Therefore, for any x € X, {T"x},. is bounded, and so it has a sub-
sequence {T"x}jew which is weakly convergent to w for some w € C. As
Thx — Th*lx — 0, it follows from the demiclosedness of T that w € F(T). It remains
to show that T7x — w as n — co. Let {T™x}nen be any subsequence of {T”x},cn so

that T"x — y for some u € C. Then u € F(T). Since both of {D[w, T"x)},cn and {Dy
(1, T"x)},.c N are decreasing, we have

Tim [Dy(w, ") — Dy(, 7)) = lim [f(w) — () — w —u, f(T")] = a
for some a e R. Particularly, from (5.3.4) we obtain

a= lim [f(w) —f(u) — = u,f (T3] = f(w) () = (w =, (w)
and

a = Jim [f(w) = fw) = uf (T"))] = f(@w) ~ f(u) — w—wf (w):

Consequently, (w - u, f(w) - f(u)) = 0, and hence w = u by the strict convexity of f.
This shows that 77x — w for some w € F(T).0

Adopting the technique of [8], we have the following ergodic theorem for point-
dependent A-hybrid mappings in Hilbert spaces.
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Theorem 5.4. Suppose

(5.4.1) C is nonempty closed convex subset of a Hilbert space H.

(5.4.2) T : C — C is a point-dependent A-hybrid mapping for some function A : C —
R, that is,

IITx = Tyl1> < |lx =y + 2(y){x = Tx,y = Tj), V¥x,yeC.

(5.4.3) F(T) = @.
Then for any x € C, the sequence {S,(x)},.cn defined by

1 n=1
Sp(x) =~ Y Thx
N k=0
converges weakly to some point v e F(T).
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