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Abstract

The purpose of this paper is to introduce a new hybrid projection method based on
modified Mann iterative scheme by the generalized f-projection operator for a
countable family of relatively quasi-nonexpansive mappings and the solutions of the
system of generalized mixed equilibrium problems. Furthermore, we prove the
strong convergence theorem for a countable family of relatively quasi-nonexpansive
mappings in a uniformly convex and uniform smooth Banach space. Finally, we also
apply our results to the problem of finding zeros of B-monotone mappings and
maximal monotone operators. The results presented in this paper generalize and
improve some well-known results in the literature.
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1 Introduction

The theory of equilibrium problems, the development of an efficient and implementa-
ble iterative algorithm, is interesting and important. This theory combines theoretical
and algorithmic advances with novel domain of applications. Analysis of these pro-
blems requires a blend of techniques from convex analysis, functional analysis, and
numerical analysis.

Equilibrium problems theory provides us with a natural, novel, and unified frame-
work for studying a wide class of problems arising in economics, finance, transporta-
tion, network, and structural analysis, image reconstruction, ecology, elasticity and
optimization, and it has been extended and generalized in many directions. The ideas
and techniques of this theory are being used in a variety of diverse areas and proved to
be productive and innovative. In particular, generalized mixed equilibrium problem
and equilibrium problems are related to the problem of finding fixed points of non-
linear mappings.

Let E be a real Banach space with norm || - ||, C be a nonempty closed convex sub-
set of E and let E* denote the dual of E. Let {#;},c o : C x C — R be a bifunction, {¢;}
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ica: C = R be a real-valued function, and {A;},c o : C —> E* be a monotone mapping,
where A is an arbitrary index set. The system of generalized mixed equilibrium pro-
blems is to find x € C such that

6i(x,y) + (Aix,y —x) + ¢i(y) —¢i(x) =0, i€ A, VyeC. (1.1)

If A is a singleton, then problem (1.1) reduces to the generalized mixed equilibrium
problem is to find x € C such that

O(x,y) + (Ax,y — x) +o(y) —¢(x) =0, VyeC. (1.2)
The set of solutions to (1.2) is denoted by GMEP(6, A, ¢), i.e.,
GMEP(0,A,9) ={x e C:0(x,y) + (Ax,y —x) +¢(y) —¢(x) =0, VyeC}. (1.3)

If A =0, the problem (1.2) reduces to the mixed equilibrium problem for 6, denoted
by MEP(6, ¢) is to find x € C such that

O(x,y)+e(y) —9(x) =0, VyeC. (1.4)

If 0 = 0, the problem (1.2) reduces to the mixed variational inequality of Browder
type, denoted by V I(C, A, ¢) is to find x € C such that

(Ax,y —x) +p(y) —¢(x) > 0, VyeC. (1.5)

If A =0 and ¢ = 0 the problem (1.2) reduces to the equilibrium problem for 0,
denoted by EP(0) is to find x € C such that

f(xy) >0, VyeC. (1.6)

If 6 = 0, the problem (1.4) reduces to the minimize problem, denoted by Argmin(¢p)
is to find x € C such that

o(y) —e(x) =0, VyeC. (1.7)

The generalized mixed equilibrium problems include fixed point problems, optimiza-
tion problems, variational inequality problems, Nash equilibrium problems, and the
equilibrium problems as special cases. Moreover, the above formulation (1.5) was
shown in [1] to cover monotone inclusion problems, saddle point problems, variational
inequality problems, minimization problems, optimization problems, vector equilibrium
problems, and Nash equilibria in noncooperative games. In other words, the GMEP(6,
A, ), MEP(6, ¢) and EP(0) are an unifying model for several problems arising in phy-
sics, engineering, science, optimization, economics, etc. Many authors studied and con-
structed some solution methods to solve the GMEP(0, A, ¢), MEP(0, ¢), EP(0) [[1-16],
and references therein].

Let C be a closed convex subset of E and recall that a mapping 7 : C — C is said to
be nonexpansive if

Tx =Tyl < [lx—yIl, VxyeC.

A point x € C is a fixed point of T provided Tx = x. Denote by F(T) the set of fixed
points of 7, that is, F(T) = x e C: Tx = x}.

As we know that if C is a nonempty closed convex subset of a Hilbert space H and
recall that the (nearest point) projection Pc from H onto C assigns to each x € H, the
unique point in Pcx € C satisfying the property ||x - Pcx|| = minyc ¢ ||x - y||, then we
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also have Pc is nonexpansive. This fact actually characterizes Hilbert spaces and conse-
quently, it is not available in more general Banach spaces. We consider the functional
defined by

o(y,x) = IyI1> = 2(y,Jx) + ||x||>, forx,y € E, (1.8)

where J is the normalized duality mapping. In this connection, Alber [17] introduced
a generalized projection Il¢ from E in to C as follows:

I¢(x) = arg l’;lelél ¢(y,x), VxekE. (1.9)

It is obvious from the definition of functional ¢ that
(Il = 11x1D)* < ¢y x) < (1Yl + [1x1)?, ¥x,y € E. (1.10)

If E is a Hilbert space, then ¢(y, x) = ||y - x||* and I becomes the metric projection
of E onto C. The generalized projection Ilc : E — C is a map that assigns to an arbi-
trary point x € E the minimum point of the functional ¢(y, x), that is, [1gx = X, where

x is the solution to the minimization problem

P(% x) = ;gcf By, x). (1.11)

The existence and uniqueness of the operator Il follow from the properties of the
functional ¢(y, x) and strict monotonicity of the mapping J [17-21]. It is well known
that the metric projection operator plays an important role in nonlinear functional
analysis, optimization theory, fixed point theory, nonlinear programming, game theory,
variational inequality, and complementarity problems, etc. [17,22]. In 1994, Alber [23]
introduced and studied the generalized projections from Hilbert spaces to uniformly
convex and uniformly smooth Banach spaces. Moreover, Alber [17] presented some
applications of the generalized projections to approximately solve variational inequal-
ities and von Neumann intersection problem in Banach spaces. In 2005, Li [22]
extended the generalized projection operator from uniformly convex and uniformly
smooth Banach spaces to reflexive Banach spaces and studied some properties of the
generalized projection operator with applications to solve the variational inequality in
Banach spaces. Later, Wu and Huang [24] introduced a new generalized f-projection
operator in Banach spaces. They extended the definition of the generalized projection
operators introduced by Abler [23] and proved some properties of the generalized f-
projection operator. In 2009, Fan et al. [25] presented some basic results for the gener-
alized f-projection operator and discussed the existence of solutions and approximation
of the solutions for generalized variational inequalities in noncompact subsets of
Banach spaces.

Let (-, -) denote the duality pairing of E* and E. Next, we recall the concept of the
generalized f-projection operator. Let G : C x E* — R U {+o} be a functional defined
as follows:

G @)= |E]I* — 2, @)+ lwl|]* + 2pf(£), (1.12)

where £ € C, @ € E*, p is positive number and f: C — R U {+oo}is proper, convex,
and lower semicontinuous. By the definitions of G, it is easy to see the following
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properties:

(1) G(& ) is convex and continuous with respect to @ when ¢ is fixed;
(2) G(& ) is convex and lower semicontinuous with respect to ¢ when w is fixed.

Definition 1.1. Let E be a real Banach space with its dual E*. Let C be a nonempty
closed convex subset of E. We say that né . Ex — 2C is generalized f-projection opera-

tor if

n&v=WeC:waﬂ=F€G@ﬂﬂL Vor € E .
€

Observe that, if flx) = 0, then the generalized f-projection operator (1.12) reduces to
the generalized projection operator (1.9).

For the generalized f-projection operator, Wu and Hung [24] proved the following
basic properties:

Lemma 1.2. [24]Let E be a real reflexive Banach space with its dual E* and C a
nonempty closed convex subset of E. Then the following statement holds:

(1) néw, is a nonempty closed convex subset of C for all ® € E*

(2) if E is smooth, then for all ® € E*, x nfwi and only i
C y

(x—y @ —Jx)+pf(y) —pf(x) =0, VyeGC;

(3) if E is strictly convex and f: C — R U {+eo} is positive homogeneous (i.e., fltx) =
tfix) for all t >0 such that tx € C where x € C), then néwis single-valued mapping.

Recently, Fan et al. [25] show that the condition fis positive homogeneous which
appeared in [[25], Lemma 2.1 (iii)] can be removed.

Lemma 1.3. [25]Let E be a real reflexive Banach space with its dual E* and C a
nonempty closed convex subset of E. If E is strictly convex, then n(fjwis single valued.

Recall that J is single value mapping when E is a smooth Banach space. There exists
a unique element @ € E* such that ® = Jx where x € E. This substitution for (1.12)

gives
G(&,Jx) = |IEI1* — 2(&,Jx) + |IxI|* + 2pf (£). (1.13)

Now we consider the second generalized f projection operator in Banach space [26].
Definition 1.4. Let E be a real smooth and Banach space and C be a nonempty

closed convex subset of E. We say that 1'[]; : E — 2C is generalized f-projection opera-

tor if

l'[fcx ={ueC:G(uJx) = éng G(&,Jx)}, VxeE.
(S

Next, we give the following example [27] of metric projection, generalized projection
operator and generalized f-projection operator do not coincide.
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Example 1.5. Let X = R> be provided with the norm

e %2, 2l = (2 +23) +\/xd + 22
This is a smooth strictly convex Banach space and C = {x € R3|x2 =0,x3 =0} is a
closed and convex subset of X. It is a simple computation; we get

Pc(1,1,1) = (1,0,0), Tc(1,1,1) =(2,0,0)
We set p = 1 is positive number and define f: C — R U {+o} by

2+25, x<0;
f(x)z{—z—z«/s,xzo.

Then, fis proper, convex, and lower semicontinuous. Simple computations show that
(1,1,1) = (4,0,0).

Recall that a point p in C is said to be an asymptotic fixed point of T [28] if C con-
tains a sequence {x,} which converges weakly to p such that lim,,_,.. ||x, - Tx,|| = 0.
The set of asymptotic fixed points of 7 will be denoted by F(T). A mapping T from C
into itself is said to be relatively nonexpansive mapping [29-31] if

(R1) F(T) is nonempty;

(R2) ¢(p, Tx) < @(p, x) for all x € C and p € F(T);

(R3) F(T) = F(T)

A mapping T is said to be relatively quasi-nonexpansive (or quasi-@-nonexpansive) if
the conditions (R1) and (R2) are satisfied. The asymptotic behavior of a relatively non-
expansive mapping was studied in [32-34]. The class of relatively quasi-nonexpansive
mappings is more general than the class of relatively nonexpansive mappings
[11,32-35] which requires the strong restriction: F(T) = f(T) In order to explain this
better, we give the following example [36] of relatively quasi-nonexpansive mappings
which is not relatively nonexpansive mapping. It is clearly by the definition of relatively
quasi-nonexpansive mapping 7T is equivalent to F(T) = &, and G(p, JTx) < G(p, Jx) for
allx e Cand p e F(T).

Example 1.6. Let E be any smooth Banach space and let x5 # 0 be any element of E.

We define a mapping T': E — E by

T(x) = {(; + on) X0, ifx = (5 + ) xo;

—x, ifx (5 + )Xo

Then T is a relatively quasi-nonexpansive mapping but not a relatively non-expansive
mapping. Actually, T above fails to have the condition (R3).

Next, we give some examples which are closed quasi-¢p-nonexpansive [[4], Examples
2.3 and 2.4].

Example 1.7. Let E be a uniformly smooth and strictly convex Banach space and A <
E x E* be a maximal monotone mapping such that its zero set A0 = &. Then, J, = (J
+ rA)YJJ is a closed quasi-@-nonexpansive mapping from E onto D(A) and F(J,) = Ao,

Proof By Matsushita and Takahashi [[35], Theorem 4.3], we see that J, is relatively
nonexpansive mapping from E onto D(A) and F(J,) = A'0. Therefore, J, is quasi-@-
nonexpansive mapping from E onto D(A) and F (J,) = A™'0. On the other hand, we can
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obtain the closedness of J, easily from the continuity of the mapping J and the maximal
monotonicity of A; see [35] for more details. O

Example 1.8. Let C be the generalized projection from a smooth, strictly convex, and
reflexive Banach space E onto a nonempty closed convex subset C of E. Then, C is a
closed quasi-@-nonexpansive mapping from E onto C with F(IT¢) = C.

In 1953, Mann [37] introduced the iteration as follows: a sequence {x,} defined by

Xne1 = Qndn + (1 — 0y) Ty, (1.14)

where the initial guess element x; € C is arbitrary and {¢,,} is real sequence in 0[1].
Mann iteration has been extensively investigated for nonexpansive mappings. One of
the fundamental convergence results is proved by Reich [38]. In an infinite-dimen-
sional Hilbert space, Mann iteration can conclude only weak convergence [39,40].
Attempts to modify the Mann iteration method (1.14) so that strong convergence is
guaranteed have recently been made. Nakajo and Takahashi [41] proposed the follow-

ing modification of Mann iteration method as follows:

x1 = x € Cis arbitrary,

Yn = )Xy + (1 — o) Ty,

Co={zeC: |lyn—2zll = llxn—2zll}, (1.15)
Qn=1{z€C:{xn—2,x—x,) >0},

Xns1 = Pc,ng,xn > 1.

They proved that if the sequence {c,,} bounded above from one, then {x,} defined by
(1.15) converges strongly to Prcpyx.

In 2007, Aoyama et al. [[42], Lemma 3.1] introduced {7} is a sequence of nonexpan-
sive mappings of C into itself with N5, F(T,) # ¥ satisfy the following condition: if for

each bounded subset B of C, Zool sup{||Tns1z2 — Tuzl|| :z € B < 00}. Assume that if
n=

the mapping 7' : C — C defined by Tx = lim,,_,., T,x for all x € C, then lim,_,., sup{||
Tz - T,z|| : ze C} = 0. They proved that the sequence {T,} converges strongly to
some point of C for all x € C.

In 2009, Takahashi et al. [43] studied and proved a strong convergence theorem by
the new hybrid method for a family of nonexpansive mappings in Hilbert spaces as fol-
lows: xo € H, C; = C and x1 = P¢c,x0 and

Yn = 0pXp + (1 — an)Tnxnr
Cr1=1{z€C: |lyn—2zll < [lxn —2zll}, (1.16)
Xn+l = PC X0, n= 1!

n+1

where 0 < o, < a <1 for all n € o and {7} is a sequence of nonexpansive mappings
of C into itself such that N2, F(T,) # @. They proved that if {7} satisfies some appro-
priate conditions, then {x,} converges strongly to Pr, r(r,)Xo.

The ideas to generalize the process (1.14) from Hilbert spaces have recently been
made. By using available properties on a uniformly convex and uniformly smooth
Banach space, Matsushita and Takahashi [35] proposed the following hybrid iteration
method with generalized projection for relatively nonexpansive mapping 7 in a Banach
space E:
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xo € Cchosen arbitrarily,

Vn = ]71(0ln]xn + (1 - an)]Txn),

Ch={z€C:¢(z,yn) < ¢(z.x1)}, (1.17)
Qu=1{z€C: {xy —zJxo — Jxn) > 0},

Xne1 = Hg,nq,Xo-

They proved that {x,} converges strongly to Ilg) xo, where Il is the generalized
projection from C onto F(T). Plubtieng and Ungchittrakool [44] introduced and proved
the processes for finding a common fixed point of a countable family of relatively non-
expansive mappings in a Banach space. They proved the strong convergence theorems
for a common fixed point of a countable family of relatively nonexpansive mappings
{T,} provided that {T,} satisfies the following condition:

« if for each bounded subset D of C, there exists a continuous increasing and con-
vex function 4 : R* — R". such that 4(0) = 0 and limk,;_,.. sup.c p h(|| Tz - Tz||)
=0.

Motivated by the results of Takahashi and Zembayashi [13], Cholumjiak and Suantai
[2] proved the following strong convergence theorem by the hybrid iterative scheme
for approximation of common fixed point of countable families of relatively quasi-non-
expansive mappings {7;} on C into itself in a uniformly convex and uniformly smooth
Banach space: x5 € E, x1 = Ilc,x0,C; = C

Yni = ]_1(an]xn + (1 — an)]Tixn)r
Upi = TEn TEno1 ...Tfl{nyn,i

Tmn = Tm—1,n

Cui1 = {z € Cy :sup;.10(z Juni) < ¢(w, Jx4)},
Xnel = HC Xo, N = 1!

n+l

(1.18)

where Tg_fn, i=1,2,3, .., mdefined in Lemma 2.8. Then, they proved that under cer-

tain appropriate conditions imposed on {e,}, and {r, ;}, the sequence {x,} converges
strongly to Ilc,,, Xo.

Recently, Li et al. [26] introduced the following hybrid iterative scheme for approxi-
mation of fixed point of relatively nonexpansive mapping using the properties of gener-
alized f-projection operator in a uniformly smooth real Banach space which is also
uniformly convex: ¥y € C,

Yn = ]_l(an]xn + (1 - Oln)]Txn)/
Cri={weCy: G(w/])/n) =< G(wr]xn)}r (1.19)
X1 = HfCMxo, n>1

They obtained a strong convergence theorem for finding an element in the fixed
point set of T. The results of Li et al. [26] extended and improved on the results of
Matsushita and Takahashi [35].

Very recently, Shehu [45] studied and obtained the following strong convergence
theorem by the hybrid iterative scheme for approximation of common fixed point of
finite family of relatively quasi-nonexpansive mappings in a uniformly convex and uni-
formly smooth Banach space: let x5 € C, x1 = Il¢,x0, C; = C and

Page 7 of 21
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Yn = ]_1(an]xn + (1 — Oln)]Tnxn)/
F,
ty = Tyn Tor) L TH

Ci1={zeCy: ¢(Z, un) =< ¢(ern)}/
Xns1 = e, X0, n > 1

n+1

(1.20)

where T,, = T,(mod N ). He proved that the sequence {x,} converges strongly to
I¢,
Recall that a mapping 7': C — C is closed if for each {x,} in C, if x,, > x and Tx, —

...X0 under certain appropriate conditions.

y, then Tx = y. Let {T,} be a family of mappings of C into itself with
F:=N2F(Ty) # 9, {T,} is said to satisfy the (*)-condition [46] if for each bounded
sequence {z,} in C,

lim ||z, — Tyzy|| =0, and z, — zimplyz € F. (1.21)
n—-oo

It follows directly from the definitions above that if 7,, = T and T is closed, then {T;}
satisfies (*)-condition [46]. Next, we give the following example:
Example 1.9. Let E = R with the usual norm. We define a mapping 7}, : E — E by

1
0, if x< ;
Tn(x) = 1
Sif x> o,
n n

for all » > 0 and for each x € R. Hence, ﬂ:l F(T,) = F(T,) = {0} and ¢(0, T,x) = ||

0- Tx|| < 1|0 -x|| = 90, x), Vx € R. Then, T is a relatively quasi-nonexpansive map-
ping but not a relatively nonexpansive mapping. Moreover, for each bounded sequence
z, € E, we observe that T,z, = rll — 0 as n — o, and hence z = lim,,_,.. z, = lim,,_,.,
T,z, = 0 as n —> oo; this implies that z = 0 € F(T,,). Therefore, T, is a relatively quasi-
nonexpansive mapping and satisfies the (*)-condition.

In 2010, Shehu [47] introduced a new iterative scheme by hybrid methods and
proved strong convergence theorem for approximation of a common fixed point of
two countable families of weak relatively nonexpansive mappings which is also a solu-
tion to a system of generalized mixed equilibrium problems in a uniformly convex real
Banach space which is also uniformly smooth using the properties of generalized f-pro-
jection operator.

The following questions naturally arise in connection with the above results using
the (*)-condition:

Question I: Can the Mann algorithms (1.20) of [45] still be valid for an infinite family
of relatively quasi-nonexpansive mappings?

Question 2: Can an iterative scheme (1.19) to solve a system of generalized mixed
equilibrium problems?

Question 3: Can the Mann algorithms (1.20) be extended to more generalized f-pro-
jection operator?

The purpose of this paper is to solve the above questions. We introduce a new
hybrid iterative scheme of the generalized f-projection operator for finding a common
element of the fixed point set for a countable family of relatively quasi-nonexpansive
mappings and the set of solutions of the system of generalized mixed equilibrium pro-
blem in a uniformly convex and uniformly smooth Banach space by using the (*)-con-
dition. Furthermore, we show that our new iterative scheme converges strongly to a
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common element of the aforementioned sets. Our results extend and improve the
recent result of Li et al. [26], Matsushita and Takahashi [35], Takahashi et al. [43],
Nakajo and Takahashi [41] and Shehu [45] and others.

2 Preliminaries
A Banach space E is said to be strictly convex ifllx;yll < 1for all , y € E with ||x|| =

[[/| =1 and x = y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then a Banach

[x+ty[|—[1x]]
t

space E is said to be smooth if the limit PH& | exists for each x, y € U. It is
—

also said to be uniformly smooth if the limit exists uniformly in x, y € U. Let E be a
Banach space. The modulus of smoothness of E is the function pg : [0, ] — [0, 0]

defined by pg(t) = sup { V1 y1xl) = 1, [Iyl] < ¢}. The modulus of convexit
y 2 14 Y

of E is the function J : [0, 2] — [0, 1] defined by
dp(¢e) = inf{1 — ||x;y|| cx,y € E Ixll = |lyll =1,|lx =yl = ¢&}. The normalized duality
mapping | - E — 2E* is defined by J(x) = {x* € E*: {x, x*) = ||||> [|x*|| = ||x|[}. If E is
a Hilbert space, then J = I, where [ is the identity mapping.

It is also known that if E is uniformly smooth, then / is uniformly norm-to-norm
continuous on each bounded subset of E.

Remark 2.1. If E is a reflexive, strictly convex and smooth Banach space, then for x, y
€ E, ¢(x, y) = 0 if and only if x = y. It is sufficient to show that if ¢(x, y) = 0 then x =
y. From (1.8), we have ||x|| = ||y||. This implies that (x, Jy) = ||%||*> = ||Jy||* From the
definition of /, one has Jx = Jy. Therefore, we have x = y; see [19,21] for more details.

We also need the following lemmas for the proof of our main results:

Lemma 2.2. [20]Let E be a uniformly convex and smooth Banach space and let {x,}
and {y,} be two sequences of E. If ¢(x,, ,,) — 0 and either {x,} or {y,} is bounded, then
[ = 7ul| — 0.

Lemma 2.3. [48]Let E be a Banach space and f: E — R U {+eo} be a lower semicon-
tinuous convex functional. Then there exist x* € E* and o € R such that

f(x) = (x,x%) +a, ¥x € E.
Lemma 2.4. [26]Let E be a reflexive smooth Banach space and C be a nonempty

closed convex subset of E. The following statements hold:

1. H]éxis nonempty closed convex subset of C for all x € E;

2 forall x| E i e l'Ifoifzmd only if

(k—yJx—Jx)+pf(y) — pf(X) =0, VyeGC;

3. if E is strictly convex, then Hléis a single-valued mapping.

Lemma 2.5. [26]Let E be a real reflexive smooth Banach space, let C be a nonempty

closed convex subset of E, and let x nféx. Then

o(y, %) + G(%,Jx) < G(y,Jx), VyeC.
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Remark 2.6. Let E be a uniformly convex and uniformly smooth Banach space and f
(x) = 0 for all x € E; then Lemma 2.5 reduces to the property of the generalized pro-
jection operator considered by Alber [17].

Lemma 2.7. [4]Let E be a real uniformly smooth and strictly convex Banach space,
and C be a nonempty closed convex subset of E. Let T : C — C be a closed and rela-
tively quasi-nonexpansive mapping. Then F(T) is a closed and convex subset of C.

For solving the equilibrium problem for a bifunction  : C x C — R, let us assume
that 0 satisfies the following conditions:

(A1) O(x, x) = 0 for all x € C;

(A2) 0 is monotone, i.e., O(x, y) + O(y, x) <0 for all x, y € C;

(A3) for each x, y, z € C,

1%1 O(tz + (1 —t)x,y) < 0(x )
t

(A4) for each x € C, y » 0O(x, y) is convex and lower semi-continuous.
For example, let A be a continuous and monotone operator of C into E* and define

g(x')/) = <Axry —x),er}/ (S] C

Then, 0 satisfies (A1)-(A4). The following result is in Blum and Oettli [1].

Motivated by Combettes and Hirstoaga [3] in a Hilbert space and Taka-hashi and
Zembayashi [12] in a Banach space, Zhang [16] obtain the following lemma:

Lemma 2.8. Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Assume that 0 be a bifunction from C x C to R satisfying (A1)-(A4), A
: C — E* be a continuous and monotone mapping and ¢ : C — R be a semicontinuous
and convex functional. For r >0 and let x € E. Then, there exists z € C such that

1
F(z,y) + LW—zJe=jx) 20, VyeC

where F(z, y) = 0(x, y) + (Az, y - z) + ¢(y) - ¢p(x), x, y € C. Furthermore, define a
mapping T' : E — Cas follows:

1
Tfx={ze C: F(zy) + y=zJz—Jx) =0, VyeC)

Then the following hold:

(1) TEis single-valued;

(2) This  firmly  nonexpansive, ie., for all x y € E,
(TFx — TPy, JTEx — JTEy) < (T — TFy Jx — Jyy

(3) F(TF) = F(TF) = GMEP(6, A, ¢);

(4) GMEP(0, A, ¢) is closed and convex;

(5) ¢(p, TEz) + ¢(TFz,2) < ¢(p,2), Vp € F(T)and z € E.

3 Main results

In this section, by using the (*)-condition, we prove the new convergence theorems for
finding a common fixed points of a countable family of relatively quasi-nonexpansive
mappings, in a uniformly convex and uniformly smooth Banach space.
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Theorem 3.1. Let C be a nonempty closed and convex subset of a uniformly convex
and uniformly smooth Banach space E. Let {Ty}o0,be a countable family of relatively
quasi-nonexpansive mappings of C into E satisfy the (*)-condition and f: E — R be a
convex lower semicontinuous mapping with C < int(D(f), where D(f) is a domain of f.
For each j = 1, 2, ..., m let 0; be a bifunction from C x C to R which satisfies conditions
(AI1)-(A4), A;: C — E* be a continuous and monotone mapping, and ¢;: C — R be a
lower semicontinuous and convex function. Assume that

§ = (ﬂ;l“;lF(Tn))m(m;ﬁlGMEP(Gj,Aj,goj))7!@. For an initial point xo € E with

X1 = Hélxoand C: = G, we define the sequence {x,} as follows:

Y =T Hadxn + (1 — an) Tuxy),
Up = T:j:?n T::;n:lln’ e szzn T}':ll,nyn’

Cu1={z€Cy: G(Z/ ]un) = G(Zr])/n) = G(Zr]xn)}:
Xpe1 = chmxo, n>1,

(3.1)

where ] is the duality mapping on E, {a,} is a sequence in [0, 1] and
{rintoey C [d, 00)or some d >0 (j = 1, 2, .., m). If lim inf, ,.(1 - o) >0, then {x,} con-
verges strongly to p € §, where p = Hfsxo.

Proof We split the proof into five steps.

Step 1: We first show that C, is closed and convex for each n € N.

Clearly C; = C is closed and convex. Suppose that C,, is closed and convex for each
n € N. Since for any z € C,, we know G(z, Ju,) < G(z, Jx,) is equivalent to

2(z,Jxtn — Jun) < 1lxall> = [lunll?.

So, C,,1 is closed and convex. This implies that H]; X0 is well defined.

Step 2 : We show that § Cc C, for all me N.
Next, we show by induction that § C C, for all n € N. It is obvious that § ¢ C = C;.
Suppose that Fc C, for some n € N. Let ge€F and u,=K]'y,, when

Tin = Tj—1,n? * *

K=1hrh Tfjanﬁn,]’ =1,2,3, .., m K = [; since {T}} is relatively quasi-nonex-
pansive mappings, it follows by (3.2) that

G(quun) = G(q,]K;"yn)

< G(q.Jyn)

= G(q, anJxn + (1 — an)JTyxy)
||6I||2 — 2(q, anJon + (1 — 0otn)J Trxy)
+||enJxn + (1 - Oln)]Tnan2 + 2,0f(fJ)
IIQIIZ — 2an(q, Jxn) — 2(1 — otn){q, JTyxn)
+at | [Jxn 12 + (1- an)”]Tnxn”z +2pf(q)
anG(q, Jxn) + (1 — ) G(q, JTuxn)
anG(q,Jxn) + (1 — an)G(q, Jxn)
G(q, Jxn).

IA

A

This shows that g € C,,,; which implies that § C C,,,; and hence, § C C, for all n €
N.

Step 3 : We show that {x,} is a Cauchy sequence in C and lim,, ,.. G(x,, Jxo) exist.

Since f: E — R is convex and lower semicontinuous mapping, from Lemma 2.3, we
know that there exist x* € E* and o € R such that
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fy) = (y,x") +a,¥y € E.
Since x,, € E, it follows that

G, Jx0) = [1%nl1> = 2(xn, Jx0) + [I%0|I* + 20f (%)

> (121> = 2{xn, Jxt0) + [ 101> + 2 (xn, x*) + 2px

= |lxal I = 2{xn, Jxo — px*) + |1x0]|? + 2 pax 3.3)
> [lxall* = 2[lxal|[lJx0 — px*|| + |01 + 2pex

= (Ibeall = 1o — px*11) + lIxol|* — [Uxo — px*[1* + 2.

Again since x, = I'IfC xo and from (3.3), we have

G(q,J%0) = G(xn,Jx0) = (11l = [1Jxo — px*[])?
+||xol|> = [Jxo — px*[|* + 2pa, Vg € F.

This implies that {x,} is bounded and so are {G(x,, Jxo)}, {¥,,} and {u,}. From the fact
that x,,,, = ch X0 € Cpy1 C Cy and x, = HJ; xo it follows by Lemma 2.5, we get
0=< (||xn+1 - ||xn||)2 = ¢(xn+11xn) = G(xn+1/]x0) - G(xn/]xo)- (3.4)

This implies that {G(x,, Jxo)} is nondecreasing. So, we obtain that lim,,_,., G(x,, Jxo)

exist. For m > n, x,, = ch X Xm = ]'[J; xp € Cyy C C, and from (3.4), we have
¢ (Xm, xn) < G(xm, Jx0) — G(%n, Jx0).

Taking m, n — o, we have @(x,,, x,,) — 0. From Lemma 2.2, we get ||x,, - x,,|| = 0.
Hence, {x,} is a Cauchy sequence and by the completeness of E and the closedness of
C, we can assume that there exists p € C such that x,, > pe Casn — oo.

Step 4 : We will show that p € § = (N33 F(Tn)) MN(NZ, GMEP(6;, 4;, ¢5).

(a) We show that p € N2, F(Ty). Since ¢(x,,, x,) — 0 as m, n —> oo, we obtain in par-
ticular that ¢(x,,,1, x,,) & 0 as n — oo. By Lemma 2.2, we have

lim ||x;.1 — x,|| = 0. (3.5)
n—oo

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we also
have

Jim [[Jxn1 = Jxall = 0. (3.6)
From the definition of x,,; = l'Ifcmxo € Cyy1 C C,, we have

G(xne1 Jup) < G(xnsr, Jxn),  VneN,
is equivalent to

O (Xne1,Upn) < O(Xna1, %), Yne N,
It follows that

Jim ¢ (%1, ) = 0. 3.7)
By applying Lemma 2.2, we have

lim [1%ne1 — unl| =0. (3.8)
n—oo
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By the triangle inequality, we have
[lun — Xn|| [Un — Xne1 + Xpe1 — Xul|

< Mt — Xpea ] + X1 — Xl

A

It follows from (3.5) and (3.8), that
lim [|uy —x4|| = 0. (3.9)
n—o00

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we also
have

Jim [[Jup —Jxall = 0. (3.10)

From x,,,; = l'IfCMxO € Cy,1 C C, and the definition of C,,,;, we get
G(xne1,Jyn) = G(xns1,Jxn)
is equivalent to
B (Xne1,¥n) < P(Xner, Xn).
Using Lemma 2.2, we have
Jim [lxne1 = yall = 0. (3.11)
Since J is uniformly norm-to-norm continuous, we obtain
Jim [Jxner = Jyall = 0. (3.12)

Noticing that

||]xn+1 _IYH” = ||]xn+1 - an]xn - (1 - an)]Tnxn”
= ||(1 - O[n)]xnﬂ - (1 - an)]Tnxn + ot Xpi1 — o) Xnl| (3.13)
> (1 - an)||]xn+l —JTuxall — anllJxn — Jxne1ll,
we have
1
[xne1 — JTnxnll < (||]xn+1 = Jyull + aullfx, — ]xn+1||)/ (3.14)
(1 —ay)

since lim inf,_,..(1 - ¢,) > 0, (3.6) and (3.12), one has

lim [[Jxy 1 — JTuxnl| = 0. (3.15)
n—00

. 1. . . .
Since J~ is uniformly norm-to-norm continuous, we obtain

lim ||xp41 — Tuxa|| = O. (3.16)

n—oo
Using the triangle inequality, we have

160 = Toxnll < {10 = Xner |l + X041 — Tl
From (3.5) and (3.16), we have

lim ||x, — Tyxn]| = O. (3.17)
n—o0o

Since x,, — p it follows from the (*)-condition that p € § = N2 F(Ty,).

Page 13 of 21
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(b) We show that p € NiL; GMEP(6}, Aj, ¢).
For g € §, we have

#(q, xn) — ¢(q, un)

(2] 1> = [un]1* — 2(q, Jxn — Jun)
1% — wn (1%l |+ unl ) + 201q1] [xn — Junl].

A

From |[|x, - u,|| = 0 and ||Jx, - Ju,|| — 0, that

&(q,xn) — ¢(q, un) - 0 asn — oo. (3.18)

Let uy = K'yp; when Kﬂ'l = "[f’ TFH .,szzanlln,j =1,2,3, .. mand KS =1, we

Tin = Tj=1n’ **

obtain that
¢(q,un) = #(4, Ky'yn)
#(q, Kr’ln_lyn)
< 6K ) (3.19)

IA

A

& (q, Khyn)-

IA

By Lemma 2.8(5), we have for j =1, 2, 3, ..., m

S Koy, yn) < D(d,vn) — D(q, Khyn)
< ¢(q, ) — ¢(d, Klyn) (3.20)
<¢ (qfxn) - ¢(q, un)~

By (3.18), we have ¢(Kly,, yp) — 0as 1 —> oo, for j = 1,2, 3, .., m. By Lemma 2.2, we

obtain

lim [|Khyn = pall =0, ¥j=1,2,3,...,m. (3.21)
Since ||x,, - ¥ull < |20 - i1l + ||%041 - Yul|- From (3.11) and (3.5), we get

Jim [lxy —yall = 0. (3.22)
Again by using the triangle inequality, we have for j = 1, 2, 3, ..., m

1Khyw = pll < 11Kayn = yall + llyn = P
Since x,, > p and ||, - y,|| — 0, then y,, > p as n — . From (3.21), we get

lim IKyw —pl] =0, ¥j=1,2,3,...,m. (3.23)
Using the triangle inequality, we obtain

1Ky = Ko 'yall = 1Ky = pll+ 1o = Koyl
From (3.23), we have

lim |[Kyn — K 'yl =0, Vj=1,2,3,...,m. (3.24)
n—oo

Page 14 of 21
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Since {r;,,} < [d, ), so

lim K —Krnll _o vi=1,2,3,...,m. (3.25)

n— 00 Tjn

From Lemma 2.8, we get forj = 1,2, 3, ..., m

Fi(K! Uy = Ky Ky — JKI! %
\EnYn, Y) + . ()’ n}’n;] n¥n JKy, YH) >0, Yy € C.
jm

From the condition (A2) that
Ly = Ky JKayn = TR ) = By, Ky,
VyeC, Vvj=1,23,...,m.
From (3.23) and (3.25), we have
0=>F.p), VyeC Vvj=123,...,m (3.26)

FortwithO<t<landye Clety, =t, + (1 - t)p. Then, we get that y, € C. From
(3.26), it follows that

F(yup) <0, ¥y eC ¥j=1,2,3,...,m. (3.27)
By the conditions (Al) and (A4), we have forj =1, 2, 3, .., m

0= Fi(yuv)
< tFj(yuy) + (1 — OF(yu, p)
<tF(y.y)
<FQuy).

(3.28)

From the condition (A3) and letting £ — 0, This implies that p € GMEP(6;, 4, ¢))
for all j = 1, 2, 3, ..., m. Therefore, p € N2, GMEP(6), A, ¢;). Hence, from (a) and (b),
we obtain p € §.

Step 5: We show that p = Hfgxo. Since § is closed and convex set from Lemma 2.4,

we have Héxo is single value, denoted by v. From x, = l‘[énxo and v e § C C,, we also

have
G(xn,Jx0) < G(v,Jx0), Vn > 1.

By definition of G and f, we know that, for each given x, G(&, Jx) is convex and lower
semicontinuous with respect to £ So

G(p, Jxo) < lir{giogfc(xn,]xo) < lim sup G(xy, Jxo) < G(v, Jxo).

From definition of H{;xo and p € §, we can conclude that v = p = Héxo and x,, > p as

n — co. This completes the proof. O

Setting 7, = T in Theorem 3.1, then we obtain the following result:

Corollary 3.2. Let C be a nonempty closed and convex subset of a uniformly convex
and uniformly smooth Banach space E. Let T be a relatively quasi-nonexpansive map-
ping of C into E and f: E — R be a convex lower semicontinuous mapping with C C
int(D(f)). For each j = 1, 2, ..., m let 0; be a bifunction from C x C to R which satisfies
conditions (A1)-(A4), A;: C — E* be a continuous and monotone mapping and ¢; : C
— R be a lower semicontinuous and convex function. Assume that
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X1 = H]é]xo. For an initial point xo € E with x; = chlxoand Cy, = C, we define the

sequence {x,} as follows:

Yn = ]_l(Oln]xn + (1 - O{")]Txn)'
Up = Ts:l"n Tfy;n;ln' T szzn Tfll"yn’

Cui1 = {z € Cy : G(z,Juy) < Gz, Jyn) < Glz Jxa)},
Xne1 = chmxo, nx=1,

(3.29)

where ] is the duality mapping on E, {a,} is a sequence in [0, 1] and
{rin}o, C [d, o0)or some d >0 (j = 1, 2, .., m). If lim inf, ,.(1 - o,) >0, then {x,} con-
verges strongly to p € §, where p = l'[J‘;xO.

Remark 3.3. Corollary 3.2 extends and improves the result of Li et al. [26].

Taking flx) = 0 for all x € E, we have G(¢ Jx) = ¢(&, x) and chx = IIcx. By Theorem
3.1, then we obtain the following Corollaries:

Corollary 3.4. Let C be a nonempty closed and convex subset of a uniformly convex
and uniformly smooth Banach space E. Let {Tn};2,be a countable family of relatively
quasi-nonexpansive mappings of C to E satisfy the (*) condition. For each j = 1, 2, ..., m
let 0; be a bifunction from C x C to R which satisfies conditions (A1)-(A4), A;: C — E*
be a continuous and monotone mapping, and ¢; : C — R be a lower semicontinuous
and convex function. Assume that § = (M2 F(Tx)) N (N2, GMEP(6;, Aj, ¢;)) # 9. For
an initial point xo € E with x1 = ¢, xoand Cy = C, we define the sequence {x,} as fol-
lows:

= i+ (1= )Ty,
wy = TPn TF o TR Ty,

Cn+1 = {Z € Cn : ¢(Z, un) S ¢(z/])/n) S (p(zrxn)}/
Xne1 = e, X0, n=1,

n+1

(3.30)

where ] is the duality mapping on E, {a,} is a sequence in [0, 1] and
{rjn}2; C [d, o0)for some d >0 (j = 1, 2, ..., m). If lim inf, ,..(1 - ,) >0, then {x,} con-
verges strongly to p € §, where p = Ilzxo.

Remark 3.5. Corollary 3.4 extends and improves the result of Shehu [[45], Theorem
3.1] form finite family of relatively quasi-nonexpansive mappings to a countable family

of relatively quasi-nonexpansive mappings.

4 Applications
4.1 A zero of 3-monotone mappings
Let B be a mapping from E to E*. A mapping B is said to be

1. monotone if (Bx — By,x —y) > 0 for all x, y € E;

2. strictly monotone if B monotone and (Bx — By, x — y) = 0 if and only if x = y;

3. B-Lipschitz continuous if there exist a constant f > 0 such that
[|1Bx — Byl| < Bllx—yl|lforall x,ye E.

Let M be a set-valued mapping from E to E* with domain D(M) = {z€ E : Mz = 0}
and range R(M) = U{Mz : z € D(M)}. A set value mapping M is said to be
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(i) monotone if (x1-x5, y1-y2) = 0 for each x; € D(M) and y; € Mx,;, i = 1, 2;

(ii) r-strongly monotone if (x1-x2, y1-y2) = r||x1-%2|| for each x; € D(M) and y; €
Mx,i=1,2

(iil) maximal monotone if M is monotone and its graph &(M) = {(x,y) : y € Mx} is
not properly contained in the graph of any other monotone mapping;

(iv) general B-monotone if M is monotone and (B + AM)E = Ex holds for every 4
>0, where B is a mapping from E to E*.

We consider the problem of finding a point x* € E satisfying 0 € Mx*. We denote by
M0 the set of all points x* € E such that 0 € Mx*, where M is maximal monotone
operator from E to E*.

Lemma 4.1. [26]Let E be a Banach space with the dual space E*, B : E — Exbe a
strictly monotone mapping, and M : E — 2** be a general B-monotone mapping. Then
M is maximal monotone mapping.

Remark 4.2. [26] Let E be a Banach space with the dual space E*, B: E — Ex be a
strictly monotone mapping, and M : E — 25* be a general B-monotone mapping.
Then M is a maximal monotone mapping. Therefore, M0 ={ze DM):0e Mz is
closed and convex.

Lemma 4.3. [17]Let E be a uniformly convex and uniformly smooth Banach space, o
(¢) be the modulus of convexity of E, and pg(t) be the modulus of smoothness of E; then
the inequalities

8d%3(Ilx — €11/4d) < ¢(x, &) < 4d” pr(4llx — &11/d)

hold for all x and & in E, where d = \/(||x||? + ||€][2)/2-
Lemma 4.4. [49]Let E be a Banach space with the dual space E*, B : E — Exbe a
strictly monotone mapping, and M : E — 25* be a general B-monotone mapping. Then

1. (B + aM)~lis single value;
2. if E is reflexive and M : E — 25* a r-strongly monotone mapping, then

(B + AM)~Yis Lipschitz continuous with constant xlr’ where r >0.

From Lemma 4.4 we note that let £ be a Banach space with the dual space E*,
B: E — Ex a strictly monotone mapping, and M : E — 25* a general B-monotone
mapping, for every A >0 and x* € E*; then there exists a unique x € D(M) such that
x=(B+AM)"x* We can define a single-valued mapping T3 : E — D(M) by
Tyx = (B + AM) ™' Bx. It is easy to see that M'0 = F(T;) for all 1 >0. Indeed, we have

zeM 10 0eMz
& 0€ Mz
& Bz e (B+AM)z (4.1)
Sz=(B+AM)1Bz=Tiz
&z € F(T;), YA > 0.

Motivated by Li et al. [26] we obtain the following result:

Theorem 4.5. Let C be a nonempty closed and convex subset of a uniformly convex
and uniformly smooth Banach space E with 0g(e) > ke* and pg(t) < ct* for some ¢, k >0,
and E* be the dual space of E. Let 3 : E — Exbe a strictly monotone and B-Lipschitz
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continuous mapping, and let M : E — 25* be a general B-monotone and r-strongly
monotone mapping with r >0. Let {T;,} = (B + AyM) ™' Bsatisfy the (*)-condition and f :
E — R be a convex lower semicontinuous mapping with C < int(D(f)) and suppose that
for each n > 0 there exists A, >0 such that 64cB*> < min{}kA2r*}. For each j = 1, 2, ..,
m let 0; be a bifunction from C x C to R which satisfies conditions (A1)-(A4), A;: C —
E* be a continuous and monotone mapping and ¢; : C — R be a lower semicontinuous
and convex function. Assume that §:=M"10 (N2, GMEP(6;, Aj, ¢j)) # V. For an

initial point xy € E with x, = Hélxoand C, = C, we define the sequence {x,} as follows:

Yn = ]71(Oln]xn + (1 - Oln)]TAnxn)/
o Fn
Uy = T T, TR Th

Cr1 = {2 € Cu 1 G(z,Jun) < G(2,Jy) < G(z,Jx)},
Xn+l = HlexO/ n=>1,

(4.2)

where ] is the duality mapping on E and {o,} is a sequence in [0, 1], and
{rin}o, C [d, oo)or some d >0 (j = 1, 2, .., m). If lim inf, ,.(1 - o,) >0, then {x,} con-
verges strongly to p € Swhere p = I'Ifgxo.

Proof We show that {T},} is a family of relatively quasi-nonexpansive mappings with
common fixed point N%° F(T},) = M~10. We only show that ¢(p, T5.,q) < ¢(p.q), Vg €
E,p € F(T;,), n = 1. From Lemma 4.3, and B is a B-Lipschitz continuous mapping, we
have

é(p. Ts,,q) = ¢(Ts,p. T5,q)

< 4d2pE(4HT/\nﬂd—TAMH)
< 64c||T,p — T,q117

= 64c||(B + AM) "' Bp — (B + A,M) " Bql|? (4.3)
< i 1Bp — Ball®

64cp?
< S5l lip—all?

and we also have
¢(p.q) = 8d55("", ") = Jklip —qll>. (4.4)

Since
1 ha2p2
64cB” < ) AT,

it follows from (4.3) and (4.4) that ¢(p, Tr,q) < ¢(p.q) for all g€ E, p € F(T3,), n >
1. Therefore, {T},} is a family of relatively quasi-nonexpansive mapping. It follows from
Theorem 3.1, so the desired conclusion follows. ©O

4.2 A zero point of maximal monotone operators
In this section, we apply our results to find zeros of maximal monotone operator. Such
a problem contains numerous problems in optimization, economics, and physics. The
following result is also well known.

Lemma 4.6. [50]Let E be a reflexive strictly convex and smooth Banach space and let
M be a monotone operator from E to E*. Then M is maximal if and only if R(J + AM)
= E* for all 1 >0.
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Let E be a reflexive strictly convex and smooth Banach space, B = J and let M be a
maximal monotone operator from E to E*. Using Lemma 4.6 and strict convexity of E,
we obtain that for every A >0 and x € E, there exists a unique x; such that Jx € (Jx; +
AMx;). Then we can defined a single-valued mapping J; : E — D(M) by J; = (J + AM)
1'and Jj, is called the resolvent of M. We know that M0 = F(J;) [21,51].

Theorem 4.7. Let C be a nonempty closed and convex subset of a uniformly convex
and uniformly smooth Banach space E with the dual space E*. Let M € E x E* be a
maximal monotone mapping and D(M) C CCJ ' (My,~oR(J +AnM). Let
{I,} = U + AuM)~Ysatisfy the (*)-condition where 2,, >0 be the resolvement of M and f :
E — R be a convex lower semicontinuous mapping with C < int(D(f)). For each j = 1,
2, .., m let 0; be a bifunction from C x C to R which satisfies conditions (A1)-(A4), Aj :
C — E* be a continuous and monotone mapping, and ¢; : C — R be a lower semicon-
tinuwous and convex function. Assume that § = M~'0() (N2, GMEP(6;, A;, ¢;)) # 9. For

an initial point xy € E with x; = I‘[fCl xpand Cy = C, we define the sequence {x,} as fol-
lows:

Yn = ]_l(an]xn + (1 - Oln)]])wxn);
Uy = TEm it TR Th

Timn = Tm—1n' * * Ton " Tin

Ci1={z€Cy: G(Z/ ]un) = G(Zr])/n) = G(Zr]xn)}:
Xpe1 = chmxo, n>1,

(4.5)

where ] is the duality mapping on E and {a,} is a sequence in [0, 1] and
{rjn}32; C [d, o0)for some d >0 (j = 1, 2, ..., m). If lim inf, ,..(1 - ,) >0, then {x,} con-
verges strongly to p € §, where p = I'Ifgxo.

Proof First, we have N%° F(J;,) = M~10 # . Second, from the monotonicity of M, let
p e N F(J,,) and g € E; we have

o0 J1,9) = lIpl> = 20,15, @) + 111,417
= lIpl* + 2(p,Jq — 1,0 —J@) + |5,
= |IplI* + 2(p.Jq — T5,,q) — 2(p.Jq) + II15,,qI>
= pl* = 205,90 —p = 1,4, Ja = T, @) = 2(p.Ja) +|1],4lI°
= lIpll> = 20,9 — p.Jq — 2, @) + 20,0, Ja — T, @) — 2(p,Ja) + |12,,q1I°
< pI1* + 205,000 = T, @) — 2(p.Ja) + U4l
= lIpll* = 2(p,Ja) + g1 — W, qll*> + 2Ux.q.Ja) — llqlI*
=¢(p.q) — 90x49 9)
<¢(p.q)

for all n > 1. Therefore, {J5,} is a family of relatively quasi-nonexpansive mapping for
all 4, >0 with the common fixed point set N2, F(J,,) = M~'0. Hence, it follows from

Theorem 3.1, the desired conclusion follows: O
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