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1. Introduction

A general contractive condition has been proposed in [1,2] for mappings on a partially
ordered metric space. Some results about the existence of a fixed point and then its
uniqueness under supplementary conditions are proved in those articles. The rational
contractive condition proposed in [3] includes as particular cases several of the pre-
viously proposed ones [1,4-12], including Banach principle [5] and Kannan fixed point
theorems [4,8,9,11]. The rational contractive conditions of [1,2] are applicable only on
distinct points of the considered metric spaces. In particular, the fixed point theory for
Kannan mappings is extended in [4] by the use of a non-increasing function affecting
the contractive condition and the best constant to ensure a fixed point is also obtained.
Three fixed point theorems which extended the fixed point theory for Kannan map-
pings were stated and proved in [11]. More attention has been paid to the investigation
of standard contractive and Meir-Keeler-type contractive 2-cyclic self-mappings T:A U
B — A UB defined on subsets A,B € X and, in general, p-cyclic self-mappings
T : Uicj Ai = Uicp Ai defined on any number of subsets A; € X, i € p:={1,2,...,p},
where (X,d) is a metric space (see, for instance [13-22]). More recent investigation
about cyclic self-mappings is being devoted to its characterization in partially ordered
spaces and also to the formal extension of the contractive condition through the use of
more general strictly increasing functions of the distance between adjacent subsets. In
particular, the uniqueness of the best proximity points to which all the sequences of
iterates of composed self-mappings T»: AUB — A U B converge is proven in [14] for
the extension of the contractive principle for cyclic self-mappings in uniformly convex
Banach spaces (then being strictly convex and reflexive [23]) if the subsets A,B € X in
the metric space (X,d), or in the Banach space (X,|| ||), where the 2-cyclic self-
mappings are defined, are both non-empty, convex and closed. The research in [14] is
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centred on the case of the cyclic self-mapping being defined on the union of two sub-
sets of the metric space. Those results are extended in [15] for Meir-Keeler cyclic con-
traction maps and, in general, for the self-mapping T : ;5 Ai = Ui Ai be a p (> 2)
-cyclic self-mapping being defined on any number of subsets of the metric space with
p:={1,2...,p}. Also, the concept of best proximity points of (in general) non-self-map-
pings S,T:A — B relating non-empty subsets of metric spaces in the case that such
maps do not have common fixed points has recently been investigated in [24,25]. Such
an approach is extended in [26] to a mapping structure being referred to as K-cyclic
mapping with contractive constant k < 1/2. In [27], the basic properties of cyclic self-
mappings under a rational-type of contractive condition weighted by point-to-point-
dependent continuous functions are investigated. On the other hand, some extensions
of Krasnoselskii-type theorems and general rational contractive conditions to cyclic
self-mappings have recently been given in [28,29] while the study of stability through
fixed point theory of Caputo linear fractional systems has been provided in [30].
Finally, promising results are being obtained concerning fixed point theory for multiva-
lued maps (see, for instance [31-33]).

This manuscript is devoted to the investigation of several modifications of rational
type of the ¢-contractive condition of [21,22] for a class of 2-cyclic self-mappings on
non-empty convex and closed subsets A,B € X. The contractive modification is of
rational type and includes the nondecreasing function associated with the ¢-contrac-
tions. The existence and uniqueness of two best proximity points, one in each of the
subsets A,B € X, of 2-cyclic self-mappings 7: AU B — A U B defined on the union of
two non-empty, closed, and convex subsets of a uniformly convex Banach spaces, is
proven. The convergence of the sequences of iterates through 7: AUB — A U B to
one of such best proximity points is also proven. In the case that A and B intersect,
both the best proximity points coincide with the unique fixed point in the intersection
of both the sets.

2, Basic properties of some modified constraints of 2-cyclic ¢-contractions

Let (X,d) be a metric space and consider two non-empty subsets A and B of X. Let T:
AU B — A U B be a 2-cyclic self-mapping, i.e., T(A) € B and T(B) € A. Suppose, in
addition, that 7: AU B — A U B is a 2-cyclic modified weak ¢-contraction (see [21,22])
for some non-decreasing function ¢:Ro, — Ry, subject to the rational modified

¢-contractive constraint:

d(Tx, ) §a|:

Vx,y(#x) e AUB

d(x, Tx)d (y, Ty) a d(x, Tx)d (y, T)
d(x,y) d(x,y)

)}+ﬂ(d(m)—w(d(x'Y)))“"(D” (2.1)

where

D :=dist (A, B) := inf {d (x, y) xXeAye B} (2.2)

A=) 1=k

D < limsup d(T"'x, T") < lim <k"d(x, Tx) + 1k
n— 00 —

n—00

@ (D)> =¢(D); Vxe AUB  (2.3)

Note that (2.1) is, in particular, a so-called 2-cyclic ¢-contraction if o = 0 and ¢(¢) = (1-
o)t for some real constant & € [0,1) since ¢:Ry, — Ry, is strictly increasing [1]. We refer
to “modified weak ¢-contraction” for (2.1) in the particular case ® >0, >0, a + B < 1,
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and ¢:R,y, — Ry, being non-decreasing as counterpart to the term ¢-contraction (or via
an abuse of terminology “modified strong ¢-contraction”) for the case of »:Ry, — Ry, in
(2.1) being strictly increasing. There are important background results on the properties
of weak contractive mappings (see, for instance, [1,2,34] and references therein). The so-
called “¢-contraction”, [1,2], involves the particular contractive condition obtained from
(2.1) with ¢ = 0, B = 1, and ¢:Ry, — Ry, being strictly increasing, that
isd (Tx, Ty) < d(x,y) — ¢ (d (x,y)) + ¢ (D); ¥x € AUB,

In the following, we refer to 2-cyclic self-maps T:A U B — A UB simply as cyclic self-
maps. The following result holds:

Lemma 2.1. Assume that 7:A U B — A UB is a modified weak ¢-contraction, that is,
a cyclic self-map satisfying the contractive condition (2.1) subject to the constraints
min (o, ) =2 0 and o + B < 1 with ¢:Ry, — Ry, being non-decreasing. Then, the fol-
lowing properties hold:

(i) Assume that ¢(D) > D

D <d(T"'x, T"x) < kd (Tx,x) + (1 — k) ¢ (D); Vn € No:=NU {0}, Vx e AUB  (2.4)

D < lim inf d (T"™"™'x, T""x) < lim sup d (T""*'x, T""x) < ¢ (D); Vx € AUB ¥m € Ng (2.5)

and limsup d(T""™'x,T""x) <9 D) if D » 0 If (D) = D = 0 then
n—oo

3 lim d (T"”"HX, Tmmx) =0;Vxe AUB,VYme N,.

n—oo

(ii) Assume that d(x,Tx) < m(x) for any given xc A U B. Then

- km(x) 1-—

k
;v , vV 2.6
= 0t ¢(D); Vxe AUB, Vne N (2.6)

d (T"x, x)
If d(x,Tx) is finite and, in particular, if x and Tx in A U B are finite then the
sequences {T"x} nen, and {T"*lx} neN, are bounded sequences where 7" € A and T
€ Bifxe Aand niseven, T" e Band 7"’ e Bifxe B and # is even.
Proof: Take y = Tx so that Ty = T%x. Since ¢:Ry, — Ry, is non-decreasing ¢(x) >
¢(D) for x > D, one gets for any x € A and any Tx € B or for any x € B and any
Tx e A:

(1 —a)d(T?x, Tx) < —ag (d (Tx, T?x)) + B [d (x, Tx) — ¢ (d (x, Tx))] + ¢ (D)
= Bd (x, Tx) + ¢ (D) — o (d (Tx, T’x)) — B (d (x, Tx)); Vx € AUB 2.7)
& d(T%x, Tx) < kd (x, Tx) + ! ;i;ﬁ(p(D) =kd(x, Tx)+ (1 — k)¢ (D); ¥x € AUB

if Tx # x where k := ) p < 1, since T:AU B — A U B is cyclic, d(x,Tx) = D and ¢:
—

Ry, — Ry, is increasing. Then
d(T"'x, T"x) <K'd(x, Tx) + (1 — k") ¢ (D); Vx € AUB; Yne N (2.8)

@(D) = D = 0 since min (o, B) =2 0 and o + B < 1 Proceeding recursively from (2.8),
one gets for any m € N:
n—1

D <d(T™'x, T") < K'd(Tx,x) + ¢ (D) (1 — k) (Z ki> <kd(Tx,x) +@ (D) (1 - k") (2.9a)

i=0
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< kd(Tx,x) + (1 —k) ¢ (D) < kd (Tx,x) + ¢ (D) < d(Tx,x) +¢ (D); Yx€ AUB (2.9b)

n—o0

n+m—1
D < lim supd (T x, T""x) < lim (k"”"d(Tx, X)+¢ (D) (1 —k) ( > ki))
=0 (2.10)

<@ (D)1 —k) lim <1 N ) =¢(D); Vx€ AUB

®([D) > D # 0 and if @(D) = D = 0 then the 3 r{iﬂoo d(Tmm 1y, TMMx) = 0, Vx e A U
B. Hence, Property (i) follows from (2.9) and (2.10) since ¢(D) = D and d(x,Tx) = D;
Vx € A U B, since T:AU B — A U B is a 2-cyclic self-mapping and ¢:Ry, — Ry, is

non-decreasing. Now, it follows from triangle inequality for distances and (2.9a) that:

() < Y (T ) < (Z:’;l K)d (T + ¢ (D) (Z?:l (1-1))
<k(1—k””) k(1—k"1) A-k(1-1-k"")

- 1-k 1—-k k ¢ (D) (211)

A Tx) + ¢ (D) (Z?T (1-k)'= A To) +

< I}ikd(x,Tx)+ ! ;k(p(D) <00, Vx€ AUB, Vne N
which leads directly to Property (ii) with {T"x} nen, and {T”“x} neN, being bounded
sequences for any finitex € AU B. O
Concerning the case that A and B intersect, we have the following existence and
uniqueness result of fixed points:

Theorem 2.2. If (D) = D = 0 (i.e., A°’nB® = &) then 3 ilj)noo d (Tmm+ly, T™™My) = 0

kd (x, Tx) Vi

and d (T"x, x) < € AUB. Furthermore, if (X,d) is complete and A and B are

non-empty closed and convex then there is a unique fixed point z € AnB of T:AUB —
AUB to which all the sequences {T"x} nen,, which are Cauchy sequences, converge; Vx €
AUB.

Proof: It follows from Lemma 2.1(i)-(ii) for ¢(D) = D = 0 It also follows that

lim d(T"”'”lx, TmmX) = nlﬁgo (k")d(T’"*zx, Tm*lx) =0; Vx € AUB, Vm € N, what

n—oo
implies rlnlinoo d (T™™ L, T™™Mx) = 0 50 that {T"x} neN, is a Cauchy sequence, Vx € AUB,
then being bounded and also convergent in ANB as n — o since (X,d) is complete and A

and B are non-empty, closed, and convex. Thus, nli)";oT"x=Z€AﬂB and

z= lim T"x= T( lim T"”x) = Tz, since the iterate composed self-mapping 7":AUB —

n—oo n—oo

AUB, Vn € Ny is continuous for any initial point x € AUB (since it is contractive, then
Lipschitz continuous in view of (2.9a) with associate Lipschitz constant 0 < k < 1 for
¢(D) = D = 0). Thus, ze AnB is a fixed point of T:"AUB — AUB. Its uniqueness is proven
by contradiction. Assume that there are two distinct fixed points z and y of T:AUB — AUB
in ANB. Then, one gets from (2.1) that either 0 <d(7% Ty) < B(d(zy)-p(d(zy))) < Bd(zy) <d
(zy) or d(Tz Ty) = d(zy) = 0 what contradicts d(zy) > 0 since z = y. Then, d(Tz Ty) < B(d
(%) < Bd(xy) <d(zy) what leads to the contradiction nliygod (T"z, T"y) =0 =d(z,y) > 0.
Thus, z = y. Hence, the theorem. O
Now, the contractive condition (2.1) is modified as follows:

4(Ty ) < ao [d(x, Tod(y,Ty) (d(x, Tx) d (y, Ty)

4) () )}’%(d(w—w(d<x,y>>>+¢<n> (2.12)
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for x,y(= x) € X, where min (0, Bo) = 0, min (0o, Bo) > 0, and 0 + By < 1. Note that
in the former contractive condition (2.1), o + B < 1. Thus, for any non-negative real
constants & < o and 8 < B, (2.12) can be rewritten as

d(x, Tx)d (y, Ty) 3 (d (x, Tx) d (y, Ty)

)}+ﬂ(d(xfy)—<ﬂ(d(w)))+¢<D>

d(Tx, ) <« |:

d(xy) d(xy) (2.13)
d(x, Tx)d (y, Ty) d(x, Tx)d (y, Ty) ) ’
+(aofa)|: d(x) - ( d(xy) >]+(ﬁ07ﬁ)(d(x,y)7<p(d(x,y))),Vx,yeAUB.

The following two results extend Lemma 2.1 and Theorem 2.2 by using constants o
and B, in (2.1) whose sum can equalize unity oo+ = 1.

Lemma 2.3. Assume that T:AUB — AUB is a cyclic self-map satisfying the contrac-
tive condition (2.13) with min(o, Bo) = 0, 0 + Bo < 1, and ¢:Ry, — Ry, is non-
decreasing. Assume also that

11—«
o (d(Tx,x)) > d(Tx,x) — . ,BMo; Vxe AUB (2.14)
—a—

1—a—8

For some non-negative real constants M, < D, o < 0p and B < By with o

+ B < 1. Then, the following properties hold:

(i) D<limsupd (T”””*lx, T”””x) <@oD)+(xg+Bo—a—PB)D; YVx € AUB, Ym € Ny (2.15)

n—oo

for any arbitrarily small ¢ € R,.

(i) If ¢(D) = (1+a-+B-0to-Bo)D then 3 lim d (T""*1x, T""x) = D; ¥x e AUB, Vm &
Np.

(iii) If d(x,Tx) is finite and, in particular, if x and Tx are finite then the sequence
{T"x} nen, and {T™'x} nen, are bounded sequences, where T"x € A and T""'x e Bifx
€ Aand nis even and T"x € Band T""'x € Bifx € A and # is even.

Proof: Since ¢:Ry, — Ry, is non-decreasing then ¢(x) = ¢(D) for x(e Ry,) = D. Note

1l—o—

also that M, < ) D implies the necessary condition ¢(d(Tx,x)) = 0 and (2.14)
-«

implies that 0 < ¢(D) < D. Note also for y = Tx and Ty = Tx* and (2.14), since ¢(x) >¢
(D) for x >D, that for x € AUB, one gets from (2.14):
l—«a

@ (d (T%x, Tx)) > d (T?x, Tx) — Lo ’BMO; Vxe AUB (2.16)

leading from (2.14) to

(oo — &) [d (T?x, Tx) — ¢ (d (T?x, Tx))] + (Bo — B) (d (Tx, x) — ¢ (d (Tx, x)))

1—«a (2.17)
SM:=(axg+Po—a—p) l—a—ﬂMO

—a—B

and M < (0 + Bo-o-B)D since My < ! D. One gets from (2.13) and (2.17)

the following modifications of (2.9) and (2.10) by taking y = Tx, Ty = T>x, and succes-
sive iterates by composition of the self-mapping T:A U B — A UB:

Page 5 of 17
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n—1

D < d(T"'x, T"x) < K'd(Tx,x) + (¢ (D) + M) (1 — k) (Z k") <K'd(Tx,x) + (1 — k") (¢ (D) + M)
i=0

< kd (Tx,x) + ¢ (D) + M; Vx € AUB, Vn € Ny := NU{0}

(2.18)

D < limsupd (T"'x, T"x) < @ (D)+M < ¢ (D)+(eto + Bo — o — B) D; Vx € AUB, ¥m € No  (2.19)

n—o00

D < limsupd (T’”m”x, T x)

n— 00

n+m—1
< lim (k"*md (Tx,x) + (¢ (D) + (ag + Bo —a — B)D) (1 — k) ( Z ki>) (2.20)
i=0

n—oo
<@D)+(ao+Bo—a—PB)D; Vx € AUB, Vm € Ny

and Property (i) has been proven. Property (ii) follows from (2.20) directly by repla-
cing ¢p(D) = (1+o+f-00-Po)D in (2.15). To prove Property (iii), note from (2.18) that

n

d(Txx) <Y _11 d(T*1x, Thy) < (Z: ki) d(x, Tx) + (¢ (D) + M) (Z?;l (- k"))

k(1 -k ) n-1 i
= a0+ m (YT a-h)

k(1—1k"1) A-k(1-Q1-k"")
< -k d(x, Tx) + k

Ekd(x, Tx) + !

(p (D) + M)

—k
K (¢ (D) +M) <o0; Vx€e AUB, Vn e N.

A

-1

Hence, {T"x} nen, and {T"*lx} neN, are bounded for any finite x € AUB. Property (iii)
has been proven. Hence, the lemma. O

Theorem 2.4. If ¢(D) = D = 0 then 3 rgl_f)noo d (Tmm 1y, T™™Mx) = 0, Vx e AUB.
Furthermore, if (X,d) is complete and both A and B are non-empty, closed, and convex
then there is a unique fixed point z € ANB of T:A U B — A UB to which all the
sequences {T"x} nen,, Which are Cauchy sequences, converge; Vxe AUB.

Proof guideline: 1t is identical to that of Theorem 2.2 by using ¢(D) = D = Mo M =0
and the fact that from (2.17) oy = @ and By =  with 0 < o + 8 < 1 if there is a pair
(x,Tx) € A x BUB x A such that d(Tx,x) = ¢(d(Tx,x)); d(T?x,Tx) = ¢p(d(T?x, Tx)); Vx €
AUB. Hence, the theorem. O

Remark 2.5. Note that Lemma 2.2 (ii) for ¢(D) < D (¢(D) <D if a + B < ag + By < 1)
leads to an identical result as Lemma 2.1 (i) for ¢(D) = D and & + 3 < 1 consisting in
proving that 3 ,gl_f)"oo d (T™™+1x, T"™Mx) = D, This result is similar to a parallel obtained
for standard 2-cyclic contractions [2,5,8]. O

Remark 2.6. Note from (2.7) that Lemma 2.1 is subject to the necessary condition D <
(D) since d(T?x,Tx) = D and; Vx € AUB. On the other hand, note from Lemma 2.2,

1—
Equation (2.14) that ¢ (D) > D — ) ¢ ﬁMo, and one also gets from (2.18) for n = 1
—a—
1-—
the dominant lower-bound ¢ (D) > D —M > D — ) ¢ ﬂMO (oo + o — ¢ — B), that
o —
11—«
is, D < ¢ (D) + | o ﬂMO (o + fo — a — B) which coincides with the parallel con-

straint obtained from Lemma 2.1 if oy + o= + B. O
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Remark 2.7. Note that Lemmas 2.2 and 2.3 apply for non-decreasing functions ¢:Ry, —
Ry.. The case of ¢:Ry, — Ry, being monotone increasing, then unbounded, is also
included as it is the case of ¢:Ry, — Ry, being bounded non-decreasing. O

Now, modify the modified cyclic ¢-contractive constraint (2.1) as follows:

d(x,Tx)d (y, Ty)
[07
d(xy)

+(1—a)<p(d(x'Tx)d(y’Ty)) +¢(D);Vx€ AUB

d(x,y)

Thus, the following parallel result to Lemmas 2.1 and 2.2 result holds under a more

d(Tx, ) < +B(d(xy) = (d(x7))

(2.21)

restrictive modified weak ¢-contraction Assume that T:A U B — A UB is modified
weak ¢-contraction subject to ¢:Ry, — Ry, subject to the constraint

. ¢ (D)
lmsp =@ > 7

Lemma 2.8. Assume that 7:A U B — A UB is a cyclic self-map satisfying the contrac-

and having a finite limit:

tive condition (2.21) with min (of) = 0, & + B < 1, and ¢:Ry, — Ry, is non-decreasing
having a finite limit xli”olo</’ (¥) = ¢ and subject to ¢(0) = 0 Assume also that ¢:Ry, —

) ) ¢ (D)
Ry, satisfies limsup (x — ¢ (x)) >
X—>+00 l1—a—-8

(i) The following relations are fulfilled:

. Then, the following properties hold:

l—a—p ¢ (D) 2—a—-pB_

n+1 n = .
Y8 (D) <D =<d(T x,Tx)S1_a_ﬁ+(p§1_a_ﬁ<p<oo,VneN,VxeAUB (2.22)
- ) . oD _ 2—a—B_ .
”_ 7ﬂ<p(D)§D§llers:;pd(T x,lx)§1iaiﬁ+<p§17a7ﬂ<p<oo,VxeAUB (2.23)

(ii) If, furthermore, ¢:Ry, — Ry, is, in addition, sub-additive and d(x, Tx) is finite (in
particular, if x and Tx are finite) then the sequences {T"x} nen, and {T"*lx} neN, are
both bounded, where T"x € A and T""'x € Bif x € A and # is even and T"x € B and
T"*'x ¢ A if x € B and n is even. If ¢:Ry, — Ry, is identically zero then
3 lim d(T™™'x, T"™*"x) = 0, Vx € AUB.

n—o0

Proof: One gets directly from (2.21):

(1 —a) (d(T%x, Tx) — ¢ (d (T?x, Tx))) < Bd (T*x, Tx)—¢ (d (T?x, Tx))+¢ (D) ; Yx € AUB  (2.24)

or, equivalently, one gets for k = ) p < 1 that
-

A(17Tx) — ¢ (A1 7)) <k (T,T5) — g (41 19)) + “ ) vee aup 225)
— o
leading to
0 <D — ¢ (D) < liminf(d(T"'x, T"x) — ¢ (d (T""'x, T"x)))
e (2.26)
< lim sup (d (T"™'x, T"x) — ¢ (d (T™'x, T"x))) < ¢ (D) . D ;Vxe AUB

o0 “(Q-a)(1-k 1-—a-8

Page 7 of 17
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-B
-B
> 1 if D # 0 and then

11—«
what implies the necessary condition </)(D)22 D leading to
— o

D 2-a-p
D) 1-a-8
lim i”f(d (Tn+1x, Tnx) 4 (d (T"”x, T"x))) >D -9 (D) =0, vx e AUB. Also, since

limsup (x — ¢ (x)) > ¢ (D)

X—>+00 l—a-p

bounded; Vn € N since, otherwise, a contradiction to (2.24) holds. Since ¢:Ry, — Ry, is

; Yx € R,, by construction, then d(T""'x, T"x) is

non-decreasing and has a finite limit ¢ > ¢ (x) > 0; Vx Ry, (¢ = 0 if and only if ¢:Ry, —
Ry, is identically zero), thus ¢ > ¢ (D) > 0. Then, (2.22)-(2.23) hold and Property (i) has
been proven. On the other hand, one gets from (2.25), since ¢:Ry, — Ry, is sub-additive
and nondecreasing and has a finite limit, that:

n

d(T"x,x) = ¢ (d(T"x,x)) < (Zi:_ll d(T"'x, T'x) — ¢ (d (T"'x, Tix)))
L D n— .
= (Zi:11 kl) (d (x, Tx) — ¢ (d (x, Tx))) + (1'0(_0)[ (Z,’:11 (1 _ kl))

k(1 -k ¢ (D) (-1 ;
= dem—ede o+ Y (3 a—h) (2.27)
k(1 —F1 1-k(1-Q—k"!
_ )1 AR =D D)
1—-k k 11—«
k 1—ke (D
< (d (x, TX) — ¢ (d (x, Tx))) + ¢ D) _ o VxcAUB, YneN
1—-k k 1—«a
lim supd (T"x, x) < ) ﬁk (d (x, Tx) — ¢ (d (x, Tx))) + ! ; k(ﬁ il?x) +¢ < 00; Vx € AUB (2.28)

Then the sequences {T"x} nen, and {T”*lx} neN, are both bounded for any x € AUB.
Hence, the first part of Property (ii). If ¢:Rq, — Ry, is identically zero then
¢=¢xTx)=0; Vx e AUB so that 3 lim d (T 1x, T™™x) = 0 from (2.23). Hence,
the lemma. ©

The existence and uniqueness of a fixed point in A N B if A and B are non-empty,
closed, and convex and (X,d) is complete follows in the subsequent result as its coun-
terpart in Theorem 2.2 modified cyclic ¢-contractive constraint (2.21):

Theorem 2.9. if (X,d) is complete and A and B intersect and are non-empty, closed,
and convex then there is a unique fixed point z € AnB of T:A U B — A UB to which
all the sequences {T"x} nen,, which are Cauchy sequences, converge; Vx € AUB. O

Remark 2.7. Note that the nondecreasing function ¢:Ry, — Ry, of the contractive
condition (2.21) is not monotone increasing under Lemma 2.5 since it possesses a
finite limit and it is then bounded. O

Remark 2.8. The case of T'A U B —> A UB being a ¢-contraction, namely, d(Tx,Ty) <
d(x,y)-¢(d(x,y)) + ¢(D) with strictly increasing ¢:Rq, — Ry,; Vx € AUB, [1,2] implies,
since ¢(x) = 0 if and only if x = 0, implies the relation

d(Tx, Ty) < prd (x,y) + @ (D) < d(x,y) + ¢ (D); Vx,y (¥x) € AUB (2.29)

for some real constant 0 < 8, = f1(x,y) < 1; Vx,5(#x) € AUB so that proceeding

recursively:
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d (11, %) < [T 18:1d (Tx, 00+ (D) (Z]n:l ]_[Z:i+1 [ﬂg]) <d(Tx,x)+Lp (D), Yx € AUB  (2.30)

D
D <limsup d(T"'x, T"x) < el B); Vxe AUB (2.31)

n—oo -

]' ; n+ n .
where 5= lim (TT7, [6]) ™ < 12nd 3 Jim d(T""x T"%) = 0; v & AUB if 9(D) =

D =0, and one gets from Lemma 2.1(iii) that {T"x} nen, and {T”*lx} neN, are Cauchy
sequences which converge to a unique fixed point in ANB if A and B are non-empty,
closed, and convex and (X,d) is complete [1]. O

Remark 2.9. Note that the constraint (2.1) implies in Lemma 2.1 and Theorem 2.2 that
(1-0-B) #(D) < (1-o-B)D what implies ¢(D) < D if max (o,f3) > 0 since 0 < o + 3 < 1. How-
ever, such a constraint in Lemma 2.3 and Theorem 3.4 implies that (1-0-f¢) ¢(D) < (1-
Oo-Po)D. D

3. Properties for the case that A and B do not intersect

This section considers the contractive conditions (2.1) and (2.21) for the case ANB = &
For such a case, Lemmas 2.1, 2.3, and 2.8 still hold. However, Theorems 2.2, 2.4, and
2.9 do not further hold since fixed points in ANB cannot exist. Thus, the investigation
is centred in the existence of best proximity points. It has been proven in [1] that if T:
A UB — A UBis a cyclic ¢-contraction with A and B being weakly closed subsets of a
reflexive Banach space (X,|| ||) then, 3(x,y) € A x B such that D = d(x,y) = ||x-y||
where d:Ry, — Ry, is a norm-induced metric, i.e., x and y are best proximity points.
Also, if T:A U B — A UB is a cyclic contraction 3(x,y) € A x B such that D = d(x,y) if
A is compact and B is approximatively compact with respect to A with both A and B

being subsets of a metric space (X,d) (i.e., if lim d (T*"x, y) =d(B,y) = izj;d (z7) for

n—oo
some y € A and x € B then the sequence {T"x} nen, has a convergent subsequence
[14]). Theorem 2.2 extends via Lemma 2.1 as follows for the case when A and B do
not intersect, in general:

Theorem 3.1. Assume that T:A U B — A UB is a modified weak ¢-contraction, that
is, a cyclic self-map satisfying the contractive condition (2.1) subject to the constraints
min (of) = 0 and o +f < 1 with ¢:R,, — R,, being nondecreasing with ¢(D) = D.
Assume also that A and B are non-empty closed and convex subsets of a uniformly
convex Banach space (X,|| ||). Then, there exist two unique best proximity points z €
A,ye Bof T'"AUB — A UB such that 7z = y, Ty = z to which all the sequences gen-
erated by iterations of T:A U B — A UB converge for any x € AUB as follows. The
sequences {Tz"x}neNn and {szlx}neNn converge to z and y for all x € A, respectively,
toyand z for all x € B. If An B # & then z = y € ANB is the unique fixed point of T:
AUB—>AUB

Proof: If D = 0, i.e., A and B intersect then this result reduces to Theorem 2.2 with
the best proximity points being coincident and equal to the unique fixed point. Con-
sider the case that A and B do not intersect, that is, D > 0 and take x € AUB. Assume
with no loss in generality that x € A. It follows, since A and B are non-empty and
closed, A is convex and Lemma 3.1 (i) that:
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[d (T%"*'x, T*"x) — D ; d(T*"'x, T”‘*zx) - D]|=d (Tz('“f')x, Tznx) —0asn—oc (3.1)

(proven in Lemma 3.8 [14]). The same conclusion arises if x € B since B is convex.
Thus, {T2"X}n eN, I8 bounded [Lemma 2.1 (ii)] and converges to some point z = z(x), being
potentially dependently on the initial point x, which is in A if x € A, since A is closed, and
in B if x € B since B is closed. Take with no loss in generality the norm-induced metric
and consider the associate metric space (X,d) which can be identified with (X, || ||) in this
context. It is now proven by contradiction that for every ¢ € R,, there exists 19 € Ny such
that d(T?"x,T*""'x) < D + ¢ for all m >n > n,. Assume the contrary, that is, given some &
€ R, there exists ny € N, such that d (T?™x, T?"*1x) > D + ¢ for all my >ng 2 ny Vk €

Nj. Then, by using the triangle inequality for distances:

D +e <d(T*x, T 'x) < d (T*"™x, T*™*2x) +d (T"*2x, T""*'x) asn — oo (3.2)

One gets from (3.1) and (3.2) that

lim inf (d (T?"x, T*"*2x) + d (T*"*2x, T*"*'x)) = liminf d (T*"*2x, T*"*1x) > D+e (3 3)

k—00 k—o00

Now, one gets from (3.1), (3.3), ¢(D) = D, and Lemma 2.1 (i) the following contradic-

tion:

D+ ¢ < limsupd (T*™*2x, T*"*1x) < limsup d (T*"*2x, T>**'x) + limsup d (T*"+2x, T>"+2x)
k—00 np—>00 k—00 (3 4)

= limsupd (T*"*x, T*"*'x) = D

Np—>00

As a result, d(T°"x,T°"*'x) < D + ¢ for every given ¢ € R, and all m >n > n, for
some existing 1y € Np. This leads by a choice of arbitrarily small ¢ to

D < lim supd (T*"x, T*"*'x) < D = 3lim d (T*"x, T*"*'x) = D (3.5)
n—oo n—o0o
But {Tz”x}neNO is a Cauchy sequence with a limit z = 7%z in A (respectively, with a
limit y = T%y in B) if x € A (respectively, if x € B) such that D = ||Tz-z|| = d(z Tz)
(Proposition 3.2 [14]). Assume on the contrary that x € A and {T?"x} yen, > 2 # T2
as n — oo so that T°2-Tz = z-Tz = z-y so that since A is convex and (X,|| ||) is uni-
formly convex Banach space, then strictly convex, one has

T2
D=d(z,Tz)=d( Z+Z—Tz>= 5‘

2
which is a contradiction so that z = T°z is a best approximation point in A of T:A U

T2z — Tz
2

D D
<2+2=D (3.6)

z—1z
2

T22—Tz z—1Tz
+
2 2

B — A UB. In the same way, {TZ")C}%N(J is a Cauchy sequence with a limit 7% = y € B

which is a best approximation point in B of T:A U B — A UB if x € B since B is con-
vex and (X,|| ||) is strictly convex. We prove now that y = Tz. Assume, on the contrary
that y = Tz with y = T%,Tz = T°2 € B, z = T’z € A, d(zy) >D, d(TzTy) = D, d(Tzz) =
d(Ty,y) = D, and ¢(D) = D. One gets from (2.1) since ¢: Ry, — Ry, is non-decreasing
the following contradiction:

2, 2 - d (T%z, Tz) d (T?y, Ty) d(T°z, Tz) d(T?y, Ty)
D<d(zy)=d (I 1Y) < "‘[ d (12 1) “"( d (T2 1) )} (3.7)

+ﬂ(d(Tz,Ty)—(p(d(Tz,Ty)))+D(a+,B)D+(1—a—,B)D=D

Page 10 of 17
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Thus, z = Ty = T°z = T’y and y = Tz = T°y = T°z are the best proximity points of T:
A UB — A UBin A and B. Finally, we prove that the best proximity points z € A and
y € B are unique. Assume that z;(# z;) € A are two distinct best proximity points of
T:AUB — A UBin A. Thus, Tz;(# Tz,) € B are two distinct best proximity points in
B. Otherwise, Tz, = Tzy = T%2z; = T?zy = z; = 2z, since z; and z; are best proximity
points, contradicts z; . z,. One gets from Lemma 2.1(i) and d(Tz,,T%z,) = d(Tz,T?z,)
= d(z1,Tz,) = d(z5,Tz1) = D. Through a similar argument to that concluding with (3.6)
with the convexity of A and the strict convexity of (X,|| ||), guaranteed by its uniform
convexity, one gets the contradiction:

D D
< _+
2 2

_T
“ ) “ -D (3.8)

2,
< T 21 TZ1
- 2

since T°z,-Tz; # Tz-z,. Thus, z; is the unique best proximity point in A while Tz, is
the unique best proximity point in B. O

In a similar way, Theorem 2.4 extends via Lemma 2.3 as follows from the modifica-
tion (2.12) of the contractive condition (2.1):

Theorem 3.2. Assume the following hypotheses:

(1) T"A U B — A UB is a modified weak ¢-contraction, that is, a cyclic self-map satis-
fying the contractive condition (2.12) subject to the constraints min (to,fo) = 0, min
(0o,Bo) > 0, and o + By < 1.

l—«a

(2) ¢: Ry, — Ry, is non-decreasing subject to ¢ (d (Tx, x)) > d (Tx, x) — 1 ﬁMo;
—a—
Vx € AUB and ¢(D) = (1 + o+f-0-Bo)D for some non-negative real constants
My < 1Ia_ﬂD,OsasaoandOSﬁsﬂowith(x+B< 1.
-«

(3) A and B are non-empty closed and convex subsets of a uniformly convex Banach
space (X|| ||)-

Then, there exist two unique best proximity points ze A, y€ Bof T’ AUB — A UB
such that 7z = y, Ty = z to which all the sequences generated by iterations of T'A U B —

A UB converge for any x € AUB as follows. The sequences {Tznx}neNo and {Tsz'lic}neN0

converge to z and y for all x € A, respectively, to y and z for all x € BIf A NB = & then
z = y € ANB is the unique fixed point of T:A U B — A UB.

Outline of proof: It is similar to that of Theorem 3.1 since (3.1) to (3.3) still hold,
(3.4) and (3.5) still hold as well from Lemma 2.3(ii) as well as the results from the con-
tradictions (3.6)-(3.8). O

The following result may be proven using identical arguments to those used in the
proof of Theorem 3.1 by using Lemma 2.8 starting with its proven convergence prop-
erty (2.23) for distances:

Theorem 3.3. Assume that T:A U B — A UB is a cyclic self-map satisfying the con-
tractive condition (2.21) with min (e,f) > 0, o + B < 1, and ¢: Ry, — Ry, is non-

decreasing having a finite limit xli)"go¢ (x) = ¢ and subject to ¢(0) = 0 Assume also that

D
¢: Ry, — Ry, satisfies limsup (x — ¢ (x)) > ¢ (D) . Finally, assume that A and B are
X—>+00 l—a— /3
non-empty closed and convex subsets of a uniformly convex Banach space (X,|]| |])-

Then, there exist two unique best proximity points z€ A, ye€ Bof "AUB — A UB
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such that 7z = y, Ty = z to which all the sequences generated by iterations of T:A U B —

A UB converge for any x € AUB as follows. The sequences {Tznx}neN0 and {TZ”J'UC}"E[\,n
converge to z and y for all x € A, respectively, to y and z for all x € B. If ANB = & then
z =y € ANB is the unique fixed point of "”AUB - AUB. O

Example 3.4. The first contractive condition (2.1) is equivalent to
1
d(Tx, T?x) < . (Bd (x, Tx) + ¢ (D) — ag (d (Tx, T>x)) — B (d (x, Tx))) . (3.9)
—a

To fix ideas, we first consider the trivial particular case ¢(x) =0 (= ¢(D) = 0); Vx € R,
+. This figures out that T:A U B — A UB is a strict contraction if ANB is non-empty and
closed, min (o,8) 2 0, and o + 8 < 1. Then, it is known from the contraction principle
that there is a unique fixed point in ANB. Note that in this case ¢: Ry, > 0. If . + B =1
then T:A U B — A UB is non-expansive fulfilling 4(77*'x,TPx) = d(x,Tx); Yx € AUB, Vp
€ zy,. The convergence to fixed points cannot be proven. It is of interest to see if T:A U
B — A UB being a weak contraction with ¢: Ry, — R, being non-decreasing guarantees
the convergence to a fixed point if o + = 1 and ¢(0) = D = 0 according to the modified
contractive condition (2.12). In this case, if ¢(x) > 0; Vx € R, then convergence to a

fixed point is still potentially achievable since
d(Tx, T?x) < d (x, Tx) — ) i o (g (d (Tx, T?x)) + B (d (x, Tx))) < d (x, Tx) ifx # Tx. (3.10)

Now, consider the discrete scalar dynamic difference equation of respective state and
control real sequences {Xi}rez,, and {Ur}jcz, and dynamics and control parametrical

real sequences {ar}iez,, and {br # 0}z, respectively:
Xpe1 = ApXy + brpug, + ny; Yk € Zo,, X0 € R (3.11)

where {X}pez,,, of general term defined by X, := (xo, X1, ..., Xr), is a sequence of real
kth tuples built with state values up till the kth sampled value such that the real
sequence {Mklrez,, with n, = ni, (1) is related to non-perfectly modeled effects which
can include, for instance, contributions of unmodeled dynamics (if the real order of
the difference equation is larger than one), parametrical errors (for instance, the
sequences of parameters are not exactly known), and external disturbances. It is
assumed that upper- and lower-bounding real sequences {fli}rez,, and {ﬁ,?}kezm are
known which satisfy 7, = s, (X)) > m > ﬁ,? = ﬁ,? (xr); Yk € zg,. Define a 2-cyclic self-
mapping T:A U B - A UB with T(A)S B and T(B)S A for some sets A € Ry, := {z €
Rz > 0} and B € Ry. := {z € Rz < 0} being non-empty bounded connected sets con-
taining {0}, so that D = 0, such that Tx; = x,1; Yk € zo, for the control sequence
{th}pez,, lying in some appropriate class to be specified later on. Note from (3.11)
that

X+ = AeXpr1 + De1 Uns1 + Mt (3.12)
= A1 ARXY + Aler1 Dl + Dpi1 Upsr + a1 M + Mies1; YR € Zoy, X0 € AUB

An equivalent expression to (3.9) if ¢(D) = D = 0 is by using the Euclidean
distance:
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a@ (a1 | + 12 )+ (2] + 1% ]) < B (%] + e D—(1 — @) (| + [xes2]) 5 VR € Zow  (3.13)

Consider different cases as follows by assuming with no loss in generality that the
parametrical sequences {dk}rez,, and {br}icz,, are positive:
(a) D = 0 Then

Xpe2 = Qe 1 Xy + Qi1 bl + Dis1 Upe1 + A1 e + Mies1; YR € Zoy, X € AUB (3.14)
Note that if x; > 0 then x;,; < 0 and x5 < 0 if

— X+ Tk A1 (M — apxy, — betdg) + Niea1

Up = < 0; Ups1 = ; Vk e Zo, (3.15)
by b1
If x; < 0 then .1 > 0 and xy,»< O if
Mk — ApX a Mk + ApXy, + bpuy) + 1
", > N — A L (M + arXy + bry) 77k+1; vk € Zo, (3.16)
b brs1
Thus, if xo > 0 then the control law is
kX 7 a Mok — A2kX2k — borld 7
o < — 2kX2k + 72k < 0: oy > k1 (M2k 2kX2k 2kU2k) + U2k+1; Vk e Zo, (3.17)

bor bk
and if xy < 0 then

Azkr1 (M2k + A2kX2r + Darliok) + Moke1

N2k — A2kX
N2k — A2kX2k ; Yk e Zy, (3.18)

Ugg = b FUdkr1l = —
2k

b2k+1

The stabilization and convergence of the state sequence to zero is achieved by using
a control sequence that makes compatible (3.16) and (3.17) with (3.13). First, assume
%0 < 0 and rewrite the controls (3.17) in equivalent equality form as:

A2kX2ke + T2k + €2k o = G201 (12 — @akXok — bakUok) + Nokes1 + E2kev1 |

Ugp = — b s Udks1 ; Vk € Z0+ (319)
2k

b2k+1

for any non-negative real sequence {¢x}iez,, to be defined so that (3.13) holds. Then
(3.11) and (3.14) lead to:

0 _ =0 ~ -
—&2p, = Ny — M2k — &2k < X2ler1 = A2k X2k + boklhor + N2k = N2k — T2k — &2 < —€2 < 0

0 (3.20)
= &y, = [Xora1| = €21 VR € Zo,
0 - -
Eoe1 = 2 (A2ks1M2k + M2ks1) + E2ks1
> Xoke2 = A2ks102kX2k + A2k 1 D2kl + D2ler1 Uks1 + Aks1 M2k + N2ks1 (3.21)

= Aoke1 (Mak + M2k) + M2kel + M2ksl + E2ke1 = E2ke1 = 0

= 91 = Xore2| > €2ra1; VR € Zo,
for the given controls (3.19). Then, (3.13) becomes for xy € A:
@ (X241 | + [X2521)+ B9 (1X2k] + X241 D+(1 — @) (Xoke1| + [X2002]) < B (Ixakl + |x2ks11); VR € Zow  (3.22)

which is guaranteed from (3.20) and (3.21), without a need for directly testing the
solution of the difference equation, if the sequence {ui}rez,, can be chosen to have
zero limit while satisfying:

Page 13 of 17
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o (83 +&9u1) + BP (91 +83) + (1 — &) (83, + 65401) < B (6211 +£21); YR € Zo,  (3.23)

for some upper-bounding sequence {Sg}kezm satisfying (3.20) and (3.21) and some
given non-decreasing function ¢:Ry, — Ry,. This implies that x; — 0 as k — oo, which
is the unique fixed point of T:A U B - A UB, by using the proposed control law
(3.19). Note the following:

(1) Even, although {er}jcz,, converges to zero, it is not required for the contribution
of the non-perfectly modeled part of the model to converge to zero. It can suffice, for
instance, naor = 72k Nake1 —> — (T2ke1 + 2a2k+172k) @s k — oo It is not necessary that
{Me}iez,, be convergent fulfilling |77,| — |nx| — /) < 0o as k — oo for some non-negative
real 7 = 7§ (x;). However, there are particular cases in this framework as, for instance,
] = Il > 0as k—> 0 or g — 0 > 0; dogy; —> 1 as k — oo,

(2) The constraints (3.23) imply ¢(x) = 0 for x € [0,x0] and some x5 € Ry, but not
that ¢:Ry, — Ry, is strictly increasing or that ¢(x) = 0 if and only if x = 0.

ag |xo| +

If xo € B, then x4 < 0, take uy > o leading to x; > 0 The above stabiliza-

0
tion/convergence condition (3.23) still holds with the replacement k — k-1 for any

ke z,.

(b) Now, assume that D > 0, A:={z € R, :z > D/2}, and B:={z € R, :z < -D/2} are
bounded subsets of R and reconsider the above Case b modified so that T:AUB — AUB
the sequence {€r}iez,, is subject to &y = D/2, ey — D/2 as k —>e and ¢(D) = D = dist
(A,B) Also, the stabilization constraints (3.22) and (3.23) become modified as follows:

a@ (|X2re1] + [x242]) + B (x2r] + [%2r41]) + (1 — @) ([X2r41] + [X2042])

(3.24)
< D+ B (|xar] + |x2041]) ; YR € Zo,

o (3, + €91 ) B (891 +e%)+(1 — ) (e3, + €3sr) < D+B (21 + &), Yk € Zo,  (3.25)

the second one being a sufficient condition for the first one to hold. Note that x,;
and x,;,; both converge to best proximity points as k — o If xy > D/2 then x5 —
D/2 and x9y,1 — D/2 as k — oo and if x5 < -D/2 then x,; — -D/2 and x5y,; — D/2.
Note that Case a is a particular version of Case b for D = 0.

(c) The conditions (3.23) and (3.25) can be generalized to the nonlinear potentially
non-perfectly modeled difference equation:

Xir1 = axg (Xx) + bty + mi; Yk € Zo., xo € R" (3.26)

for some function g : R — R leading to the nonlinear real sequence {gk =g (xk)} keZo
Proceed by replacing the controls (3.19) by their counterparts obtained correspond-
ingly with right-hand side replacements x; —>g; = g(xx) by choosing the sequence
{ek}hez,, with ¢:[D,0) — [D,e) satisfying ¢(x) = D for x € [D,D + x,] and some x, €
Ry, so that (3.25) holds.

(d) Consider the nth-order nonlinear dynamic system:

Xpe1 = ArXy + Brup; Yk € Zg,, x9 € R" (3.27)
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for some matrix function sequences sampling point-wise defined by A, = Ax(x;) and
By = Bi(xy) of images in R and R™", respectively; Yk € Z,,. Proceeding recursively
with (3.27) over n consecutive samples, one gets

Xes1yn = OeXien + Diellin; Vk € Zo,, xo9 € R” (3.28)

with @ = @y (xy,) and Iy = Ii(xy,) as:

) (k+1)n—1 ) ) . . 1
Pr = l_[,-:kn (AL Tie = | Biyyn1: Agestyn—1Bgain—2: -+ - il_[j=;m+1 [Aj] Bin (3.29)

with the extended nm control real vector sequence over n consecutive samples being
defined by up, = up, (xr) := (u(kJ,l),,_l, U 1)n—2s -1 ukn) T, Consider solutions of (3.28)
lying alternately in a non-empty closed bounded connected subset A of the first closed
orthant of R"and in B = -A for each couple of subsequent samples for some extended
control sequence {Ur}rez,, in R”, for some integer 1 < m < n, assumed to exist. A
unique such a control sequence exist, if for instance, the controllability condition rank
Iy = m; Yk € zg, holds for each matrix sequence A = A(xx) by achieving:

Xerlyn = QrXien + Thllpn = — ApXien; YR € Zo,, X9 € A (3.30)

with Ay = Ax(x4,); Vk € 2o, defining some prefixed positive real matrix sequence tak-
ing values in R”*"with at least a non-zero entry per row. The closed-loop control
objective (3.30) is achievable by the feedback control sequence:

tn = =1 (D) (@ + Ak) Xin, Yk € Zoyix0 € A (3.31)

Thus, a modified constraint of the type (3.22), or (3.23), ensures that the solution of
(3.28), subject to the extended control (3.31), lies alternately in A and B for each two
consecutive samples for xo € A and converges to zero, while a modification of (3.24),
or (3.25), ensures that the solution lies alternately in B and A and converges to zero,
provided that Axg € AU(-A); Vxy € AU(-A), Vk € zq,, i.e., AU(-A) is Ay-invariant, Vk €
Zo,. Furthermore, A and B are both A-invariant. Such a modifications are got directly
by replacing x(-) — A(-)x(-), e(-) = 4(-)e(-) Note that the constraints (3.22), (3.23),
(3.24), and (3.25) now become n-vector constraints. The Euclidean distances are now
replaced by any Minkowski distance of order p (p-norm-induced distance for some

real p > 1) in R” as for instance, 1-norm-induced distance d; ( ,y) = Z?:l |x1~ — Vi ’, 2-

1/2
norm-induced (i.e., Euclidean) distance d, (x,y) = (Z?:l |xi — )’i|2) / , p-norm-induced

1
distance  d, (x,y) = (Z?zl |xi — Yi|p) /p, or infinity-norm-induced distance

) n 1/p
dos (x,y) = plifgo (Zi=l |xi - )’i|p> = max (|xi - yi|)‘

1<i<n
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