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Convergence theorems for approximation of common fixed points of a finite family of
asymptotically pseudocontractive mappings are proved in Banach spaces using an aver-
aging implicit iteration process.

1. Introduction

Let E be a real Banach space and let ] denote the normalized duality mapping from E into
2E* given by J(x) = {f € E*: (x, f) = llx]|2 = ||fH2}, where E* denotes the dual space
of E and (-, -) denotes the generalized duality pairing. If E* is strictly convex, then J is
single-valued. In the sequel, we will denote the single-valued duality mapping by j.

Let K be a nonempty subset of E. A mapping T : K — K is said to be asymptoti-
cally pseudocontractive (see, e.g., [3]) if there exists a sequence {a,};—; < [1, ) such that
lim,_..a, =1and

(T'x—T"y,j(x—y)) <aullx—yl>, Vn=1, (1.1)

forallx,y € K, j(x — y) € J(x — y). In Hilbert spaces H, a self-mapping T of a nonempty
subset K of H is asymptotically pseudocontractive if it satisfies the simpler inequality

[|T"x - T”y||2 <anllx—ylI>+||x—y— (T"x - T”y)||2, Vn=>1 (1.2)

forall x, y € K and for some sequence {a,},-, < [1, ) such thatlim,_ a, = 1. The class
of asymptotically pseudocontractive mappings contains the important class of asymptot-
ically nonexpansive mappings (i.e., mappings T : K — K such that

||[T"x — T"y|| < anllx—yll, Vn=1, Vx,y €K, (1.3)

and for some sequence {a,},_; S [1,00) such that lim,_«a, = 1). T is called asymp-
totically quasi-nonexpansive if F(T) = {x € K: Tx = x} # & and (1.3) is satisfied for all
x € K and for all y € F(T). If there exists L > 0 such that [|T"x — T"y|| < L|lx — y|| for
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all n > 1 and for all x,y € K, then T is said to be uniformly L-Lipschitzian. A mapping
T:K — K is said to be semicompact (see, e.g., [4]) if for any sequence {x,},-; in K
such that lim,_ [|x, — Tx,|l = 0, there exists a subsequence {x,,j};‘;l of {x,},-; such
that {x, };":1 converges strongly to some x* € K.

In [5], Xu and Ori introduced an implicit iteration process and proved weak con-
vergence theorem for approximation of common fixed points of a finite family of non-
expansive mappings (i.e., a subclass of asymptotically nonexpansive mappings for which
ITx =Tyl < llx—yll Vx,y € K).

In [4], Sun modified the implicit iteration process of Xu and Ori and applied the mod-
ified averaging iteration process for the approximation of fixed points of asymptotically
quasi-nonexpansive maps. If K is a nonempty closed convex subset of E, and {T;}¥ | is N
asymptotically quasi-nonexpansive self-maps of K, then for xp € K and {w,},-, < (0,1),
the iteration process is generated as follows:

x1 = o1xo+ (1 —ay) Thx1,

x = oox) + (1 —a) Toxs,

xn = anxy—1 + (1 —an) Tnxn,

2
xn+1 = anwxn + (1 — ane1) Trxn+1,

2 (1.4)
xN+2 = anaxn+1 + (1= ans2) T xN+2,
= +(1—aan) T3
X2N = G2NX2N-1 Q2N ) LNX2N>
3
xon+1 = 0on+1XoN + (1= done1) Tixon 1
The iteration process can be expressed in a compact form as
- k
Xn=0uXp-1+ (1 —ay) Tix,, n=1, (1.5)

wheren=(k—-1)N+i,iel={1,2,...,N}.
Assuming that the implicit iteration process is defined in K, Sun proved the following
theorem.

THeOREM 1.1. Let E be a Banach space and let K be a nonempty closed convex subset of E.
Let {T;}N| be N asymptotically quasi-nonexpansive self-maps of K (i.e., | T!'x — pill < [1+
uin]llx — pill for all n = 1, for all x € K, and for all p; € F(T;),i€1). Let F = ﬁﬁlF(Ti) +
@ and let > uin < o foralli€ I Let xo € K, s € (0,1), and {a,} 51 C (5,1 —s). Then
the implicit iteration process (1.5) converges strongly to a common fixed point of the family
(TN, if and only if liminf, .« d(x,,F) = 0, where d(x,,F) = inf ycr ||lx, — pll.

THEOREM 1.2. Let E be a real uniformly convex Banach space and K a nonempty closed
convex bounded subset of E. Let {T;}Y, be N uniformly Lipschitzian asymptotically quasi-
nonexpansive self-maps of K such that > uy, < o forall i € I. Let F = NN, F(T;) + @
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and let one member of the family {T;}Y | be semicompact. Let xo € K and let s and {o, } 51—,
be as in Theorem 1.1. Then the iteration process (1.5) converges strongly to a common fixed
point of the family {T;}Y,.

Observe that if T: K — K is a uniformly L-Lipschitzian asymptotically pseudocon-
tractive map with sequence {a,},-; S [1,0) such thatlim,_« a, = 1, then for every fixed
ueKandte (L/(1+L),1), the operator ¢, : K — K defined for all x € K by

Stpx=tu+(1—-1)T"x (1.6)
satisfies
[|Senx — Seay|| < (1 =t)LIx—yll, Vx,y €K (1.7)

Since (1 —t)L € (0,1), it follows that S;, is a contraction map and hence has a unique
fixed point x;, in K. This implies that there exists a unique x;,, € K such that

Xen = tu+ (1 —1)T"x1 p. (1.8)

Thus the implicit iteration process (1.5) is defined in K for the family {T;}, of N uni-
formly L;-Lipschitzian asymptotically pseudocontractive self-mappings of a nonempty
convex subset K of a Banach space provided that «, € («,1) for all n > 1, where a =
L/(1+L)and L = max;<;<n{L;}.

It is our purpose in this paper to first extend Theorem 1.1 to the class of uniformly L-
Lipschitzian asymptotically pseudocontractive mappings. The condition >;> ;(ain — 1) <
oo for all i € I = {1,2,...,N} which is equivalent to the condition >, u;, < o for all
i € I assumed in Theorems 1.1 and 1.2 is not imposed in our theorem. We do not want to
make the general assumption that the iteration process is defined. If one assumes that the
iteration process is always defined, our result will hold for even the more general class of
asymptotically hemicontractive maps (i.e., mappings for which F(T) # @ and (1.1) holds
for all x € K and y € F(T)). If E = H, a Hilbert space, we obtain a strong convergence
theorem similar to Theorem 1.2 for the class of uniformly L-Lipschitzian asymptotically
pseudocontractive maps.

In the sequel we will need the following lemma.

Lemma 1.3 [1, page 80]. Let {an} -1, {bulpy, and {8,},—, be sequences of nonnegative
real numbers satisfying the inequality

a1 < (1+6,)an+b,, nx>1. (1.9)

If >0 10, <o0and ), | b, < oo, then lim,_« ay, exists. If in addition {a,};, has a subse-
quence which converges strongly to zero, then lim,_.. a, = 0.

Throughout the remaining part of this paper, {T;}Y | is a finite family of uniformly
L;-Lipschitzian asymptotically pseudocontractive self-maps of a nonempty closed convex
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subset K of a Banach space so that

(T'x =TIy, j(x—y)) <amlx—yll>, Vn=1,Viel=1{1,2,.,N}, Vx,y €K,
(1.10)

and for some sequences {aj,},-;, i € I, with lim, .. ai, = 1, foralli € I; || T/'x = T/'y|| <
Lillx — yll for all n =1, for all i € I, for all x,y € K, and for some L; >0, i€l. L =
max;<i<n1Li}.

TaeoreM 1.4. Let E be a real Banach space and K a nonempty closed convex subset of E.
Let {T:}Y | be N uniformly Li-Lipschitzian asymptotically pseudocontractive self-maps of
K such that F = 0¥ F(T;) + @. Let xo € K and let {a,}., be a real sequence in (a,1)
satisfying the condition Y., 1 (1 — ay,) < oo, where a = (1+L)/(2+1L) (so that 2a— 1 >0).
Then the implicit iteration sequence {x,},-, generated by (1.5) exists in K and converges
strongly to a common fixed point ofthefamzly {T;}N, ifand only ifliminf, . d(x,,F) =
where d(x,,F) = inf pcp [|x, — pll.

Proof. We will use the well-known inequality
-+ ylI? < 1Ix1% +2(y, j(x + ) (1.11)

which holds for all x,y € E and for all j(x — y) € J(x — y) and which was first proved in

[2].
Let p € F, then using (1.1), (1.5), and (1.11), we obtain

Hxn_P”Z:H‘xn(xnfl_P)‘i'(l_“n Tx,, ||
< a2[x-1 = pl[*+2(1 = o) (Thxy = p, j (2%u — p)) (1.12)
< a2[[x-1 = pl[ +2(1 = o) aiel [xa — pl[”.
Observe that since limy_. ajx = 1 for all i € I, then there exists Ny such that for all
k > No/N +1 (i.e., forall n > Ny), we have aj <1+ (2a—1)/4(1 — «) for all i € I. Conse-
quently, for all k > No/N + 1 (for all n > Ny), we have 1 — 2(1 — a)aix = (1/2)(2a— 1) > 0.

Let a = max;<j<N {SUPj~q 141k }>SUPLs; 12k} ., SUPsq tank} ). Then for all k > Ny/
N +1 (for all n = Ny), it follows from the last inequality in (1.12) that

I/\

2
el L

(1—ay) (an — 1) (1-a,)’
[H l—oc:) ik)+( -2(1-ay)ai ]”"n ol

[1+4a 20— 11711 —a,) +2[20— 171 (1 — ) :IHxnfl_P”z
=

|xn

(1.13)

1+, ]| |xn- 1_P||

where 0, = 4a[2a — 1]7'(1 — a,) + 2[2a — 1]71(1 — &,)?. Since >, 0, < oo, it follows
from the last equality in (1.13) and Lemma 1.3 that lim, .. ||x, — pll exists so that there
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exists M > 0 such that ||x, — pll <M for all n > 1. Consequently, we obtain from the last
equality in (1.13) that

]1/2|

||xn_P||5[1+0n |xn71_P||5[1+Un]||xn71_17||5||xn71_P||+M‘7n- (1.14)

It follows from (1.14) that
d(xn,F) < [1+0,]d(x,-1,F), (1.15)

so that it again follows from Lemma 1.3 that lim,,_ . d(x,, F) exists.
If {x,},-; converges strongly to a common fixed point p of the family {T;}Y, then
lim, .o llx, — pll = 0. Since

0 < d(xn,F) < ||xn—pll, (1.16)

we have liminf d(x,,F) = 0.
Conversely suppose liminf, .. d(x,,F) = 0, then we have lim, . d(x,,F) = 0. Thus
for arbitrary € > 0, there exists a positive integer N; such that

d(xn, F) <Z, Vn=N,. (1.17)

Furthermore, >’ 0, < oo implies that there exists a positive integer N, such that
>.i2n0j < €/4M for all n > N,. Choose N = max{No, N1, N>}

Then d(xy,F) < €/4 and Z;":N oj < €/4M. It follows from (1.14) that for all n,m = N
and for all p € F, we have

[l = 2|l = [l2n = pll + |l — p]

< —pll+M 3 ojtllxn—pll+M 3. o
j=N+1 j=N+1 (1.18)

§2||xN—p||+2M Z gj.
j=N

Taking infinimum over all p € F, we obtain

|[%n = x| < 2d(xn,F) +2M > 0j <e. (1.19)
j=N

Thus {x,};_; is Cauchy. Suppose lim,— x, = u. Then u € K since K is closed. Further-
more, since F(T;) is closed for all i € I, we have that F is closed. Since lim,,_., d(x,,F) = 0,
we have that u € F. |

Remark 1.5. Prototype for the iteration parameter {a,} in Theorem 1.4is &, = a+n?(1 —
a)/(n*+1)n=1.
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THEOREM 1.6. Let H be a real Hilbert space and let K be a nonempty closed convex subset of
H. Let {T;}}| be N uniformly L;-Lipschitzian asymptotically pseudocontractive self-maps of
K such that F = nY |F(T;) # @ and 3., (ain — 1) < o for all i € I. Let one member of the
family {Ti}f\il be semicompact. Let xo € K and let {a,},—, be a sequence in (0,1) such that
O<a<a,=<pB<1foralln=1, where « = L/(1+L). Then the implicit iteration sequence
{xn ) n=1 generated by (1.5) exists in K and converges strongly to a common fixed point of the
family {T;}Y .

Proof. We will use the well-known identity
lltx+ (1= £)y]]* = thxl+ (1 = D) llylI2 = (1 = ) llx - I (1.20)

which holds in Hilbert spaces H forall x, y € H and for all t € [0,1]. Let p € F, then using
(1.2) and (1.20), we obtain
[l = pII* = lotn (a1 = p) + (1 = &) (T, = )
= a1 = pII” + (1= ) [ TEx, = pl|* = (1= ) 01 = Tfoxa| |
< |1 = plI*+ (1= ) [ @il Jen = pl*+ [[xn = TExal*]
— et (1= ) |n 1 = T
= |1 = pI*+ (1= )il = plI” = et (1= @) [l 1 = Thoa]

(1.21)

Observe that since limy_. ajx = 1 for all i € I, then there exists Ny such that for all k >
No/N +1 (i.e., for all n > Ny), we have ay < 1+ a*/(1 — «) for all i € I. Consequently,
for all k > Ny/N +1 (for all n > Ny), we have 1 — (1 — a,)aix = a(1 — «) > 0. Thus for all
k > No/N + 1 (for all n = Ny), it follows from (1.21) that

On

=PI = | = gy [ = 21 = (1 = ) s = T

_ (l—ocn)(aik—l) ) 5 )
_ [1+m]”xnl—pl| — ot (1= an) " [[xn-1 = Tfoxal|

<[1+[a(1 - )] (1 - au) (i — 1) |xa-s — plI° (1.22)
—ay (1~ “n)ZHxn*l - TikanZ
= [1+[a(1 = @)] " (ax = D]lx-1 = plI* ~ (1 = )| |ras — T
= [1+ 0wl a1 = plI" = a1 = B)2llxa-1 = T I,
where o = [a(1 — a)] 7! (ax — 1). Since X ;_, oi < o, it follows from the last equality in

(1.22) and Lemma 1.3 that lim,, . [|x, — pll exists. Furthermore, there exists D > 0 such
that ||x, — pll < D for all n > 1. Thus from the last equality in (1.22), we obtain

[len = pII” = lla- = plI* = &1 = B)2lxams = Tl |* + D20, (1.23)
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from which it follows that lim,_« |[|x,-1 — T,-kxnll = 0. Thus lim, - [[x,_1 — T¥x,|l = 0.
Furthermore,

lln — T*x,|| = o] |01 — TExp]] — 0 asn — oo,

(1.24)
[lon = 01|l = (1 = &) |01 — Trx,|| — 0 asn — oo.
Thus lim,— « ||x, — x,4ill =0 forall i € I. For all n > N, we have T, = T,,_y so that
[[%0-1 = Tu|| < |xn-1 — Tll’fan + ||T1]1<xn = Toxal|
< [[xn1 = Tl | + LI Ty~ 0 = x|
< [xn1 = Thal |+ LUITE %0 = Th N n ||+ (| Th=A%n & = Xy 1
+||x n-N)-1 —x,,||
= ||xn 1= Tkxn||+L2||x,, — Xn— N||+L||x(n N)-1— Tk ~NXn— N||
+L||xy — X(n-n)-1]] — 0 asn — oo.
(1.25)
Hence,
|30 = Toxnl| < || — xn-1|| + || %n-1 = Tnxn|| — 0 asn — co. (1.26)
Consequently, for all i € I, we have
||xn - Tn+ixn|| = ||xn - xn+i|| + ||xn+i - Tn+ixn+i|| +L||xn+i _xn”
(1.27)

= (1+L)|[xnsi — xn|| + ||%n4i — TniXnsil | — 0 asn— oo.

It follows that lim,,—. « ||x, — Tix,|| = 0 for all i € I. Since one member of {T; }{\11 is semi-
compact, then there exists a subsequence {x,, 1% el of the sequence {x,},-, such that
{x, ; }j‘; | converges strongly to u. Since K is closed, u € K, and furthermore,

||u = Tiu|| = lim [|x,, — Tixp || =0 Viel (1.28)
j—ooo

Thus u € F. Since {x, ; }}?‘;1 converges strongly to u and lim,, . [|x, — ul| exists, it follows
from Lemma 1.3 that {x,},_, converges strongly to u. O

Remark 1.7. Prototype for the iteration parameter {a,} in Theorem 1.6 is a, = a+n(1 —
a)/2(n+1)n=1,forwhichO<a<a+(1—-a)/d<a,<a+(1—a)/2<1.
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