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This paper investigates the global stability and the global asymptotic stability independent of the
sizes of the delays of linear time-varying Caputo fractional dynamic systems of real fractional
order possessing internal point delays. The investigation is performed via fixed point theory
in a complete metric space by defining appropriate nonexpansive or contractive self-mappings
from initial conditions to points of the state-trajectory solution. The existence of a unique fixed
point leading to a globally asymptotically stable equilibrium point is investigated, in particular,
under easily testable sufficiency-type stability conditions. The study is performed for both the
uncontrolled case and the controlled case under a wide class of state feedback laws.

1. Introduction

Fractional calculus is concerned with the calculus of integrals and derivatives of any arbitrary
real or complex orders. In this sense, it may be considered as a generalization of classical
calculus which is included in the theory as a particular case. There is a good compendium
of related results with examples and case studies in [1]. Also, there is an existing collection
of results in the background literature concerning the exact and approximate solutions of
fractional differential equations of Riemann-Liouville and Caputo types [1-4], fractional
derivatives involving products of polynomials [5, 6], fractional derivatives and fractional
powers of operators [7-9], boundary value problems concerning fractional calculus (see
for instance [1, 10]) and so forth. On the other hand, there is also an increasing interest in
the recent mathematical related to dynamic fractional differential systems oriented towards
several fields of science like physics, chemistry or control theory. Perhaps the reason of
interest in fractional calculus is that the numerical value of the fraction parameter allows
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a closer characterization of eventual uncertainties present in the dynamic model. We can
also find, in particular, abundant literature concerned with the development of Lagrangian
and Hamiltonian formulations where the motion integrals are calculated though fractional
calculus and also in related investigations concerned dynamic and damped and diffusive
systems [11-17] as well as the characterization of impulsive responses or its use in applied
optics related, for instance, to the formalism of fractional derivative Fourier plane filters (see,
for instance, [16-18]), and Finance [19]. Fractional calculus is also of interest in control theory
concerning for instance, heat transfer, lossless transmission lines, the use of discretizing
devices supported by fractional calculus, and so forth (see, for instance [20-22]). In particular,
there are several recent applications of fractional calculus in the fields of filter design, circuit
theory and robotics [21, 22], and signal processing [17]. Fortunately, there is an increasing
mathematical literature currently available on fractional differ-integral calculus which can
formally support successfully the investigations in other related disciplines.

This paper is concerned with the investigation of the solutions of time-invariant
fractional differential dynamic systems [23, 24], involving point delays which leads to
a formalism of a class of functional differential equations, [25-31]. Functional equations
involving point delays are a crucial mathematical tool to investigate real process where delays
appear in a natural way like, for instance, transportation problems, war and peace problems,
or biological and medical processes. The main interest of this paper is concerned with the
positivity and stability of solutions independent of the sizes of the delays and also being
independent of eventual coincidence of some values of delays if those ones are, in particular,
multiple related to the associate matrices of dynamics. Most of the results are centred in
characterizations via Caputo fractional differentiation although some extensions presented
are concerned with the classical Riemann-Liouville differ-integration. It is proved that the
existence nonnegative solutions independent of the sizes of the delays and the stability
properties of linear time-invariant fractional dynamic differential systems subject to point
delays may be characterized with sets of precise mathematical results.

On the other hand, fixed point theory is a very powerful mathematical tool to be
used in many applications where stability knowledge is needed. For instance, the concepts of
contractive, weak contractive, asymptotic contractive and nonexpansive mappings have been
investigated in detail in many papers from several decades ago (see, for instance, [32-34]
and references therein). It has been found, for instance, that contractivity, weak contractivity
and asymptotic contractivity ensure the existence of a unique fixed pointing complete metric
or Banach spaces. Some theory and applications of some types of functional equations in
the context of fixed point theory have been investigated in [35, 36]. Fixed point theory has
also been employed successfully in stability problems of dynamic systems such as time-delay
and continuous-time/digital hybrid systems and in those involving switches among different
parameterizations. This paper is concerned with the investigation of fixed points in Caputo
linear fractional dynamic systems of real order & which involved delayed dynamics subject
to a finite set of bounded point delays which can be of arbitrary sizes. The self-mapping
defined in the state space from initial conditions to points of the state—trajectory solution
are characterized either as nonexpansive or as contractive. The first case allows to establish
global stability results while the second one characterizes global asymptotic stability.

1.1. Notation

C, R, and Z are the sets of complex, real, and integer numbers, respectively.
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R, and Z. are the sets of positive real and integer numbers, respectively, C, is the set
of complex numbers with positive real part.

Cos = C, U {iw : w € R}, where i is the complex unity, Ry, := R, U {0} and Z o, =
Z. U {0}.

R_and Z_ are the sets of negative real and integer numbers, respectively; and C_ is the
set of complex numbers with negative real part.

Cp- := C_U{iw : w € R}, where i is the complex unity, Ry := R_U{0} and Zy_ := Z_U{0}.

N = {1,2,...,N} C Zy,, “V” is the logic disjunction, and “A” is the logic conjunction.
[t/h] is the integer part of the rational quotient ¢/ h.

o (M) denotes the spectrum of the real or complex square matrix M (i.e., its set of
distinct eigenvalues).

| || denotes any vector or induced matrix norm. Also, ||m||, and [[M]|, are the
¢,-norms of the vector m or (induced) real or complex matrix M, and u,(M) denote
the ¢, measure of the square matrix M, [20]. The matrix measure p,(M) is defined
as the existing limit p,(M) := lim (|| I, +& X ||p — ¢)/e which has the property
max(—llMllp,maxieﬁre)q(M)) < pp(M) < [[M]|, for any square n-matrix M of spectrum

o(M) = {Ai(M) € C:1 < i < n}. An important property for the investigation of this
paper is that o (M) < 0if M is a stability matrix: thatis, if re A ;(M) <0;1 <i < n.

I |l denotes the supremum norm on Ry,, or its induced supremum metric, for
functions or vector and matrix functions without specification of any pointwise particular
vector or matrix norm for each t € Ry,. If pointwise vector or matrix norms are specified, the
corresponding particular supremum norms are defined by using an extra subscript. Thus,
[|#m2]| poo = SUPyeg,, Im(t) ||, and || M]| — SUPyeg,, M (1)|p are, respectively, the supremum
norms on Ry, for vector and matrix functions of domains in Ro, xR", respectively, in Ro, xR™"
defined from their £, pointwise respective norms for each t € Ro;.

I, is the nth identity matrix.

K, (M) is the condition number of the matrix M with respect to the £,-norm;

k:=1{1,2,...,k). (1.1)

The sets BPC® (dom, codom) and PC%(dom, codom) are the sets of functions of a certain
domain and codomain which are of class C? (dom,codom) and with the ith derivative is
bounded piecewise continuous, respectively, piecewise continuous in the definition domain.

2. Caputo Fractional Linear Dynamic Systems with Point Constant
Delays and the Contraction Mapping Theorem
Consider the linear functional Caputo fractional dynamic system of order a with r delays:
1 Lox®(r)

(D(”)‘+x)(t) = T'(k-a)), (t— T)u+1—k dr

- ioﬁia)x(t—n) + B(tyu(t) 2.1)

= Z Aix(t-1i) + Z Ai(hx(t - 1) + B(t)u(t),
i=0 i=0
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withk-1<a(eR,) <k;ke€Z,0=ry<r <1 <--- <1 =h < oo being distinct constant
delays, where r;(i € 7) are the r (in general incommensurate delays) 0 = rg < r; (i € 7)
subject to the system piecewise continuous bounded matrix functions of delayed dynamics
A; : Ro, — R™" (i € 7U {0}) which are decomposable as a (nonunique) sum of a constant
matrix plus a bounded matrix function of time, that is, Ai(t) =A;+ Ai(t), for all £ € Ry,, and
B : Ro. — R™™ is the piecewise continuous bounded control matrix. The initial condition
is given by k n-real vector functions ¢; : [-h,0] — R", with j € k-1U {0}, which are
absolutely continuous except eventually in a set of zero measure of [-h,0] C R of bounded
discontinuities with ¢;(0) = x;(0) = xD(0) = Xjo, ] € k-1 U {0}. The function vector
u : Rpx — R™ is any given bounded piecewise continuous control function. The following
result is concerned with the unique solution on Ry. of the above differential fractional system
(3.1). The proof, which is based on Picard-Lindelof theorem, follows directly from a parallel
existing result from the background literature on fractional differential systems by grouping
all the additive forcing terms of (2.1) in a unique one (see for instance [1, (1.8.17), (3.1.34)—
(3.1.49)], with f(t) = >.7_, Aix(t—h;)+Bu(t)). For the sake of simplicity, the domains of initial
conditions and controls are all extended to [-h,0) U Ro, by zeroing them on the irrelevant
intervals of [-h,0) so that any solution for t € Ry, of (2.1) is identical to the corresponding
one under the above given definition domains of vector functions of initial conditions and
controls.

Theorem 2.1. The linear and time- invariant differential functional fractional dynamic system (2.1)
of any order a € Cy.. has a unique continuous solution on [—h,0] U Ro. satisfying

(@) x=¢= Z;‘:‘(} ¢; on Roy with ¢;(0) = xj(0) = x9)(0) = xjo;j € k—1U {0}; forall t €
[=h,0) for each given set of initial functions and ¢; : [-h,0] — R", j € k—1U {0} being bounded
piecewise continuous with eventual discontinuities in a set of zero measure of [-h,0] C R of bounded
discontinuities, that is, ¢; € BPC(O)([—h,O]), R");j € k—1U {0} and each given bounded piecewise
continuous control u : Roy — Rm, with u(t) = 0 for t € [-h,0), being a bounded piecewise
continuous control function, and

(b)
k-1 oo
xa(t) = D) <cpaj(t)x,-0 + I @, (t — 1) Asep; (T — 13)dr
j=0 =170
+}§J‘ Dy (t - TL&CﬂwﬂT-ﬂﬂdT> (2.2)
i=170

+ zi:l fr. D, (t = 7)Ai(T)Xo (T = 13)dT + z; f: @, (t — T) Ai(T)xa (T - 1;)dT

t
+f @O, (t-1)B(t)u(t)dr, t€ Ry,
0

which is time-differentiable satisfying (2.1) in R, with k = [Rea] +lifa ¢ Z, andk =aifa € Z,,
and

@y (t) 1=t/ E ju1 (Aot™), Dy (t) := 1% 'E 0 (AotY),
& (Apth)?

Eq(Agt®) = 3 —208)
] 2 Tt 7 )

- (2.3)
jek-1U{0,a},

fort € R oy and @ao(t) = Dy (t) = 0 for t <0, where E, j(Aot®) are the Mittag-Leffler functions.
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A technical result about norm upper-bounding functions of the matrix functions (2.3)-
(2.4) follows

Lemma 2.2. The following properties hold.
(i) There exist finite real constants Kgaj > 1, Koaj > 1,7 € k—1U {0} and Kog > 1 such
that for any a(€ R,) < 1

Eaj(Aot") < Keajlle™],  ||@aj(®)]] < Kaaj||e™||, jek-1U{0, a},
(2.4)
[Pu (V)] € Ko <1/t 1-“)eA0f , fort (€R,)>1.
(ii) If a(e Ry) > 1 then
© i At i g
Ei(Aot%)|| = < NG
1Eaj (Aot %(F(zxé T j)>< ¢! -fe‘;E(r(en))“e
- ||eA0<f“> , jek-1U{0},t€ Ry,
|| e (1) || < sup e tj”eAO(ta)” < tj”eAO(tu)” j€ k—1uU {0}, t € Rys
J T ez, \T (a€+j+1) - ’ ! ’
|®a (1) < sup (Lya- 1 ”e Ao(t) || <l |eA0<f“> “ t € Ro..
" pez,, \I'((€ + D) -
(2.5)

If, in addition, Ay is a stability matrix then ||e*|| < Ke™ ™ and ||e®| < Ke™ ™' < Ke™; t € Ry,
for some real constants K > 1, A € R,. Then, one gets from (2.5)

I (Al < Ke™,  [l0n]l v, je k=Tu o), .
10 (1)]] < e '

for t € Ry, and the fractional dynamic system in the absence of delayed dynamics is exponentially
stable if the standard fractional system for a = 1 is exponentially stable.
(iii) The following inequalities hold.

[®s, k1 ()]l < < Dat)]| for a € (k—1,KINR, for k € Z.,t € o,
|D.(8)] < g1k |[Dar—2(t)|| forae[k-1,k)NRy, t€Ros, (2.7)
|D(t)]| = |Pisr (DI for a =k € Z,, ¢ € Ro.
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Proof. Note from (2.3)-(2.4) forO < a(e R;) <1

- (Aot"‘)(Z
Eai(Aot®) :
! 2% T(al +j)

& () () -2re5) (%)

2!
Eqj (Aot < Aot
|| Eaj (Aot™) | —TEZEOPO)HR<5;E< T(l‘”‘)‘—’l"(ae+]')>>”e

, j€k=1U{0,a},

t € (1,0)NRy,

1 Eo (A 1 e g ar
. . ]| < 1i
1tlTLSip|| r]( 0 )“ ltl'I'LSip 6861;:}; t(l‘“)el"(a€+j) ZZZO 0!
<hmsup“ Atll e k=1U{0,a},
t — o

jek-1U{0,a},

2! ;
D, (D < tHetl,
ol s (o (o) I

te(1l,0)NRy,

1 5 il 0 A€t€+]
1msup||(1),x] Ol < 1rrLs°1;p gseuli t-T (al +j + 1) T
< hmsup“t]eA”t , jek-1u{0},
t— o0
@ats sup (sup (o) ) | eet|, renr,
T re(oo)R \eezo, \TIVT((€ + 1)ax) ti-a
0! Aétfﬂz 1
lll;ILS;}p”q)a(t)” < hItrLS;lp <22i< (-a)eT((¢ + 1)0()) 2! >
1
eA()t ;
t— o

(2.8)

since

2! 2!
limsu su < > < limsu su - =0.
[e,e+1)at(ekf)_>oo (éezp (1-0eT((2 + 1)a) > Z0+9€—>£)o <eezlog+ <€(1—“)f1"(a€ +j+1) >>
(2.9)
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The inequalities (2.4) hold since the above matrix norms are bounded on the real interval

(1,00) and their limit superior is upper-bounded by the given formulas and Property (i) is
proved. On the other hand, if R, 3 a > 1 then

a2 Agt™
11Eaj (Aot )”_;)<1"(¢x€+]')>< ¢ >

e > A (tut)
< su 0
i <r(e 1) ”

2!
F(al+ j+1)

jek-1U{0}, t €Ros

”er(t |,

[|®aj(t)]| < SuP( >tf||eA°(f“>|| < tf||eA0<f“>||, jek—1U{0}, t€Ry.,

G ) Ll il el g L

(2.10)

If, in addition, Ay is a stability matrix then e )| < Ke™ and ||e®*)| < Ke™" < Ke™,t €
Ry, for some real constants K > 1 and A € R, since t* > t, for all ¢ € Ry,. Properties (i)-(ii)
have been proved.

(iii) It is proved as follows. Note from (2.3)-(2.4) that

=3 Afttx€+j (¢ +1Da t1+]'_a C) Aft(f+1)a—1
o0l = |5 oy | < 2 (N2 S | remes
o l(al+j+1) vezo, \ T(al+ j+1) = T((€+1)a)
(2.11)

j€k-1uU{0},sothatif k—1 < a(e R;) <k, then

[¢'e] Agt(€+1)a—1

1+j-a
D r-1(t)]| < sup <M> )y

9 <t D), teRpe (212
vez.. T(al + k) ZIT((€ +1)a) 1= (D] or (212)

Also,

0 AZ (+1)a-1

Z 5 [((€+1)a)

© Agt“e+j

i F(al+j+1)
<t féiﬁ( r<<e+1>a>> 2

. ) I L
DL ()] = ezol”(a€+]'+1)“ (2.13)

<# |0y ()], teRa.,
if sup,e,, (I'(a€ +j+1)/T((€ +1)a)) < oo. This implies that

|@n (1)|| < t* K| D r2(t)]| for a € [k—1,k)NR,,
(2.14)
1Dk ()| = [|[ @i k-1 (t)||  for @ € [k —1,k) NR,.
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3. Fixed Point Results

A technical definition is now given to facilitate the subsequent result about fixed point.
Property (ii) has been proven.

Definition 3.1. S(p,u) is the set of all the piecewise continuous n-vector function from
[-h,0) U Rp+ to R" being time- differentiable in R, which are solutions of (2.1) for all
admissible k-tuples of initial conditions ¢ := (o, ¢1, ..., ¢k-1) With ¢; € BPC([-h,0]),R")
and controls u € BPC”(Ry,, R") with ¢ (0) = x;(0) = x(0) = xjo; forall j € k-1u{0).

A fixed point theorem is now given for the Caputo fractional system (2.1).

Theorem 3.2. Assume any set of r given finite delays 0 = 1y <7 < ... <1, = h < oo. The following
properties hold.

(i) Assume that ®g; € Loy (Roy, R™™) and j(f @4 (6 = T)d7||| Aoleo < 1; let gn: Ry — Ros
be defined by

-1
8n(6) := <1 - f:||®a<6—r>dr||||ﬁo||w>

x < ([ ene-mae ) (S 151 >> <1 Ger.
. 0 i=1 “

k-1

Z q)aj (6)

j=0
Then, the mapping fy : [-h,0] x R* — R, x R" defined by the state trajectory solution (2.2) of
the uncontrolled system from any initial conditions in the admissible set is nonexpansive, and the
solution is bounded fulfilling supteRm||x,,l(t)||OQ < supye_p Z;‘;&(H(pj(t)ﬂoo). If gn(6) < K (6) <
1; for all6 € R, then fj, : [-h,0] x R* — R, x R" is contractive and possesses a unique fixed point,
irrespective of the delays, in some bounded subset of R". Such a fixed point is 0 € R" which is also a
globally asymptotically stable equilibrium point.

(ii) Assume that Dyj € Lo, (Ros, R™M), O € L2(Roy, R™™) and [0 [|@n(6-7)d7|| ([ | Ao (t+
7)|?d7)% < 1; for all t € Ro, and define pointwise gy, : Ro+ x Ry — Ry, as follows

gn(t,6) = <1 —lel®a(5—T)dTll<f:||A o(t+T>||2dT>1/2>1

k-1 s
< S Ng®]l,+ (| I©a(8-1)Pdr )"/ (3.2)
0
j=0

x <21; (J:”A,(t T 1) ”2>1/2d7>>, 5 €R..

Then, Property (i) still holds by replacing their corresponding constraints on gy by corresponding ones
on gh-

(3.1)

(iil) Assume that a control u(t) = X, Ki(xy, t)x(t — r;) is injected to (2.1) where K; :
R" x Ros — R™ is in BPC(Ro+, R™), xj¢ : [max(0,t —r;),t] — R®, foralli € r —1U {0}, for all
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t € Ro. is a strip of the state-trajectory solution of (2.1). Assume also that

|Ki(xit, £)||oo < KY <00, Vier—1U{0}, Vt € Ro., @y € Lo, (Roy, R,

(3.3)
@, € L' ( Ry, R™™),

and define g : Ry — Ry, as

-1
21(6) = <1 - j:ncba(a - mydr] (|| Ao+ ||B||oo1<8)>

><< +< ><§(||Ai||w+||3”w1<?>>> 1 O

6 €R,,
provided that fg 1D (6 = 7)dT|| (|| Aoleo + ||B||00K8) < 1. Then, for any given set of finite delays, the
mapping fr: [~h,0] x R" x R™ x Roy — Ry x R" defined by the state trajectory solution (2.2) of the
controlled system from any initial conditions in the admissible set and any given admissible control is
a nonexpansive mapping if g, (6) < 1; for all 6 € R, and contractive and the zero equilibrium is the
unique fixed point, irrespective of the delays and control, if gn(6) < K (6) < 1; for all 6 € R, which
is also a globally asymptotically stable equilibrium point.

(iv) Assume that 3e(< 1) € Ry that gn(6) < 1 —¢; for all t € Ro,. Then, state trajectory
solution (2.2) of the forced system from any initial conditions in the admissible set is defined by a
contractive self-mapping with a unique fixed point in some bounded subset of R for all controls of the

form u(t) = 5o Ki(xu, )x(t = 17) fulfilling | Ki(xit, )|, < £/ (r+1)(|| fy @a(6 = T)dr(|)||Bll, for
allier-10U{0}.

(v) Assume that ®y; € Lo, (R, R™™); forall j € k — 1U{0}, @, € L?(Ros, R"™") and BK; €
L*(Ro., R™™); for all i € r —1U{0}, instead of the hypotheses (3.3), and define g5 : Ror xR, — R,
as:

6
f D, (6 —T1)dT
0

k-1
Z q)aj (5)
j=0

1)
46 =(1- fo |0 (5 - 7)dr]|

15} - 5 1/2 -1
) <<I Aot + T)||2dT> + (f IB(t +7) Ko(Xter, £ + T)||2d7-> >>
0 0
k-1 5 1/2
x |0 ()], + <f D (6 - r>||2dr>
j=0 0

r 6 1/2 5 "
><< <I ||Ai(t+T—Ti)||2> dr + <I ”B(t+T)Ki(xt+r,t+7‘)||2d7-> >>’
i=1 0 0

Vt,6 € R,,
(3.5)

1/2



10 Fixed Point Theory and Applications

provided that the inverse exists on Ro... Then, Property (iii) still holds by replacing their corresponding
constraints on g5 by corresponding ones on gy. If, in addition, Je(< 1) € Ry, 6 = 6(¢) € R, such
that g,(6) < 1 —¢; for all t € R, then the mapping fr : [-h,0] x R" x R” x Ropy — R, x R"
defining the state-trajectory solution from any set of admissible initial conditions and all controls
u(t) = 2o Ki(xit, t)x(t = 1;) being subject to

r b
2
3 [ (1B 7K, 7)) 2 < . VieR (g

(Bl10a(5 - )l2dr) Bl

is contractive with a unique fixed point, irrespective of the delays, which is 0 € R" being a globally
asymptotically stable equilibrium point.

Proof. The pointwise difference between two solutions x(t) and z(t) of (2.1) subject to
respective piecewise continuous initial conditions ¢, : [-h,0] — R" and ¢, : [-h,0] — R”
and respective controls uy, u, € BPCO(Ry,,R") is according to (2.2)

k-1 r i
xa(t) = za(t) = D (q)aj(t) (xjo— zjo) + D, jo @, (t = 7) Ai (@xj (T = 1i) — ¢ (T — ri))dT>
j=0 i=1

k-1 r 7 -
+ Z Z IO Dy (t = T) Ai(T) (9 (T = 11) — (T — 1)) dT

7=0i=1
T t
. f Ot~ 7) Ai(xa (T — 1) — Zal7 — 1)) dr

i=1

+ zjo Ot = 7) A (7) (xa (- 1) — 2a(T — 1))l

+ jt @, (t — 7)B(T)(ux(7) —u.(7))dr, tE€R,.
’ (3.7)

Note from (2.3) that ®,;(0) = I,,/j!; for all j € k =1 U {0} what is used in the definition of the
metric space (M, || - ||o) with the supremum metric || - ||

{¢ePBc<°>([ ~h,0) URgs,R") : ¢es( ) <Z¢]> € BPC)([-h,0),R"),

Vjek—lu{O},c])ueMu},

(3.8)
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where

M, = {¢ e PBCY(Ry,,R") : ¢ € S(0,u),u € BPC<0>(R0+,R")}, (3.9)

where BPC” (R, R") is the set of bounded continuous n-vector functions on R. Now, define
P: M — M as the subsequent piecewise bounded continuous function on [-k,0) U Ry,
which is bounded continuous on Ry, that is, ¢ € PBCY([-h,0],R"), ¢ € BCP(R,,R ") and
satisfies (2.1) on R.. One gets for any bounded piecewise continuous solution of (2.1)

k-1 ¢ B
(P(p,u))(t) := Z @, ()P (0) + fo D, (t - 7)Ao(T)P(T)dT
=0

k-1

+ Z <L D (t - 7) Ai(T)j (T — 1i)dT + ’[t} D (t - 7) Ai(T) i (T - ri)dr>

=0 i=1 i

[ @t =By
(3.10)

Note that the supremum metric on [k, 0)URy;, is induced by the supremum norm on [-h, 0)U
Ry, so that it is then coincident with the supremum norm. Define the truncated ¢,;, € M as
Pap(T) = ¢(7), 7 € [a,b) and P, (T) =0, 7 € [0,a) U [b,0) C Ros; forall a,b(> a) € [a,b) C
Ro., for all t € Ry, for all ¢ € M and note that |||, , = supTe[a,b)H(i)(T)H = ||Paplls < N1Plloo
and ¢, € M is a simplified notation for the truncated ¢ € M on [0, ). Norms without
subscripts mean, depending on context, vector or correspondingly induced matrix norms (as,
for instance, the &;-vector or induced matrix norms) or pointwise values of such norms for
vector or matrix functions in the subsequent developments. Let M; be the space of truncated
functions ¢ € M. Note that any truncated solution of (2.1) on any finite interval is always in
M so that one gets for any 6 € R, from (3.10) in the most general controlled case with control
u(t) = 2io Ki(xe, t)x(t - i)

[ (P($,up)) (t+6) = (P(1,un)) (t+ 6)]

5
f @, (6 - 7)B(t + T)dT
0

1)
+f|
0

[lug ~ u71||t+5

k-1
< DD ) |95 — s, +
j=0

1)
f ©,(6 - T)Ai(t + T)dT
0

D (6 - T) Ag (t + T)dT||> X
(3.11)

t+6-1;
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{

r 6
+ Z IO ”(Du(& - T)B(t + T)Ki(xi,tH'It + T)dTH ”4’ - rl||t+6—ri
i=1

k-1
Z (szj (6)
j=0

+ij6 (I),,,((S—T)Ai(t+T)dT“”(])—T[”HS_ri (3.12)
i=1 70
+I6||®a(6—7)<A°(t+T) +B(t+T)K0(t+’l')>“d7'”¢—11||t+6>

0

<

r o)
16— nlies + Zjo |04 (5 - 7)dr
i=1

k-1
Z (I)aj (6)
j=0

x @(II&HOO # 1B KO 1 = nllssn + (]| o]+ 1BIKS) 19 —nn%)

{

x[I¢ = nlli-s,

&[S+ 01) - (1] )

k-1
Z (Daj (6)
j=0

(3.13)

where the property that Ay is constant has been used to rewrite the limits of the involved
integral is the most convenient fashion to simplify the related expressions. Equation (3.13)
leads to

I$ = 7lle- s

< <1 - f:nqna(é - )z (|| Ao + 1Bl K3 ||m>>
k-1
X < Z(I)a]((s)
j=0
1) ~
< <1 - fo (6 =) ([| Ao oo + 1Bl || K |Lo)>

y < S Ly fjll®a(6 ~7)dr| <Z<||A||Qo + 1Bl || )l - 71||t+5_n>>'
i=1 i=1

k-1
Z (I)aj (6)
=0

V6 € R, VteRy,,

(3.14)

-1

+ifj||®a<6 —r)drn(i(”&”w + ||B||oo||1<?))m)||¢—q||t+5_r,,>>
i=1 i=1

-1
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provided that jg @x(6 = 7)d7|| (|| Aolleo + Bl KJ) < 1, since ry < r; (i €7), so that
¢ -l

-1
< <1 - f:n@a(s - m)drl| (|| Ao||.» + ||B||w1<8)>
r 6
» < + 3 [ o r)dr||<
i=1 70

= gn(®)||¢ —nlli-r; V6 €R,, VtE Ry,

r

(|4l + HBHwIIK?llm)uqs—mhﬁ)>

(3.15)

k-1
Z (Daj (6)
j=0

i=1

Then, the mapping f), : [-h,0] x R* — R, x R" defining the state trajectory solution from
admissible initial conditions is nonexpansive if g,(6) < 1. Furthermore, the state trajectory
solution is globally Lyapunov stable since by taking the trivial solution # = 0 in (3.15), it
follows that any solution ¢ of (2.1) generated from any set of admissible initial conditions
is uniformly bounded on Ry.. If, in addition, g,(6) < K.(6) < 1 then it follows also from
(3.15) ast — oo that any real sequence of the form {v(kr| + T) } kez,. re[0,r1)R,, IS @ cOnvergent
Cauchy sequence to zero in the metric space (M, || - ||o) of the solutions of (2.1) under the
class of given initial conditions and controls with the supremum metric || - ||, is complete.
Therefore, a unique fixed point exists on some bounded set of R” from Banach contraction
principle. Since

|¢ = 71| k1) (rim) < <ZO 1;ng§(6)> l¢ = 1| kry7) retor)rrs, =0, (3.16)

m
Zy. ok — 00,TE[0,T1 )QR(H

it follows by taking one of the solutions to be the trivial solution that the only fixed point
is the equilibrium point zero which is a globally asymptotically stable attractor. Property (i)
has been proven. By zeroing the control and considering the uncontrolled system, one proves
Property (i) as a particular case of Property (iii). Property (ii) (and its particular case Property
(iv) for the case of controller gains satisfying ||K;(xi, )|, < K? < o0) and Property (v) are
proved by using similar technical tools to those involved in the above proofs by replacing the
basic inequality (3.13) by

[ (P(¢,u9)) () = (P(m, 1)) (D
k-1 r t 172
< < D Daj(t) +2 <I (1D (t —T)Ilzdr>
j=0 i=1 t-r;

f—ﬁ,t
t
* J
t-r;

(3.17)

i 2 1/2d t - . "
i(T>||> T+ft_ri (IB()Ki(xr, 7)|Pdl7)

t 1/2
+<L ||Ao(’l')“2dr> >||¢—71||t_r1/ V6 € R,, Vt € Ro,.
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If all the delays are zero, it is more convenient to discuss the adhoc solution version of (2.2):

k-1

xXa(t) = D Duj(t)xjo + Z j; O (t - 7) Ay (T)xa(T)dT + J; @, (t - 7)B(T)u(t)dr, teRo,,
i=0

7=0

(3.18)

where aaj(t) and @, (t) are similar to @, (t) from (2.3)-(2.4) by replacing Ay — (3o Ai)-
The following result is a counterpart to Theorem 3.2 for the case of absence of delays.

Theorem 3.3. Assume that

(1) ||6u]-(t)|| < Koj(t); t € Ros, for all j € k—1U {0} with maxocj<k-1(sup,eg,, Koj(t)) <
EO < oo.

(2) @, € L' (Ro,, R™") with sup, [P (t)]| < Ki < oo
Then, the Caputo delay-free fractional dynamic system (2.1) of real order a has the following properties.

(i) It is globally stable under a control u(t) = >7_5 Ki(xit, t)x(t) subject to ||K;(xit, t)|| o
K < oo forall i € r—1{0} if K1 < (1/ X[ oAl + 1Bl K?)), for all i € r—l{O}
If, in addition, Koj(t) — 0 ast — oo; for all j € k —1U {0} then the system is globally
asymptotically stable to the zero equilibrium point.

(i) Property (i) holds if Ko(t) = K is constant iffl <1/ 3 Il Al + lIBlloo (LKD)
where aa]-(t) and ®,(tare similar to @y (t) from (2.3)-(2.4) by replacing Ay —
(370 A) + BKG.

Proof. (i) One gets, after taking norms in (3.18), that

t
YCIE AN (A, isixe) <f ||<Da<t—T>dr||> sup [l (D)
=0 0 7€[0,t)
k-1
< > Koj(®) ol + (||A|| +|BIK?) <f |, (t—T)dT||> sup (D)l (319)
j=0 T€|0,

;\..
,_.

r

(|4l + IIBIIK?)) sup lxa(7)]

Te[0,t)

<3 Koyt +I<1<

i=

i
=)

1=

k-1 r ~
<Ko <Z||xj0||> +E< (| &l + ||B||1<9>> sup |xa(T), tE€Rg,  (3.20)
i=0 i=0 7€[0,f)
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with supTe[O,t)Hxa (D)l = lIxall, < [Ix4ll - Thus, one gets from (3.20)

l[xa(®)]| < sup [[xa(7)]|
7€[0,t)

(-7 (S (1A 1) )) <z||x]0||> Ro<en, 1R

(3.21)

Since K1(Zo(|Aillee + IBllK?) < 1, where Ky = sup,p lIxa(t)]| < oo. As a result, the
Caputo fractional system of real order « is globally stable under zero delays since any state
trajectory solution generated from any admissible initial conditions is bounded for all time.
The proof of Property (ii) is similar to that of (i) under the modified constraints. Now, assume
that if, in addition, Ko;(t) — Oast — oo; for all j € k-1u {0}, then

()]l < min<1, [E Koy () + (| + ||B||oo1<?)f1] >E, (3.22)
j=0 i=0

so that

t— oo t— oo j=0

- <.f0<”1&_”00 N IIBIIWK?>E1>R2 <Ko.
P

Since lim; . Ko;(t) = 0; for all j € k-1U {0} and ZLO(HAin + ||B||K?)F1 < 1. Equation
(3.23) implies that the supremum ||x,(¢)|| on Ry, is reached by the first time at some finite
time ¢y € Ro.. Thus, one gets from (3.19) that

k-1
lim sup||x, (£)|| < min <1 lim sup [Z Koj(t) + Z<| Lt ||B||ooK?>E1] >fz
(3.23)

Him [[xa ()] < lim < sup IIXa(T)H)

TE[to,t)

< <1 -Ki <%<||Ai||oo + ||B||ooK?>>>_ <§||xujtg|| (tlin;(KOj(t - to))>>

=0
(3.24)

provided that Ko;(t) — Oast — oo; forall j € k —1U {0} which proves the global asymptotic
stability. Property (i) has been proven. Property (ii) follows in a similar way under the
modified constraints Ky(t) = KOK1 <1/ X, ||A loo + [IBlleo (Xig KO)) (I>,x](t) @,(F) being
similar to ®@,;(t) from (2.3)-(2. 4) by replacing Ay — (3o Ai) + BK O
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The subsequent stability result is based on a transformation of the matrix Ay to its
diagonal Jordan form which allows an easy computation of the ¢,-matrix measure of its
diagonal part.

Theorem 3.4. Assume that Ja, = Ja,, + Ja, is the Jordan form of Ao with J a,, being diagonal and
T, being off-diagonal such that the above decomposition is unique with Ay = T J4, T where T is a
unique nonsingular transformation matrix. The following properties hold.

(i) The Caputo fractional differential system (2.1) is globally Lyapunov stable independent of
the delays if the €,-matrix measure of ] 4., is negative, that is,

w(J) = %Amax (T + 1) = maxRe(1/%) <0, VA eo(J3F), (3.25)

where o ( ]X) ") is the spectrum of ]X) * and, furthermore,

1 .~ 1 1 1
— T Ju T, —T AT, T A,T,..., =T 'A T)
H<ﬂ0 JaT g T AT g T Aol gAY

Va (3.26)

< |/’£2(]A0d)|
2

for some set of numbers p; € R, (i € pU {0}) satisfying 3_y 7 = 1. The fractional system is globally
asymptotically Lyapunov stable for one such set of real numbers if pio ( ];0:‘) <0, and

” (lT—lfAOT, lT‘lAlT, l:r—lAz"_r, ., lT-lAr:r> < 2 Jan) |V (3.27)
2

Po P P2 Br

(ii) A necessary condition for py( ]X) ") < 0 is that Ay should be a stability matrix with
larg(L)| < (axr/2);forall A € o(Ag). Such a condition holds directly if a« > 2/ where
(=, ) C (- /2,0r/2) is the symmetric maximum real interval containing the arquments of all
A € 0(Ay). It also holds, in particular, if Ay is a stability matrix and a(€ R,) > 1.

Proof. 1t follows by using the matrix similarity transformation Ag = T~ J4,T = T"'(J a,, +fA0)T
and using the homogeneous transformed Caputo fractional differential system from (2.1)

(D, =) () = (D5, Tx) (0 = 3, ATx(t - i) =
i=0
(CDg+ x> (t) = i T ATx(t - k) = T AgTx(t) + Z TATx(t - hi) (3.28)
i=0 i=1

T
=T ' Ja, Tx(t) + > T ATx(t - hy),
i=0
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where z(t) = Tx(t); for all t € Roy, hy = 0 plays the role of an additional delay. Ao = 7A0
and A; = A; (i € 7) by noting also that since (J4,, + J, ,) is diagonal with real eigenvalues by
construction, one has

= (72)

_ 1/a ]1 Ja*\ | _ 1/a
= | 5 max Aoa Aga T max\J A
|Re Amax (1)

= |#2(]A0d) |1/a_

— |Re )‘1/11 (AOd) (329)

max

= |Re )‘Er(ag;((]Aod)

Then, the remaining part of the proof of Property (i) is similar to that quoted as a sufficient
condition for stability independent of the delays in [27]. Property (i) has been proven.
To prove property (ii), note that

max( 1142: ]:xloia> <]Aod + ]A0d>1/a if /42( 1/“> < 0 so that

0> po(J3)

1
g hm
g (T4 # 1) 2 o (T T
(Re)L Aeo(]i{);"))

> ExmaxQAM + ];M)W = max(Re 1'% : L € 0(Ao) = 0(Ja,,) ).

(3.30)

—_

Thus, Ay is a stability matrix if and only if arg(A) € (=61,02) C (- /2,7r/2); forall A €
o(Ay). If also ]1/“ is a stability matrix with py (] 1/"‘) <0, then (1/a)arg(l) € (=61/a,0,/a) C
(- /2,0r/2) so that |arg(\)| < (aar/2); for all X € 0(Ayp), which is also a necessary condition
for the fulfillment of the sufficiency-type condition (3.27) for global asymptotic stability of
(2.1), which implies the stability of the matrix ] 1/ * with the further constraint that y>(J 1/ “)

0.

It follows after inspecting the solution (2.2), subject to (2.3)-(2.4), and Lemma 2.2
that the stability properties for arbitrary admissible initial conditions or admissible bounded
controls are lost in general if « > 2. However, it turns out that the boundedness of the
solutions can be obtained by zeroing some of the functions of initial conditions. Note, in
particular that ¢; is required to be identically zero on its definition domain for k-1uU{0) >
j <a—1(a > 2) in order that the I'- functions will be positive (note that I'(x) is discontinuous
at zero with an asymptote to —oo as x — 07). This observation combined with Theorem 3.4
leads to the following direct result which is not a global stability result.

Theorem 3.5. Assume that « > 2 and the constraint (3.27) holds with negative matrix measure

1/a

H2(J 4, )- Assume also that ¢; : [~h,0] — R" are any admissible functions of initial conditions for

k-1uU {0} 5 j > a - 1 while they are identically zero if k —1U {0} 3 j < a — 1. Then, the unforced
solutions are uniformly bounded for all time independent of the delays. Also, the total solutions for
admissible bounded controls are also bounded for all time independent of the delays.
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