Hindawi Publishing Corporation

Fixed Point Theory and Applications
Volume 2011, Article ID 363716, 14 pages
doi:10.1155/2011 /363716

Research Article

Common Coupled Fixed Point Theorems for
Contractive Mappings in Fuzzy Metric Spaces

Xin-Qi Hu

School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China
Correspondence should be addressed to Xin-Qi Hu, xghu.math@whu.edu.cn
Received 23 November 2010; Accepted 27 January 2011

Academic Editor: Ljubomir B. Ciric

Copyright © 2011 Xin-Qi Hu. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We prove a common fixed point theorem for mappings under ¢-contractive conditions in fuzzy
metric spaces. We also give an example to illustrate the theorem. The result is a genuine
generalization of the corresponding result of S.Sedghi et al. (2010)

1. Introduction

Since Zadeh [1] introduced the concept of fuzzy sets, many authors have extensively
developed the theory of fuzzy sets and applications. George and Veeramani [2, 3] gave
the concept of fuzzy metric space and defined a Hausdorff topology on this fuzzy metric
space which have very important applications in quantum particle physics particularly in
connection with both string and E-infinity theory.

Bhaskar and Lakshmikantham [4], Lakshmikantham and Ciri¢ [5] discussed the
mixed monotone mappings and gave some coupled fixed point theorems which can be used
to discuss the existence and uniqueness of solution for a periodic boundary value problem.
Sedghi et al. [6] gave a coupled fixed point theorem for contractions in fuzzy metric spaces,
and Fang [7] gave some common fixed point theorems under ¢-contractions for compatible
and weakly compatible mappings in Menger probabilistic metric spaces. Many authors [8—
23] have proved fixed point theorems in (intuitionistic) fuzzy metric spaces or probabilistic
metric spaces.

In this paper, using similar proof as in [7], we give a new common fixed point theorem
under weaker conditions than in [6] and give an example which shows that the result is a
genuine generalization of the corresponding result in [6].
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2. Preliminaries
First we give some definitions.

Definition 1 (see [2]). A binary operation * : [0,1] x [0,1] — [0, 1] is continuous f-norm if *
is satisfying the following conditions:

(1) * is commutative and associative;

(2) * is continuous;

(3)ax1l=aforallae|0,1];

(4) axb<c*dwhenevera<candb<dforalla,b,c,de[0,1].

Definition 2 (see [24]). Let sup,_,;A(t,t) = 1. A t-norm A is said to be of H-type if the family
of functions {A™(t)},._; is equicontinuous at t = 1, where

Al(t) =tAt, A™N(t) =tA(A™(t), m=1,2,..., te[0,1]. (2.1)

The t-norm Ap; = min is an example of t-norm of H-type, but there are some other
t-norms A of H-type [24].

Obviously, A is a H-type t norm if and only if for any A € (0, 1), there exists 6(1) € (0,1)
such that A™(t) > 1 - Aforallm e N, whent>1-56.

Definition 3 (see [2]). A 3-tuple (X, M, ) is said to be a fuzzy metric space if X is an arbitrary
nonempty set, * is a continuous t-norm, and M is a fuzzy set on X? x (0, +oo) satisfying the
following conditions, for each x,y,z € X and ¢, s > 0:

(FM-1) M(x,y,t) > 0;

(FM-2) M(x,y,t) = 1if and only if x = y;

(FM-3) M(x,y,1) = M(y, x,1);

(FM-4) M(x,y,t) x M(y, z,5) < M(x,z,t +5);
(FM-5) M(x,y,-) : (0,00) — [0,1] is continuous.

Let (X, M, x) be a fuzzy metric space. For t > 0, the open ball B(x, r,t) with a center
x € X and aradius 0 < r < 1is defined by

B(x,r,t)={yeX: M(x,y,t)>1-r}. (2.2)

A subset A C X is called open if, for each x € A, there existt > 0and 0 < r < 1 such that
B(x,r,t) C A. Let T denote the family of all open subsets of X. Then 7 is called the topology
on X induced by the fuzzy metric M. This topology is Hausdorff and first countable.

Example 1. Let (X, d) be a metric space. Define t-norm a*b = ab and forall x,y € X and ¢ > 0,
M(x,y,t) =t/(t +d(x,y)). Then (X, M, %) is a fuzzy metric space. We call this fuzzy metric
M induced by the metric d the standard fuzzy metric.



Fixed Point Theory and Applications 3
Definition 4 (see [2]). Let (X, M, *) be a fuzzy metric space, then

(1) a sequence {x,} in X is said to be convergent to x (denoted by lim, _, ,,x,, = x) if

lim M(xy,,x,t) =1, (2.3)

n—oo

forallt > 0;

(2) a sequence {x,} in X is said to be a Cauchy sequence if for any ¢ > 0, there exists
np € N, such that

M(xy, X, t) > 1 —¢, (2.4)

for all t > 0 and n, m > nyg;

(3) a fuzzy metric space (X, M, *) is said to be complete if and only if every Cauchy
sequence in X is convergent.

Remark 1 (see [25]). (1) For all x,y € X, M(x,y,-) is nondecreasing.
(2) It is easy to prove thatif x, — x,y, — y,t, — t, then

r}ijr;oM(xn, Y tn) = M(x,y,t). (2.5)

(3) In a fuzzy metric space (X, M, *), whenever M(x,y,t) >1-rforx,yin X, t >0,
0<r<1,wecanfindaty, 0 <ty <tsuchthat M(x,y,to) >1-r.

(4) For any rq > rp, we can find an r3 such that 71 * r3 > r, and for any r4, we can find a
r5 such that rs x5 > 1y (r1,72,73,74,75 € (0,1)).

Definition 5 (see [6]). Let (X, M, *) be a fuzzy metric space. M is said to satisfy the n-property
on X? x (0, ) if

lim [M(x,y, k"t)]" =1, (2.6)

n— oo

whenever x,y € X,k >1and p > 0.

Lemma 1. Let (X, M, *) be a fuzzy metric space and M satisfies the n-property; then

lim M(x,y,t) =1, Vx,yeX (2.7)

t—+o0

Proof. If not, since M(x, y,-) is nondecreasing and 0 < M(x,y,-) < 1, there exists xp, o € X
such that limy ., .o M (x0,0,t) = A < 1, then for k > 1, k"t — +oco whenn — o ast > 0and

we get limy, —, oo [ M (x0, Yo, k"t)]”p = 0, which is a contraction. [
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Remark 2. Condition (2.7) cannot guarantee the n-property. See the following example.

Example 2. Let (X, d) be an ordinary metric space, a * b < ab for all a,b € [0,1], and ¢ be
defined as following;:

av/t, 0<t<4,
w(t) = . 1 (2.8)

~Int’

where a = (1/2)(1 -1/ In4). Then ¢ (t) is continuous and increasing in (0, o0), ¢(t) € (0,1)
and lim; .o, ¢ (t) = 1. Let

M(x,y,t) = [qr(t)]d(x’y), Vx,y e X,t>0, (2.9)
then (X, M, x) is a fuzzy metric space and

tlim M(x,y,t) = tlim [q;(t)]d<x’y) =1, VYx,yeX (2.10)
— +00 — +00
Butforanyx#y,p=1,k>1,t>0,

lim [M(x,,k)]" = lim [p(")] %™ = tim [1— L ]""" 2 ik
n—oo Y n— oo ¢ n— oo In(k"t) ’
(2.11)
Define @ = {¢ : R* — R*}, where R" = [0, +o0) and each ¢ € @ satisfies the following
conditions:

(¢-1) ¢ is nondecreasing;
(¢-2) ¢ is upper semicontinuous from the right;
(§-3) 3525 d™(t) < +oo for all t > 0, where ¢™*1(t) = (¢ (t)), n € N.

It is easy to prove that, if ¢ € @, then ¢(t) <t forall £ > 0.

Lemma 2 (see [7]). Let (X, M, %) be a fuzzy metric space, where * is a continuous t-norm of H-type.
If there exists ¢ € @ such that if

M(x,y,¢(t)) > M(x,y,t), (2.12)

forallt >0, then x = y.

Definition 6 (see [5]). Anelement (x,y) € X xX is called a coupled fixed point of the mapping
F:XxX — Xif

F(x,y)=x, F(y,x)=yv. (2.13)



Fixed Point Theory and Applications 5

Definition 7 (see [5]). An element (x,y) € X x X is called a coupled coincidence point of the
mappings F: X xX — Xand g: X — Xif

F(x,y)=gx), F(yx)=gy). (2.14)

Definition 8 (see [7]). An element (x,y) € X x X is called a common coupled fixed point of
the mappings F: X x X — Xand g: X — Xif

x=F(x,y)=g(x), y=F(y,x)=g(y). (2.15)

Definition 9 (see [7]). An element x € X is called a common fixed point of the mappings
F:XxX — Xand g: X — Xif

x =g(x) =F(x,x). (2.16)

Definition 10 (see [7]). The mappings F : XxX — X and g : X — X are said to be compatible
if

Jim M(gF (xn, yn), F((xn), 8(¥n)) 1) =1,

(2.17)
Jim M(SF (yn, xn), F(g(yn), g(xn)), ) =1,
for all t > 0 whenever {x,} and {y,} are sequences in X, such that
lim F(xn, ya) = lim g(xn) =, lim F(yn,xn) = lim g(yn) =y, (2.18)

for all x, y € X are satisfied.

Definition 11 (see [7]). The mappings F : XxX — X and g : X — X are called commutative
if

g(F(x,y)) = F(gx,8y), (2.19)

forall x,y € X.

Remark 3. 1t is easy to prove that, if F and g are commutative, then they are compatible.

3. Main Results

For convenience, we denote

M(x,y,t "=M(x, )« M(x,y,t) %% M(x,y,t),
Yy y Yy y

n

(3.1)

foralln e N.
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Theorem 1. Let (X, M, *) be a complete FM-space, where  is a continuous t-norm of H-type
satisfying (2.7). Let F : X x X — Xand g : X — X be two mappings and there exists ¢ € @
such that

M(F(x,y), F(u,0),¢(t)) =2 M(g(x),8(u),t) x M(g(y),8(v),1), (3.2)

forall x,y,u,v € X, t>0.
Suppose that F(X x X) C g(X), and g is continuous, F and g are compatible. Then there exist
x,y € X such that x = g(x) = F(x,x), that is, F and g have a unique common fixed point in X.

Proof. Let xo9,y0 € X be two arbitrary points in X. Since F(X x X) C g(X), we can choose
x1,y1 € X such that g(x1) = F(xo,10) and g(y1) = F(yo, x0). Continuing in this way we can
construct two sequences {x,} and {y,} in X such that

§(xni1) = F(xXn,Yn), 8(Yn+1) = F(Yn, xn), Vn20. (3.3)

The proof is divided into 4 steps.

Step 1. Prove that {gx,} and {gy,} are Cauchy sequences.
Since * is a t-norm of H-type, for any A > 0, there exists a y > 0 such that

£1—y)*(l—‘u)*‘~*(l—‘u)21—)L,
k

(3.4)

forall k e N.

Since M(x,y, ) is continuous and lim;_, .., M(x,y,t) = 1 for all x, y € X, there exists
to > 0 such that

M(gxo,gx1,t0) >1—p,  M(gyo, gy, t0) >1—p. (3.5)

On the other hand, since ¢ € @, by condition (¢-3) we have >,°; $"(t9) < co. Then for
any t > 0, there exists ny € N such that

t> i PX (to). (3.6)

k:n()
From condition (3.2), we have

M(gx1, gx2, p(to)) = M(F (x0,y0), F (x1,y1), $(to))
> M(gxo, gx1,t0) * M(gyo, gy, to),
M(gy1, gy2, $(to)) = M(F (yo, x0), F (y1,x1), (to))

> M(gvo, gy1,to) * M(gxo, gx1,to).

(3.7)
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Similarly, we can also get

M((gx2, 833, 2(t0) ) = M(F (x1,y1), F (32, 32), ¢ (ko) )

> M(gx1, gx2, (t)) * M(gy1, 8Y2, $(to))

> [M(gx0, gx1,t0)]” * [M(gyo, g1, 0)]%, (3.8)
M<33/2'83/3f 4’2(t0)> = M<F(J/1/xl)/F(yzfo),¢2(fo))

> [M(gyo, gy, t0)]” * [M(gx0, gx1,t0)]”.

Continuing in the same way we can get

M (g2, g2ni1, " (to)) > [M(gx0, g21,80)]> * [M(gv0, gy1,t0)]* ", 59)

M (8Yn, 8Yne1, " (t0)) 2 [M(8yo, gy1,t0)]” * [M(gx0, gx1,10)]”
So, from (3.5) and (3.6), for m > n > ny, we have

M(gxn, §Xm, t)

>M <gxn,gxm, i ¢k(to)>

k=n0

m-1
> M <gxn, 8Xm, Z¢k(to)>

k=n

> M(gxn, §xni1, §" (to)) * M(gxnﬂ,gxmz, (])"”(to)) ook M<gxm71,gxm, ¢mil(to)>

> [M(gyo, gy, t0)]” * [M(gx0, gx1,t0)]” * [M(gv0, gw1,t0)]”

2m—2

* [M(gx0, gx1,t0)]” % - [M(gyo, gy1,t0)]” * [M(gxo, gx1,t0)]

2 (m=n) (m+n-3) o (m=n)(m+n-3)

= [M(gvo, gy1,to0)] * [M(gxo, gx1,t0)]
Zgl—y)*(l—‘u)*u.*(l—‘u)JZl—)L,

~
22(m-n) (m+n-3)

(3.10)
which implies that
M(gxn, §xm,t) >1-1, (3.11)

forall m,n € Nwithm >n > ngand t > 0. So {g(x,)} is a Cauchy sequence.
Similarly, we can get that {g(y,)} is also a Cauchy sequence.
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Step 2. Prove that g and F have a coupled coincidence point.
Since X complete, there exist x, y € X such that

lim F(xn, yn) = Im g(x,) =%, Wm F(yn, x,) = lim g(yn) = y. (3.12)

n— oo

Since F and g are compatible, we have by (3.12),

Jim M(gF (xn, yn), F((xn), 8(¥n)) 1) =1,

Jim M(SF (Yn, Xn), F(8(yn), 8(xn)), 1) = 1.

(3.13)

for all t > 0. Next we prove that g(x) = F(x,y) and g(y) = F(y, x).
For all t > 0, by condition (3.2), we have

M(gx, F(x,y),9())
> M(ggxni1, F(x,y), ¢(kit)) * M(gx, ggxns1, p(t) - p(kit))
= M(gF (xu, yn), F(x,y), p(kit)) * M(gx, ggxns1,p(t) = p(kat))
> M(gF (xu, Yn), F(§%n, yn), p(kut) — p(kat)) (3.14)
* M(F (8%, 8Yn), F(x, ), p(kat)) x M(gx, g8Xns1, $(t) — p(kut))
> M(ZF (xn, yn), F(8%n, gYn), p(k1t) = Pp(kat))
* M(ggxn, g, kot) * M(g8Yn, gY, kat) * M(8x, 88%n+1, () — Pp(kit)),

forall 0 < k; < kj <1.Letn — oo, since g and F are compatible, with the continuity of g, we
get

M(gx, F(x,y),¢(t) 21, (3.15)

which implies that gx = F(x, y). Similarly, we can get gy = F(y, x).

Step 3. Prove that gx = y and gy = x.
Since * is a t-norm of H-type, for any A > 0, there exists an y > 0 such that

A-p)x(I—p)x-x(1-p) 21-14,
k

(3.16)

forall k e N.
Since M(x, y,-) is continuous and lim;_, ., M(x,y,t) =1 for all x,y € X, there exists
top > 0 such that M(gx,y,t9) > 1 —pand M(gy, x,t9) > 1 - p.
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On the other hand, since ¢ € @, by condition (¢-3) we have >,°; $"(t9) < co. Then for
any t > 0, there exists ny € Nsuch thatt > 32 ¢* (o). Since

M(gx, gYns1,$(to)) = M(F(x,y), F (yn, xn), P(to))

(3.17)
> M(gx, gyn, to) * M(gy, §xn, t0),
letting n — oo, we get
M(gx,y, (to)) = M(gx,y, to) * M(gy, X, to).- (3.18)
Similarly, we can get
M(gy, x, §(to)) = M(gx, y, to) * M(gy, x, to)- (3.19)
From (3.18) and (3.19) we have
M(gx,y,¢(to)) * M(gy, x, $(to)) > [M(gx, y,t0)]” * [M(gy, x,t0)]. (3.20)
By this way, we can get foralln € N,
Mg, 4" (1)) * M(gy, %, " (1)) 2 [M (g%, 0)] = [M(sw. % 4" t0))]| a1
> Mgy, 0] + [M(gy, % 1)) |
Then, we have
M(gx,y,t) * M(gy,x,t) = M <gx, y/ki ¢k(to)> *M <gy, x,ki ¢"(to)>
=ng =np
> M(gx,y,¢™ (to)) * M(gy, x, ™ (to)) (3:22)
> [M(gx,y,00)]™" * [M(gy,x,10)]™"
> (1=« rx (=) 21- L.
20
So for any A > 0 we have
M(gx,y,t) * M(gy,x,t) >1-1, (3.23)

for all t > 0. We can get that gx = y and gy = x.
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Step 4. Prove that x = y.
Since * is a t-norm of H-type, for any A > 0, there exists an y > 0 such that

A=) (I—p)x-x(1-p) 21-14,
k

(3.24)

forallk € N.

Since M(x,y,) is continuous and lim;_, .o M(x, y,t) = 1, there exists t; > 0 such that
M(x,y,to) 21~ p.

On the other hand, since ¢ € @, by condition (¢-3) we have >,,>; $"(t9) < co. Then for
any t > 0, there exists np € N such thatt > 322 ¢*(fo).

Since for tg > 0,

M (gxn+1, §Yns1,P(t0)) = M(F (xXu, Yn), F (Y, Xn), P(to))

(3.25)
2 M(gxn,gyn, tO) * M(gyn,gxn, to)-
Letting n — oo yields
M(x,y,$(t)) > M(x,y,to) * M(y,x,t). (3.26)
Thus we have
M(x,y,t) > M<x, v, D, ¢k(t0)>
k:n()
> M(x,y,¢™ (to))
(3.27)

> [M(x,y,t0)]™" * [M(y, x,t0)]*"

2£1—‘u)*(1—;1)*---*(1—/4221—)»,

22nq

which implies that x = y.
Thus we have proved that F and g have a unique common fixed point in X.
This completes the proof of the Theorem 1. I

Taking g = I (the identity mapping) in Theorem 1, we get the following consequence.

Corollary 1. Let (X, M, *) be a complete FM-space, where x is a continuous t-norm of H-type
satisfying (2.7). Let F : X x X — X and there exists ¢ € @ such that

M(F(x,y),F(u,v),¢(t)) > M(x,u,t)* M(y,v,t), (3.28)

forall x,y,u,v e X, t>0.
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Then there exist x € X such that x = F(x, x), that is, F admits a unique fixed point in X.
Let ¢(t) = kt, where 0 < k < 1, the following by Lemma 1, we get the following.

Corollary 2 (see [6]). Let a* b > ab for all a,b € [0,1] and (X, M, %) be a complete fuzzy metric
space such that M has n-property. Let F : X x X — X and g: X — X be two functions such that

M(F(x,y), F(u,v), kt) > M(gx, gu,t) * M(gy, gvu,t), (3.29)

forall x,y,u,v € X, where 0 <k <1, F(X x X) C g(X) and g is continuous and commutes with F.
Then there exists a unique x € X such that x = g(x) = F(x, x).

Next we give an example to demonstrate Theorem 1.

Example 3. Let X = [-2,2],a*b =abforall a,b € [0,1]. ¢ is defined as (2.8). Let
M(x,y,t) = [p0)] ", (3.30)

for all x, y € [0,1]. Then (X, M, ) is a complete FM-space.
Let ¢(t) =t/2, g(x) =xand F : X x X — X be defined as

2 2
F(x,y) = J; + % -2, Vx,yeX (3.31)

Then F satisfies all the condition of Theorem 1, and there exists a point x = 2 — 24/3 which is
the unique common fixed point of g and F.

In fact, it is easy to see that F(X x X) = [-2,-1],

M(F(x,y), F(u,0), () = [p(p(t)]* 15, (3.32)

Forallt > 0and x, y € [-2,2]. (3.28) is equivalent to

[‘P(é)]l 214y -0?|/8 . [qj(t)]|x7u|‘ [q;(t)]'y’”', (3.33)

Since ¢ (t) € (0,1), we can get

0 I 3 S M3 A

From (3.33), we only need to verify the following:

["’G)] S ), (3.35)
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that is,
(,;G) > [p(h]?, V> 0. (3.36)

We consider the following cases.

Case 1 (0 <t <4). Then (3.36) is equivalent to

a\/ ; > (ax/t)z, (3.37)

it is easy to verified.

Case 2 (t > 8). Then (3.36) is equivalent to

ot oLy (3.38)
Int/2 = Int/)’ '
which is
t t
2Int-In _ >In“t+1In _, (3.39)
2 2
since
2%+t 2t b s om2f <o (3.40)
n n, nt-In, +In, -In",) <0, .
that is
m2+1n -2t <0 (3.41)
2 2= '

holds for all t > 8. So (3.36) holds for t > 8.

Case 3 (4 <t < 8). Then (3.36) is equivalent to

cx\/; > (1 - %)2 (3.42)

Let t = e*, we only need to verify

2
x/2 1
@ 1-1Y) > 3.43
\/26 ( x> >0 ( )

for all x that2In2 < x < 3In2. We can verify it holds.
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Thus it is verified that the functions F, g, ¢ satisfy all the conditions of Theorem 1;
x =2 —2+/3 is the common fixed point of F and g in X.
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