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The purpose of this paper is to consider a shrinking projection method for finding the common
element of the set of common fixed points for nonexpansive semigroups, the set of common fixed
points for an infinite family of a ¢-strict pseudocontraction, the set of solutions of a system of
mixed equilibrium problems, and the set of solutions of the variational inclusion problem. Strong
convergence of the sequences generated by the proposed iterative scheme is obtained. The results
presented in this paper extend and improve some well-known results in the literature.

1. Introduction

Throughout this paper, we assume that H be a real Hilbert space with inner product (-,-) and
norm || - [|, and let C be a nonempty closed convex subset of H. We denote weak convergence
and strong convergence by notations — and —, respectively. Let J = { Fi}r be a countable
family of bifunctions from C x C to R, where R is the set of real numbers and I' is an arbitrary
index set. Let ¢ : C — R U {+oo} be a proper extended real-valued function. The system of
mixed equilibrium problems is to find x € C such that

Fe(x,y) +¢(y) > p(x), VkeT, VyeC. (1.1)
The set of solutions of (1.1) is denoted by SMEP(Fy, ¢), that is,

SMEP (Fi,p) = {x € C: Fr(x,y) +¢(y) > ¢(x), Vk €T, Yy € C}. (1.2)
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If I' is a singleton, the problem (1.1) reduces to find the following mixed equilibrium
problem (see also the work of Flores-Bazan in [1]). For finding x € C such that,

F(x,y) +o(y) 2 9(x), YyeC, (1.3)

the set of solutions of (1.3) is denoted by MEP(F, ¢). Combettes and Hirstoaga [2] introduced
the following system of equilibrium problems. For finding x € C such that,

Fk(x,y) >0, Vkel, VyeC, (1.4)
the set of solutions of (1.4) is denoted by SEP(J), that is,

SEP(J) = {x €e C: Fx(x,y) 20, Yk €T, Vy € C}. (1.5)

If I is a singleton, the problem (1.4) becomes the following equilibrium problem. For finding
x € C such that

F(x,y) >0, VyeC. (1.6)

The set of solution of (1.6) is denoted by EP(F).

The equilibrium problem include fixed point problems, optimization problems, varia-
tional inequalities problems, Nash equilibrium problems, noncooperative games, economics
and the (mixed) equilibrium problems as special cases (see, e.g., [3-8]). Some methods have
been proposed to solve the equilibrium problem, see, for instance, [9-17].

Recall that, a mapping T : C — C is said to be nonexpansive if

|Tx-Ty| < ||lx-y|, VxyeC (1.7)

We denote the set of fixed points of T by F(T), thatis F(T) = {x € C: x = Tx}.

Definition 1.1. A family S = {S(s) : 0 < s < oo} of mappings of C into itself is called a
nonexpansive semigroup on C if it satisfies the following conditions:

(1) S(0)x =x, forall x € C;
(2) S(s+1t) =5(s)S(t), forall s,t > 0;
(3) 1S(s)x - S(s)yll < | - yl, for all x,y € C and 5 > 0;
(4) forall x € C, s — S(s)x is continuous.

We denoted by F(S) the set of all common fixed points of S = {S(s) : s > 0}, that is,
F(S8) = Nsso F(S(s)). It is know that F(.5) is closed and convex.

Let B: H — H be a single-valued nonlinear mapping and M : H — 2H be a set-
valued mapping. The variational inclusion problem is to find X € H such that

0 € B(X) + M(%), (1.8)
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where 0 is the zero vecter in H. The set of solutions of problem (1.8) is denoted by I(B, M).
A set-valued mapping M : H — 2! is called monotone if for all x,y € H, f € M(x) and
g € M(y) imply (x -y, f — g) > 0. A monotone mapping M is maximal if its graph G(M) :=
{(f,x) € HxH : f € M(x)} of M is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping M is maximal if and only if for
(x,fre HxH,(x-y,f-g)>0forall (y,g) € G(M) imply f € M(x).

Definition 1.2. A mapping B : C — H is said to be a k-Lipschitz continous if there exists a
constant k > 0 such that

|Bx - By|| <k||x-v]|, Vx,yeC. (1.9)

Definition 1.3. A mapping B : C — H is said to be a p-inverse-strongly monotone if there exists
a constant § > 0 with the property

(Bx - By, x-y) 2,[3||Bx—By||2, Vx,y € C. (1.10)

Remark 1.4. 1t is obvious that any p-inverse-strongly monotone mappings B is monotone
and 1/p-Lipschitz continuous. It is easy to see that for any A constant is in (0,2p], then the
mapping I — AB is nonexpansive, where I is the identity mapping on H.

Definition 1.5. Let p : C x C — H is called Lipschitz continuous, if there exists a constant
L > 0 such that

ln(x )| <Ll|x-y|, VYxyeC (1.11)

Let X : C — R be a differentiable functional on a convex set C, which is called:

(1) n-convex [18] if
K(y) - K(x) > (X' (x),n(y,x)), Yx,yeC, (1.12)

where X'(x) is the Fréchet derivative of X at x;

(2) n-strongly convex [19] if there exists a constant o > 0 such that

K(y) - K(x) = (L@, n(y,x) 2 S lx-y]? vxyec. (1.13)

In particular, if 77(x, y) = x — y for all x, y € C, then X is said to be strongly convex.

Definition 1.6. Let M : H — 2! be a set-valued maximal monotone mapping, then the single-
valued mapping Jar, : H — H defined by

Tva(x) = (I+AM) (%), Xe€H (1.14)

is called the resolvent operator associated with M, where \ is any positive number and I is the
identity mapping. The following characterizes the resolvent operator.
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(R1) The resolvent operator Jps, is single-valued and nonexpansive for all A > 0, that is,

ITma(x) = Tva (W < |-y, VYx,y € H ¥YA>0. (1.15)

(R2) The resolvent operator s is 1-inverse-strongly monotone; see [20], that is,

1721 (x) = Tnaa I < (x =y, Jma(x) = Jma(y)),  Vx,y € H. (1.16)

(R3) The solution of problem (1.8) is a fixed point of the operator Jar) (I — AB) for all
A > 0; see also [21], that is,

I(B,M) = F(Jsa(I - AB)), ¥YA>O0. (1.17)

(R4) If 0 < X <2, then the mapping Jma(I —AB) : H — H is nonexpansive.
(R5) I(B, M) is closed and convex.

In 2007, Takahashi et al. [22] proved the following strong convergence theorem
for a nonexpansive mapping by using the shrinking projection method in mathematical
programming. For C; = C and x; = Pc, x, they define a sequence {x,} as follows:

Yn = ApXy + (1 - ‘xn)Txnr
Cuy1 = {Z €Cy: ”]/n - Z” < lxn = Z”}/ (1.18)

Xn41 = Pc,, 1 x0, VYn 20,

n+l

where 0 < a,, < a < 1. They proved that the sequence {x,} generated by (1.18) converges
weakly to z € F(T), where z = Prr)xo.

In 2008, S. Takahashi and W. Takahashi [23] introduced the following iterative scheme
for finding a common element of the set of solution of generalized equilibrium problem
and the set of fixed points of a nonexpansive mapping in a Hilbert space. They proved the
strong convergence theorems under certain appropriate conditions imposed on parameters.
Next, Zhang et al. [24] introduced the following new iterative scheme for finding a common
element of the set of solution to the problem (1.8) and the set of fixed points of a nonexpansive
mapping in a real Hilbert space. Starting with an arbitrary x; = x € H, define a sequence {x,}
by

Yn = ]M,)L(xn - )‘an)r
(1.19)

Xn41 = X + (1= an)Tyn, Vn>1,

where Jp) = (I +AM )_1 is the resolvent operator associated with M and a positive number
Aand {a,} is a sequence in the interval [0, 1]. Peng et al. [25] introduced the iterative scheme
by the viscosity approximation method for finding a common element of the set of solutions
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to the problem (1.8), the set of solutions of an equilibrium problem, and the set of fixed points
of a nonexpansive mapping in a Hilbert space.

In 2009, Saeidi [26] introduced a more general iterative algorithm for finding a
common element of the set of solution for a system of equilibrium problems and the set
of common fixed points for a finite family of nonexpansive mappings and a nonexpansive
semigroup. In 2010, Katchang and Kumam [27] obtained a strong convergence theorem for
finding a common element of the set of fixed points of a family of finitely nonexpansive
mappings, the set of solutions of a mixed equilibrium problem and the set of solutions
of a variational inclusion problem for an inverse-strongly monotone mapping. Let W,, be
W-mapping (defined by (2.8)), f be a contraction mapping and A, B be inverse-strongly
monotone mappings. Let Jay = (I + AM)™" be the resolvent operator associated with M
and a positive number \. Starting with arbitrary initial x; € H, defined a sequence {x,} by

1
F(un,y) +¢(y) = ¢p(un) + —(y = tn 4 = 2) 20, Vy €C,

Yn = ]M,)L(un - )‘Aun)l (120)
Uy = ]M,)L(yn - /\Ay")’
Xn+l = “an(xn) + ﬁnxn + ((1 - ﬁ")l - “”B)W"U"’ Vn21.

They proved that under certain appropriate conditions imposed on {a,}, {f,}, and {r,}, the
sequence {x,} generated by (1.20) converges strongly to p € Q := NZ; F(S;)) N I(A, M) N
MEP(F, ¢), where p = Po(I-B+y f)p. Later, Kumam et al. [28] proved a strongly convergence
theorem of the iterative sequence generated by the shrinking projection method for finding a
common element of the set of solutions of generalized mixed equilibrium problems, the set
of fixed points of a finite family of quasinonexpansive mappings, and the set of solutions of
variational inclusion problems.

Liu et al. [29] introduced a hybrid iterative scheme for finding a common element
of the set of solutions of mixed equilibrium problems, the set of common fixed points
for nonexpansive semigroup and the set of solution of quasivariational inclusions with
multivalued maximal monotone mappings and inverse-strongly monotone mappings.
Recently, Jitpeera and Kumam [30] considered a shrinking projection method of finding
the common element of the set of common fixed points for a finite family of a ¢-strict
pseudocontraction, the set of solutions of a systems of equilibrium problems and the set
of solutions of variational inclusions. Then, they proved strong convergence theorems of
the iterative sequence generated by the shrinking projection method under some suitable
conditions in a real Hilbert space. Very recently, Hao [18] introduced a general iterative
method for finding a common element of solution set of quasi variational inclusion problems
and of the common fixed point set of an infinite family of nonexpansive mappings.

In this paper, motivated and inspired by the previously mentioned results, we
introduce an iterative scheme by the shrinking projection method for finding the common
element of the set of common fixed points for nonexpansive semigroups, the set of common
fixed points for an infinite family of a ¢-strict pseudocontraction, the set of solutions of a
systems of mixed equilibrium problems and the set of solutions of the variational inclusions
problem. Then, we prove a strong convergence theorem of the iterative sequence generated
by the shrinking projection method under some suitable conditions. The results obtained in
this paper extend and improve several recent results in this area.
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2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Recall that
the (nearest point) projection Pc from H onto C assigns to each x € H the unique point in
Pcx € C satisfying the property |lx — Pcx|| = minyecllx - y||.

The following characterizes the projection Pc. We recall some lemmas which will be
needed in the rest of this paper.

Lemma 2.1. Foragivenze Hue C,u=Pez s (u—z,v—-u) >0, forall v e C.
It is well known that Pc is a firmly nonexpansive mapping of H onto C and satisfies
|| Pex - Pcy||2 <(Pcx-Pcy,x-vy), Vx,ye€H. (2.1)
Moreover, Pcx is characterized by the following properties: Pcx € C and for all x € H,y € C,

(x = Pcx,y — Pcx) < 0. (2.2)

Lemma 2.2 (see [20]). Let M : H — 2H be a maximal monotone mapping and let B: H — H
be a Lipshitz continuous mapping. Then the mapping L= M + B : H — 29 is a maximal monotone

mapping.

Lemma 2.3 (see [31]). Let C be a closed convex subset of H. Let {x,} be a bounded sequence in H.
Assume that

(1) the weak w-limit set wy,(x,) C C,

(2) for each z € C, lim,, _, o, ||x, — z|| exists.

Then {x,} is weakly convergent to a point in C.

Lemma 2.4 (see [32]). Each Hilbert space H satisfies Opial’s condition, that is, for any sequence
{xn} ¢ H with x, — x, the inequality lim inf, _, ||x, — x|| < lim inf,_, »||x, — y/||, hold for each
y € Hwithy #x.

Lemma 2.5 (see [33]). Each Hilbert space H, satisfies the Kadec-Klee property, that is, for any
sequence {x,} with x, — x and ||x,|| — ||x|| together imply ||x, — x|| — 0.

For solving the system of mixed equilibrium problem, let us assume that function Fy :
CxC — R, k=1,2,...,N satisfies the following conditions:

(H1) Fi is monotone, thatis, Fx(x,y) + Fi(y,x) <0, forall x,y € C;
(H2) for each fixed y € C, x — Fi(x,y) is convex and upper semicontinuous;

(H3) for each fixed x € C, y — Fi(x,y) is convex.

Lemma 2.6 (see [34]). Let C be a nonempty closed convex subset of a real Hilbert space H and let
be a lower semicontinuous and convex functional from C to R. Let F be a bifunction from C x C to R
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satisfying (H1)-(H3). Assume that
(i) n: Cx C — H is k Lipschitz continuous with constant k > 0 such that;
(@) n(x,y) +n(y,x) =0, forall x,y € C,

(b) n(-,-) is affine in the first variable,

(c) for each fixed x € C, y — n(x,y) is sequentially continuous from the weak topology
to the weak topology,

(ii) £ : C — R is n-strongly convex with constant o > 0 and its derivative X' is sequentially
continuous from the weak topology to the strong topology;

(iii) for each x € C, there exist a bounded subset Dy C C and z, € C such that for any
y€C\D,,

F(y,2) + p(z0) - 9(y) + (L (y) - K@), 1(20,)) <0 @3

For given r > 0, Let KE : C — C be the mapping defined by:
1 ! !
KE(x) = {y €C:F(y,z)+op(z)-(y) + ;(JC (y) -X'(x),n(z,y)) 20, Vz € C} (2.4)

forall x € C. Then the following hold
(1) KE is single-valued;
2)

(3) F(K]) = MEP(F, p);

(4) MEP(F, o) is closed and convex.

KT is nonexpansive if X' is Lipschitz continuous with constant v > 0 such that o > kv;

Lemma 2.7 (see [35]). Let V : C — H be a &-strict pseudocontraction, then

(1) the fixed point set F(V) of V' is closed convex so that the projection Py is well defined;
(2) define a mapping T : C — H by

Tx=tx+(1-t)Vx, VxeC. (2.5)

Ift € [¢,1), then T is a nonexpansive mapping such that F(V) = F(T).

A family of mappings {V; : C — H}Z, is called a family of uniformly &-strict
pseudocontractions, if there exists a constant ¢ € [0, 1) such that

[Vix = Viy||* < [l = y|I* + &[| (T = Viyx = (T = Vi)y|>, Vx,y€C, Vi>1. (2.6)
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Let {V; : C — C}Z; be a countable family of uniformly ¢-strict pseudocontractions. Let
{Ti : C — C}Z; be the sequence of nonexpansive mappings defined by (2.5), that is,

Tix=tx+(1-tH)Vix, VxeC, Vi>1, te[¢1). (2.7)

Let {T;} be a sequence of nonexpansive mappings of C into itself defined by (2.7) and
let {p;} be a sequence of nonnegative numbers in [0, 1]. For each n > 1, define a mapping W,
of C into itself as follows:

un,n+1 = I/
un,n = ,unTnun,rHl + (1 - ,un)I/
un,n—l = ﬂn—lTn—lun,n + (1 - ﬂn—l)I/

Ui = Tl esn + (1= i) 1, (2.8)
Upj-1 = pe1 TieeaUnie + (1= pier) 1,

Upp = ooz + (1 - o)1,
Wn = LI,,,l = ‘lxllTlun,;z + (1 - ‘ul)I

Such a mapping W, is nonexpansive from C to C and it is called the W-mapping generated
by T1,Ty, ..., Ty, and p, o, . . ., pn. For each n, k € N, let the mapping U, x be defined by (2.8).
Then we can have the following crucial conclusions concerning W.,,.

Lemma 2.8 (see [36]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
Ty, Ty, ... be nonexpansive mappings of C into itself such that (2, F(T;) is nonempty, let p1, o, . . .
be real numbers such that 0 < p; < b < 1 for every i > 1. Then, for every x € C and k € N,
lim,, _, U, X exists.

Using this lemma, one can define a mapping Ug o and W : C — C as follows Uy x =
limy, , U, kX and

Wx = lim Wyx = lim U,1x, VxeC. (2.9)

n—oo

Such a mapping W is called the W-mapping. Since W,, is nonexpansive and F(W) = N2, F(T;),
W : C — Cisalso nonexpansive. Indeed, observe that for each x,y € C such that

[Wx =Wyl = tim [Wox - Wayl| < [lx -yl (2.10)
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Lemma 2.9 (see [36]). Let C be a nonempty closed convex subset of a Hilbert space H, {T; : C — C}
be a countable family of nonexpansive mappings with (\i2; F(T;) #0, { u:i} be a real sequence such that
O<ui<b<l, foralli>1 Then F(W) = N2 F(Ty).

Lemma 2.10 (see [37]). Let C be a nonempty closed convex subset of a Hilbert space H, {T; : C —
C} be a countable family of nonexpansive mappings with (72 F(T;) # 0, { i} be a real sequence such
that 0 < u; <b <1, forall i > 1. If D is any bounded subset of C, then

lim sup||[Wx - Wyx|| = 0. (2.11)
=% xeD ’

Lemma 2.11 (see [38]). Let C be a nonempty bounded closed convex subset of a Hilbert space H and
let S ={S(s): 0 <s < oo} beanonexpansive semigroup on C, then for any h > 0,

t t
% .[o T(s)xds —T(h) <% J;) T(S)Xd5>

Lemma 2.12 (see [39]). Let C be a nonempty bounded closed convex subset of H, {x,} be a sequence
in Cand S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on C. If the following conditions are
satisfied:

lim sup
t=yeC

‘ =0. (2.12)

(1) xp — z;

(2) limsup,_, limsup,_, _[IS(s)x, — x,|| =0, then z € F(S).

3. Main Results

In this section, we will introduce an iterative scheme by using a shrinking projection method
for finding the common element of the set of common fixed points for nonexpansive semi-
groups, the set of common fixed points for an infinite family of ¢-strict pseudocontraction,
the set of solutions of a systems of mixed equilibrium problems and the set of solutions of the
variational inclusions problem in a real Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, let {Fy : C x
C — R, k =1,2,...,N} be a finite family of mixed equilibrium functions satisfying conditions
(H1)-(H3). Let S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on C and let {t,} be a
positive real divergent sequence. Let {V; : C — C}; be a countable family of uniformly &-strict
pseudocontractions, {T; : C — C}2; be the countable family of nonexpansive mappings defined by
Tix=tx+ (1 -t)Vix, forall x € C, foralli > 1, t € [¢,1), W), be the W-mapping defined by (2.8)
and W be a mapping defined by (2.9) with F(W)#@. Let A,B : C — H be y, p-inverse-strongly
monotone mappings and My, My : H — 28 be maximal monotone mappings such that

©:=FS)NnFW)n <(N] SMEP(Fk)> NI(A, M1) N I(B, M) #0. (3.1)
k=1
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Letr, >0,k =1,2,...,N, which are constants. Let {x,}, {y.}, {v.}, {24}, and {u,} be sequences
generated by xy € C, Cy = C, x1 = Pc,xq, u, € C and

xo = x € C chosen arbitrarily,

_ wFN pFNa PN F, F
Up = KrN,nK K T Krzz,n Knl,n Xns

'N-1n"“TN-2,n
Yn = ]Mz,ﬁ,, (un - 6nBun)/
U = ]M],.A.n (yn - )LnAyn)r

t

1 (t (3.2)
Zp = AUy + (1 - an)t— J S(s)Wyv,ds,
nJo

1 ("
Cu = {Z €Cy:llzn— 2”2 < loen - Z”z —a,(1-ay)||v.— rf S(s)Wyv,ds
nJo

!

where ka" :C = C k=1,2,...,N is the mapping defined by (2.4) and {a,} be a sequence in (0,1)
for all n € N. Assume the following conditions are satisfied:

Xn+l = PC X0, ne N/

n+l

(C1) ni : Cx C — H is Ly-Lipschitz continuous with constant k = 1,2,..., N such that

@) nk(x,y) + iy, x) =0, forall x,y € C,

(b) x — ni(x,y) is affine,

(c) for each fixed y € C, y — ni(x,y) is sequentially continuous from the weak topology
to the weak topology;

(C2) Ky : C — R is n-strongly convex with constant oy > 0 and its derivative K,_is not only
sequentially continuous from the weak topology to the strong topology but also Lipschitz
continuous with a Lipschitz constant vy > 0 such that oy > Livy;

(C3) for each k € {1,2,...,N} and for all x € C, there exist a bounded subset D, C C and
zyx € C such that for any y € C \ Dy,

Py ) + 9(22) = 9(0) + (K () = K (), 1(z20)) <0, 63)

(C4) {

(C5) {Ay} C [a1,b1], for some a1, by € (0,2y];

(C6) {64} C [az, by], for some az, by € (0,2p];

(C7) lim inf, otk n > 0, foreach k €1,2,3,..., N.

an} C [c,d], for some c,d € (¢,1);

Then, {x,} and {u,} converge strongly to z = Pgx.
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Proof. Pick any p € ©. Taking Jk = ka’f"ka’fll/"ka’fzz/n '--Kfzz’anlly" for k € {1,2,3,...,N} and

30 = I for all n € N. From the definition of K.*
then 3 also and p = Ji’fnp, we note that u,, = JN x,,. If follows that

. is nonexpansive for each k = 1,2,3,..., N,

J1ta = pll = |70 - 3| < 12 - . 64

Next, we will divide the proof into eight steps.

Step 1. We first show by induction that © ¢ C,, for each n > 1.

Taking p € ©, we get that p = Jar, 0, (p — A Ap) = I, (p — 6kBp). Since [, 1, I, 6,
are nonexpansive. From the assumption, we see that © ¢ C = C;. Suppose © C Cj for some
k > 1. For any p € © = Ci, we have

lox = pl| = (7600 (Wk = AcAyk) = Ta, o (p = e Ap) ||
< | (yx = MAyk) = (p = Wk Ap) ||

(3.5)
<l - %Ay - (I - L A)p||
<y - pll,
lyx = pll = [|Tmo,5 (e = 6xBuk) = Ja, 6. (p — 6k Bp) ||
< || (ux = 6xBux) - (p - 6xBp) ||
(3.6)
< [Ju - |
< |lxx = pl|,
which yields
¢ 2
2 1 (*
||z« - p||” = ||ax(vk = p) + (1 — ak) <EJ‘ S(s)Wivrds —p>
0
¢ 2
2 1 (*
< al|oi — plI” + (1 - @) Ef S(s)Wioids - p
0
1 (& :
- ak(1-a)f|oe = | S(s)Wioids (3.7)
Kk Jo

2

1 (&
< ak ||k —p||2 + (1 - ap)||ok - p||2 —ar (1 = ay)||ox - a’[ S(s)Wivrds
0

2

1 (&
< ||vk—P||2—le(1—le) Uk_EJ‘ S(s)Wivids
0
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Applying (3.5) and (3.6), we get

2

1 (™

2 = pII* < Ik = plI* - @k (1 - @) |lox - ] SeWivds (3.8)
0

Hence p € Ck.1. This implies that © ¢ C,, for each n > 1.

Step 2. Next, we show that {x,} is well defined and C, is closed and convex for any n € N.

It is obvious that C; = C is closed and convex. Suppose that Cy is closed and convex
for some k > 1. Now, we show that Cy.; is closed and convex for some k. For any p € Ci, we
obtain

lzic =l < flee = pII (3.9)
is equivalent to
|z — x||* +2(zk — xx, xx — p) <O. (3.10)

Thus Cy; is closed and convex. Then, C, is closed and convex for any n € N. This implies
that {x,} is well-defined.

Step 3. Next, we show that {x,} is bounded and lim,, _, ., ||x,, — x¢|| exists. From x,, = Pc, xo, we
have

(x0 = %p, xp —y) >0, (3.11)
for each y € C,,. Using © C C,,, we also have
(x0—xn,x,—p) >0, Vpe®, neN. (3.12)
So, for p € ©, we observe that
0 < (x0 = Xn, Xn — P)
= (X0 = Xn, Xn — X0 + X0 — P)

(3.13)
= —(X0 — Xy, X0 — Xn) + (X0 — X, X0 — P)

< =llxo = xall* + [l2c0 = xull]| 0 = |-

This implies that

lxo = xull < |lxo—p|, Vpe®, neN. (3.14)
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Hence, we get {x,} is bounded. It follows by (3.5)-(3.7), that {v,}, {y»}, and {W,v,} are also
bounded. From x, = Pc,xp, and x,41 = Pc,,,x0 € Cy41 C Cp,, we obtain

n+l

(x0 = Xy, Xp — Xps1) > 0. (3.15)

It follows that, we have for each n € N

0 < (x0 = Xp, X — Xna1)

= (X0 = Xp, Xy — X0 + X0 — Xp41)

(3.16)
= —(X0 = Xp, X0 = Xp) + (X0 = Xp, X0 = Xps1)
< —|lxo = xnll* + [0 = 2|l X0 = Xns1 |-
It follows that
llxo = xnll < llxo — Xpni1ll- (3.17)

Thus, since the sequence {||x, — xo||} is a bounded and nondecreasing sequence, so
lim,, , o ||, — x0]| exists, that is

m = lim |, - x| (318)

Step 4. Next, we show that lim,, _, [|x,41 — X [| = 0 and lim,, _, oo [|x,, — z,|| = 0.
Applying (3.15), we get
1% = %11 = l|2cn = X0 + X0 = X1 |
= ||on = Xo||* + 2(2 — X0, X0 = Xps1) + [|X0 = X1 ||
= ||n = Xo||* + 2(2 = X0, X0 = X + X — Xna1) + || X0 = Xsa ||
. , (319)
= |2 — 0|7 = 2(2n — X0, X — X0) + 2{Xn — X0, Xn — Xps1) + X0 — Xpa1|
2
= —||xn = X0|* + 2(2 = X0, Xn — Xns1) + || %0 = Xns |

< —[lxn = xolI* + [lx0 = Xnaa |-
Thus, by (3.18), we obtain

nlgrc}o”xn = Xp1]| = 0. (3.20)
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On the other hand, from x,.1 = Pc,.,x0 € Cy4+1 C Cy, which implies that

n+l

1 = Zall < [[er = Xl (3.21)
It follows by (3.21), we also have
120 = xull < 120 = Xpaall + X041 = Xnll < 2[|2n = Xpsa - (3.22)
By (3.20), we obtain
Jim [lxy =zl = 0. (3.23)

Step 5. Next, we show that

lim ||J x, —JK

n— oo

=0 (3.24)

for every k € {1,2,3,...,N}. Indeed, for p € ©, note that K,Fk’fn is the firmly nonexpansie, so
we have

e - 2kp| = || KEE - kI
< (Fxa—p, 30— p) (3.25)
:%{ Jﬁxn—PH2+ 3ﬁ’1xn—r)||2— Txn = Iy 2}-
Thus, we get
S I e e e (3:26)
It follows that
e =PI < || 2500 - 35|
o [ L T (3:27)
2

~k-1
wXn =I5 Xn

< Jlxa = pll* -
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By (3.5), (3.6), (3.7), and (3.27), we have for each k € {1,2,3,..., N}

Iz = plI* < lon-pll’
< Jlun - pI? (3.28)
Zﬁxn - J’;’lxn ’

< [l = plI” -

Consequently, we have

2
e I e e (329)
< lxw = zall(flxn =PIl + |20 = ID)-
Equation (3.23) implies that for every k € {1,2,3,..., N}
Jlim I x, = 35 1x, || = 0. (3.30)

Step 6. Next, we show that lim,_, o||yn — vx|| = 0 and lim,, || £, Wyv, — v4]| = 0, where
K, =(1/t,) jo" S(s)ds.

For any givenp € ©, A, € (0,2y], 6, € (0,28] and p = Ja 0, (P — 1uAp) = Jans, (p —
6,Bp). Since I — A, A and I — 6, B are nonexpansive, we have

0w = pII* = 173400, Y = AnAYa) = Tt (p = LnAp) ||
< || = LnAya) - (p - A Ap)||?
= |n = p) = Mu(Ays - Ap)||?
< Nlyn = plI* - 200 (yn = p, Ay - Ap) + 12|| Ay, - Ap|?

< lxn = pII* = 200y | Aya - Ap||* + A2|| Ay — Ap||”

(3.31)

< Jloen = pI* + An (An = 20) | A — Ap]*.
Similarly, we can show that

=PI < 1 pIF + 6(6 ~2) | B~ Bp (332)
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Observe that

2
20 ~pII* =

1 (™
an(vy —p) + (1 -ay) <E f S(s)Wyv,ds - p>

0

2
< an”vn _P"2+ (1 _an)

tn
1 f S(s)Wyv,ds —p
tn 0

2

1 (tn (3.33)
—a,(1-ay)||v, - r j S(s)W,v,ds
nJo
1 (" ?
San||vn—P||2+(1—an) - S(s)Wyo,ds —p
nJo
< aul|xa = p [+ (1= an) 0w — |-
Substituting (3.31) into (3.33) and using conditions (C4) and (C5), we have
120 = pII* < allx = pI* + (= an) {10 = pI* + 1a (A = 20) | Ay - 4P|}
(3.34)
= llea = pII* + (1 = ) da (An = 20) [| Ay = Ap|*.
It follows that
(1= d)ar(2y = br) [ Ayn = Ap||” < (1 - @) a2y = 1a) | Aya - Ap|”
<l =pl” =z = pII” (3.35)

< loen = zall (lxn = pll + |22 = p1)-

By (3.23), we obtain

nlillgo”Ayn - Ap|| =0. (3.36)
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Since the resolvent operator [y, 3, is 1-inverse-strongly monotone, we obtain

o0 = pII* = 1 T30, (Y = AnAYn) = Tt (p = AnAp) ||
= Tata, (= 1uA) Y = Tty 0, (L= X A)p||®

< (I =4 A)yn = (I = LuA)p, o5 = p)

1
= {1 = Ay, - (= 2,20 + o - p||*

I = 204y~ (T - 1 AYp - @ =) (3:37)
< 2 [y P17 + 0w = I = 119~ 00) = 2u(Aya - 4p) )
e T e A
2| Ay = ApII* + 201 (yn — vn, Aya — Ap) },
which yields
lon = pII* < 10 =PI = llyn = ©all” + 20 [lyn = ©ull | Ava - Ap]l- (3.38)
Similarly, we can obtain
lyn =PI < N0 =PI = llttn = yall” + 260 ][4 = yl| | Butn = B (3.39)

Substituting (3.38) into (3.33), and using condition (C4) and (C5), we have
120 =P II” < @ullx = plI”* + (1 = @) lon ~ p|’
2 2 2
<l =p* + A= @) { %0 = pII* = [y = 0all* + 24|y = 0]l || Ay - Ap ] }

= Jlxw = pl* = (1= @) [lyn = oall” + 201 = @) Al yn = 02| | Ay - Ap|.
(3.40)

It follows that

(U= an)[[y = oull” < [l =plI* = |20 =PI + 201 = @) da| v = 0al| | Ay ~ Ap|

< = zall (% P+ N1z = pI) +201 - @)l — 04l Ay~ Ap]l
(3.41)

By (3.23) and (3.36), we get

lim ||y, — va|| = 0. (342)

n— oo
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From (3.8) and (C4), we also have

2

1 (" 2 2
an(1—a,)||vn— — J‘ S(s)Wyvu,ds|| < ||xn - -z, -
. =1 = 20 =l .
< llaew = zall ([|xn = | + [|z0 = p[)-
Since X, = (1/t,) fo" S(s)ds, we obtain (3.23), we have
Jim [| K W0 —vn| = 0. (3.44)
Since {W,v,} is a bounded sequence in C, from Lemma 2.11 for all & > 0, we have
lim || K, W, v, — S(h) KX, W,v,||
1 ty 1 ty (345)
= lim —f S(s)Wy,v,ds — S(h)<t_,[ S(s)annds> =0.
n—oflt, J, nJo

From (3.44) and (3.45), we get

v = S(s)vnll < ||vn — KuWyonl| + [| KnWhvy — S(8) KuWyoyl| + ||S(8) KyWov, — S(s)v,||

< 2wy = KuWyonll + | £nWho, — S(8) KyWhoy|.
(3.46)

So, we have

lim [|o, = 5(s)val| = 0. (3.47)

Step 7. Next, we show thatg € O := 1-"(.5)ﬁF(W)ﬁ(ﬂkN=1 SMEP (Fx))NI(A, M1)NI(B, M) #0.

Since {wvy,} is bounded, there exists a subsequence { Un,-],} of {v,,} which converges
weakly to g € C. Without loss of generality, we can assume that v,, — g.

(1) First, we prove that g € F(S). Indeed, from Lemma 2.12 and (3.47), we get g €
F(S8), thatis, g = 5(s)q, for all s > 0.

(2) We show that g € F(W) = ;24 F(W,), where F(W,,) = N F(T;), foralln > 1
and F(W,.1) € F(W,). Assume that g ¢ F(W), then there exists a positive integer m such
that g ¢ F(T,,) and so g ¢ (2, F(T;). Hence for any n > m, g ¢ N, F(T:) = F(W,), that is,
q# Whq. This together with g = S(s)g, for all s > 0 shows g = S(s)q# S(s)W,q, forall s > 0,
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therefore we have q # X,,W,q, for all n > m. It follows from the Opial’s condition and (3.44)
that

lim inf||v,, — q|| < lim inf||v,, — K, Waq]|
1— 00 1— 00

< 111’1’1 inf(”UTli - ‘Kniwnivni” + ||Jcniwnivni - ‘}(TliWﬂiq”) (348)

7

<lim inf||v,, — q
1— 00

which is a contradiction. Thus, we get g € F(W).
(3) We prove that g € (., SMEP(Fy, ¢). Since 3% = X%, k =1,2,..., N and u¥ = Jkx,,,
we have

Fy (3,’§xn, x) +(x) - (p(ﬁﬁxn> + %<J€'<3’,§xn> - JC’(J’:l‘lxn>,11<x, 3’;xn>> >0, VxeC.
(3.49)

It follows that

rlk<JC'<3’,§ixn,.> - X <jﬁi‘1xni>, q(x, J’,‘lixni> > > —Fy <3’,‘lixni,x> —p(x) + go(ﬁ’,‘lixni) (3.50)
for all x € C. From (3.30) and by conditions (C1)(c) and (C2), we get

lim — (A (3 0, ) = K (37, ) (3,3 2, ) ) = 0, (3.51)

n,-—>oo1"k

By the assumption and by condition (H1), we know that the function ¢ and the mapping
x — (=Fk(x,y)) both are convex and lower semicontinuous, hence they are weakly lower
semicontinuous.

These together with (X'(Jk x,,) - X' (3% x,,)) /1 — 0and 3% x,,, — g, we have

K (3 x,) - K (Tx,
0 = lim inf< (%) (O x '),q<x,3ﬁ_xni>>

n; — oo Tk '

(3.52)
2 lim inf{—Fk <3ﬁixni,x> —p(x) + (p(ﬁ,’jixni> }
Then, we obtain
Fi(g,x) +p(x) —¢9(q) 20, VxeC, VYk=,1,2,...,N. (3.53)

Therefore g € (;., SMEP(Fy, ¢).
(4) Lastly, we prove that g € I(A, M) N I(B, M3).
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We observe that A is an 1/y-Lipschitz monotone mapping and D(A) = H. From
Lemma 2.2, we know that M; + A is maximal monotone. Let (v,g) € G(M; + A) that is,
g — Av € My (v). Since vy, = Jmy 2, (Yn; — An; AYn;), we have

Yni — A, AYy, € (I + Xy, My)(0p,), (3.54)

that is,
1
A_(y"" = U, — A, AYn,) € M1 (0y,). (3.55)
By virtue of the maximal monotonicity of M; + A, we have
1
<v — Uy, g — Av - o (Yn;, — On, — )LniAyni)> >0, (3.56)
and so
1
(U - Uni’g> 2 <U - Un,.,AU + )L_(y"i — Un; — )tn,-Ayni)>
n;
1
= <v = O, AU — Ay, + AUy, — AYy, + = (Y, — 'Un,-)> (3.57)

>0+ (0= Uy, AUy, — Ay, ) + <v - Uy, )Li(yn,. - Un,-)>-
ni

By (3.42), v,, — g and A is inverse-strongly monotone, we obtain that lim,, -, o, [| Ay,—Av,|| = 0
and it follows that

lim (v - vy, g) = (v-9,8) >0. (3.58)

n; — oo

It follows from the maximal monotonicity of M;+A that0 € (M;+A)(q), thatis, g € I(A, M;).
Since {yy,} is bounded, there exists a subsequence {]/n,-j } of {y,,} which converges weakly to

q € C. Without loss of generality, we can assume that y,, — g. In similar way, we can obtain
q € I(B, M), hence g € I(A, M) N I1(B, M5).

Step 8. Finally, we show that x, — z and u, — z, where z = Pox.
Since © is nonempty closed convex subset of H, there exists a unique z' € © such that
z' = Poxy. Since z' € © C C,, and x,, = Pc,xp, we have

llx0 = xull < Il = P, %ol < ||x0 = 2'|| (3.59)

for all n € N. From (3.59) and {x,} is bounded, so wy,(x;) # 0.
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By the weakly lower semicontinuous of the norm, we have

[0 — z|| < lim inf||x — x| < ||x0 = Z']]- (3.60)
n; — oo

However, since z € wy,(x,) C ©, we have
[|x0 = 2'|| < llo = Pe,xoll < [l = =] (3.61)
Using (3.59) and (3.60), we obtain z’ = z. Thus wy,(x,) = {z} and x,, — z. So, we have

[[x0 = Z'[| < llxo = zI| < lim infl|xto - x| < lim supl|xo = x| < ||x0 = Z']|- (3.62)

n— oo
Thus, we obtain that

lxo =zl = lim [lxo = 2| = [| 0 = 2’| (3.63)

From x,, — z, we obtain (xg — x,) — (xo — z). Using the Kadec-Klee property, we obtain that

lln = 2| = [|(xn = x0) = (2= x0)[| — 0 asn— o0 (3.64)
and hence x, — z in norm. Finally, noticing ||u, — z|| = |3 x, — INz|| < ||x, — z]|. We also
conclude that u, — zin norm. This completes the proof. O

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H, let {Fj : C x
C — R, k=1,2,...,N} be a finite family of mixed equilibrium functions satisfying conditions
(H1)-(H3). Let S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on C and let {t,} be a
positive real divergent sequence. Let {V; : C — C}Z; be a countable family of uniformly &-strict
pseudocontractions, {T; : C — C}Z; be the countable family of nonexpansive mappings defined by
Tix =tx+ (1 -t)Vix, forall x € C, forall i > 1,t € [¢,1), W, be the W-mapping defined by (2.8)
and W be a mapping defined by (2.9) with F(W)#0. Let A,B : C — H be y, -inverse-strongly
monotone mapping. Such that

©:=F(S)NFW)n <(N) SMEP(Pk)> NVI(C, A) N VI(C, B) #0. (3.65)
k=1
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Letr, >0,k =1,2,...,N, which are constants. Let {x,}, {y.}, {v.}, {24}, and {u,} be sequences
generated by xy € C, Cy = C, x1 = Pc,xq, u, € C and

xo = x € C chosen arbitrarily,

_ wFN pFNna PN F, pF
Up = KrN,n KrN—l,n KrN—Z,n e Krz,nKﬁ,nx"’

Yn = PC(un - 6nBun)r

v, = Pc (yn - )LnAyn)/

t

1 (t (3.66)
Zn = AUy + (1 - a")t_,[ S(s)Wyv,ds,
nJo

1 ("
Cu1 = {Z €Cy:llzn- lez <y — 2”2 —ay(1—-ay)||v, - i f S(s)Wyo,ds
nJo

|

where Kgf :C — C, k=1,2,...,N is the mapping defined by (2.4) and {a,} be a sequence in
(0,1) for all n € N. Assume the following conditions are satisfied:

Xn+l = PC X0, ne N/

n+l

(C1) ni : Cx C — H is Ly-Lipschitz continuous with constant k = 1,2,..., N such that

@) nk(x,y) + iy, x) =0, forall x,y € C,

(b) x — ni(x,y) is affine,

(c) for each fixed y € C, y — ni(x,y) is sequentially continuous from the weak topology
to the weak topology;

(C2) Ky : C — R is n-strongly convex with constant oy > 0 and its derivative K,_is not only
sequentially continuous from the weak topology to the strong topology but also Lipschitz
continuous with a Lipschitz constant vy > 0 such that oy > Livy;

(C3) for each k € {1,2,...,N} and for all x € C, there exist a bounded subset D, C C and
zyx € C such that for any y € C \ Dy,

Pl 20) + plz0) = (1) + (K (4) = L) 1(z0,9)) <0, Ge7)

(C4) {

(C5) {Ay} C [a1,b1], for some a1, by € (0,2y];

(C6) {64} C [az, by], for some az, by € (0,2p];

(C7) lim inf, otk n > 0, foreach k €1,2,3,..., N.

an} C [c,d], for some c,d € (¢,1);

Then, {x,} and {u,} converge strongly to z = Pgx.
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Proof. In Theorem 3.1, take M; = gic : H — 2H where gic : 0 — [0, 0] is the indicator
function of C, that s,

0, x €C,
Qic(x) = (3.68)
+oo0, xé&C,

for i = 1,2. Then (1.8) is equivalent to variational inequality problem, that is, to find x € C
such that

(Ax,y-x)>0, VYyeC. (3.69)
Again, since M; = ¢;c, fori = 1,2, then
Imin, = Pe = Imys,- (3.70)

So, we have

v, = Pc (yn - )LnAyn) = ]M1,)Ln (yn - )‘nAy”)’

Yn = Pc (un - 6nBun) = ]M2,5n(un - 6nBun)'

(3.71)

Hence, we can obtain the desired conclusion from Theorem 3.1 immediately. O
Next, we consider another class of important mappings.

Definition 3.3. A mapping S : C — C is called strictly pseudocontraction if there exists a
constant 0 < x < 1 such that

||Sx - S]/||2 <lx- y||2 +x||(I-S)x-(I-9S)y > vx,yeC. (3.72)

If « = 0, then S is nonexpansive. In this case, we say that S : C — C is a «-strictly
pseudocontraction. Putting B = I — S. Then, we have

(T -B)x-(I-B)y|*<||x-vyl|*+x«|[Bx-By|>, Vx,yeC. (3.73)

Observe that
||(I-B)x-(I- B)y”2 =||x- y||2 +||Bx - B]/||2 -2(x-y,Bx-By), VYx,yeC. (374)
Hence, we obtain

(x -y, Bx - By) > “TK |Bx - By||>, Vx,yeC. (3.75)

Then, B is (1 — k) /2-inverse-strongly monotone mapping.
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Now, we obtain the following result.

Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H, let {Fy : C x
C — R, k =1,2,...,N} be a finite family of mixed equilibrium functions satisfying conditions
(H1)-(H3). Let S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on C and let {t,} be a
positive real divergent sequence. Let {V; : C — C}%; be a countable family of uniformly &-strict
pseudocontractions, {T; : C — C}Z; be the countable family of nonexpansive mappings defined by
Tix=tx+ (1 -t)Vix, forall x € C, foralli > 1, t € [¢,1), W), be the W-mapping defined by (2.8)
and W be a mapping defined by (2.9) with F(W)#@. Let A,B : C — H be y, p-inverse-strongly
monotone mapping and Sa, Sp be x,, kg-strictly pseudocontraction mapping of C into C for some
OSKY<1,OSKp<1suchthat

©:= F(8)nF(W)n <ﬁ SMEP(Fk)> NF(Sa) N F(Sp) #0. (3.76)
k=1

Letr, >0,k =1,2,...,N, which are constants. Let {x,}, {y.}, {v.}, {24}, and {u,} be sequences
generated by xy € C, Cy = C, x1 = Pc,xq, up, € C and

xo = x € C chosen arbitrarily,

F Fn- Fn-
un=K NKN]KNZH'KFzKFHxn,

FNun=YTN-1n"“TN-2n on™ "Tn
Yn = (1 - 6n)un + 6nSBun/
Uy = (1 - )Ln)yn + -)LnSA]/nr

Zpn = Ay + (1 - “n)t_
n

tu (3.77)
f S(s)W,v,ds,
| }

0
where kak :C — C, k=1,2,...,N is the mapping defined by (2.4) and {a,} be a sequence in (0,1)
for all n € N. Assume the following conditions are satisfied:

tn
vy, — l j S(s)W,v,ds
tw Jo

Cpi1 = {z €Cutllzn—zl” < 2w — zI* — an(1 — )

Xns1 = Pc,., %0, MnEN,

n+l

(C1) nx : Cx C — H is L-Lipschitz continuous with constant k = 1,2,..., N such that

(@) nk(x,y) + ni(y, x) =0, forall x,y € C,

(b) x — ni(x,y) is affine,

(c) for each fixed y € C, y — ni(x,y) is sequentially continuous from the weak topology
to the weak topology;

(C2) Ky : C — R is ny-strongly convex with constant oy > 0 and its derivative K,_is not only
sequentially continuous from the weak topology to the strong topology but also Lipschitz
continuous with a Lipschitz constant vy > 0 such that oy > Livy;
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(C3) for each k € {1,2,...,N} and for all x € C, there exist a bounded subset D, C C and
zy € C such that for any y € C \ Dy,

1 ! !
Fi(y, 22) + 9(22) = 9(y) + L' (y) - L'(x), n(2x,9)) < 0; (3.78)
(C4) {a,} C[c,d], for some c,d € (¢,1);
(C5) {Ay} C [a1,b1], for some a1, by € (0,2y];
(C6) {64} C [ay, by], for some az, by € (0,2p];
(C7) lim inf, otk n > 0, foreach k €1,2,3,...,N

Then, {x,} and {u,} converge strongly to z = Pgx.

Proof. Taking A =1-S4 and B = I - Sp, then we see that A, Bis (1-xy)/2, (1-xp)/2-inverse-
strongly monotone mapping, respectively. We have F(S4) = VI(C, A) and F(Sg) = VI(C, B).
So, we have

Yn = Pc(uy — 6,Buy,) = Pc((1 - 6,)uy + 6,Spuy) = (1 — 6,)uy + 6,Spu, € C,
v, = Pc (yn - /\nAyn) = PC((l - )‘n)yn + -)‘nSAyn) = (1 - )‘n)yn + )‘nsAyn eC.

(3.79)

By using Theorem 3.2, it is easy to obtain the desired conclusion. O
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