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Using 6-strongly accretive and A-strictly pseudocontractive mapping, we introduce a general
iterative method for finding a common fixed point of a semigroup of non-expansive mappings
in a Hilbert space, with respect to a sequence of left regular means defined on an appropriate
space of bounded real-valued functions of the semigroup. We prove the strong convergence of the
proposed iterative algorithm to the unique solution of a variational inequality.

1. Introduction

Let H be a real Hilbert space. A mapping T of H into itself is called non-expansive if || Tx —
Ty| < ||lx —y||, for all x, y € H. By Fix(T'), we denote the set of fixed points of T (i.e., Fix(T) =
{xe H:Tx = x}).

Mann [1] introduced an iteration procedure for approximation of fixed points of a
non-expansive mapping T on a Hilbert space as follows. Let xo € H and

Xni1 = (L= an)Txy + anx,, n20, (1.1)

where {a,} is a sequence in (0, 1). See also [2].

On the other hand, Moudafi [3] introduced the viscosity approximation method for
fixed point of non-expansive mappings (see [4] for further developments in both Hilbert and
Banach spaces). Let f be a contraction on a Hilbert space H (ie., ||fx - fy|l < allx -y,
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forall x,y € H and 0 < a < 1). Starting with an arbitrary initial xo € H, define a sequence
{x,} recursively by

Xpi1 = (1 —ay)Txy +an,f(x,), n>0, (1.2)

where a,, is sequence in (0, 1). Itis proved in [3, 4] that, under appropriate condition imposed
on {ay,}, the sequence {x,} generated by (1.2) converges strongly to the unique solution x* in
Fix(T) of the variational inequality:

((I-f)x*,x=-x*)>0, xeFix(T). (1.3)
Assume that A is strongly positive, that is, there is a constant y > 0 with the property

(Ax,x) >7||lx|>, VxeH. (1.4)

In [4] (see also [5]), itis proved that the sequence {x, } defined by the iterative method
below, with the initial guess xy € H chosen arbitrarily,

Xp1 = (I —a,A)Tx, +ayu, n>0, (1.5)
converges strongly to the unique solution of the minimization problem

.1
min —

A - .
x€Fix(T) 2 < * x> <x, u>, (1 6)

provided that the sequence {a, } satisfies certain conditions. Marino and Xu [6] combined the
iterative (1.5) with the viscosity approximation method (1.2) and considered the following
general iterative methods:

X1 = (L —anA)Txy, + any f(x,), n>0, (1.7)

where 0 < y < y/a. They proved that if {a,} is a sequence in (0, 1) satisfying the following
conditions:

(Cl) lxn - 0/
(C2) Xloan = oo,

(C3) either>,” |aus1 — ay| < 0o or limy, oo (ans1/an) = 1,

then, the sequence {x,} generated by (1.7) converges strongly, as n — oo, to the unique
solution of the variational inequality:

((A-yf)x*,x-x*) >0, VxeFix(T), (1.8)
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which is the optimality condition for minimization problem

o1
min —

i 3 (Ax,x) — h(x), (1.9)

where h is a potential function for yf (i.e., h'(x) = yf(x), forall x € H).

Let E* be the topological dual of a Banach space E. The value of j € E* at x € E will be
denoted by (x, j) or j(x). With each x € E, we associate the set

Jeo = {j € E": (xj) = IxI = [li]]*}- (1.10)

Using the Hahn-Banach theorem, it is immediately clear that J(x) #¢ for each x € E. The
multivalued mapping J from E into E* is said to be the (normalized) duality mapping. A
Banach space E is said to be smooth if the duality mapping ] is single valued. As it is well
known, the duality mapping is the identity when E is a Hilbert space; see [7].

Let 6 and A be two positive real numbers such that §,A < 1. Recall that a mapping F
with domain D(F) and range R(F) in E is called 6-strongly accretive if, for each x,y € D(F),
there exists j(x — y) € J(x — y) such that

(Fx—Fy,j(x-y)) 2 6|lx-yl|" (1.11)

Recall also that a mapping F is called A-strictly pseudo-contractive if, for each x,y € D(F),
there exists j(x — y) € J(x — y) such that

(Fx=Fy,j(e-y)) < x=yll* - M e= ) - (Fx - Py (1.12)
It is easy to see that (1.12) can be rewritten as

(I-F)x-(I-F)y,jlx-y)) 2 A|(I-F)x-T-Fy|>, (1.13)

see [8].

In this paper, motivated and inspired by Atsushiba and Takahashi [9], Lau et al. [10],
Marino and Xu [6] and Xu [4, 11], we introduce the iterative below, with the initial guess
Xp € H chosen arbitrarily,

Xne1 = 0y f(xn) + (I — a, F)Ty, (x), n2>0, (1.14)

where F is 6-strongly accretive and A-strictly pseudo-contractive with 6 + 1 > 1, f is a
contraction on a Hilbert space H with coefficient 0 < a < 1, y is a positive real number
such that y < 1-+4/(1-6)/A/a,and ¢ = {T; : t € S} is a non-expansive semigroup on H
such that the set Fix(¢) of common fixed point of ¢ is nonempty, X is a subspace of B(S)
such that 1 € X and the mapping ¢t — (Ti(x),y) is an element of X for each x,y € H,
and {u,} is a sequence of means on X. Our purpose in this paper is to introduce this general
iterative algorithm for approximating a common fixed points of semigroups of non-expansive
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mappings which solves some variational inequality. We will prove that if {yu,} is left regular
and {a,} is a sequence in (0, 1) satisfying the conditions (C;) and (C»), then {x,} converges
strongly to x* € Fix(¢p), which solves the variational inequality:

((F-yf)x*,x—x*) >0, Vx e Fix(p). (1.15)

Various applications to the additive semigroup of nonnegative real numbers and commuting
pairs of non-expansive mappings are also presented. It is worth mentioning that we obtain
our result without assuming condition (Cs).

2. Preliminaries

Let S be a semigroup and let B(S) be the space of all bounded real-valued functions defined
on S with supremum norm. For s € S and f € B(S), we define elements I f and r, f in B(S)
by

(F) () = f(st),  (rf)(t) = f(ts), VEES. (2.1)

Let X be a subspace of B(S) containing 1, and let X* be its dual. An element y in X* is said
to be a mean on X if ||y|| = u(1) = 1. We often write p;(f(t)) instead of u(f) for u € X* and
f € X. Let X be left invariant (resp., right invariant), that is, [;(X) C X (resp., rs(X) C X) for
each s € S. A mean y on X is said to be left invariant (right invariant) if u(l;f) = p(f) (resp.
u(rsf) = u(f)) for each s € S and f € X. X is said to be left (resp., right) amenable if X has
a left (resp., right) invariant mean. X is amenable if X is both left and right amenable. As it
is well known, B(S) is amenable when S is a commutative semigroup; see [12]. A net {1} of
means on X is said to be left regular if

tim |1 e = tal| = 0, (22)

for each s € S, where [} is the adjoint operator of I;.

Let C be a nonempty closed and convex subset of a reflexive Banach space E. A family
¢ = {T; : t € S} of mapping from C into itself is said to be a non-expansive semigroup on C
if Ty is non-expansive and Ty = T;T; for each t, s € S. We denote by Fix(¢) the set of common
fixed points of ¢, that is,

Fix(p) = ({x € C: Tyx = x}. (2.3)

teS

The open ball of radius r centered at 0 is denoted by B,. For subset D of E, by coD, we denote
the closed convex hull of D. Weak convergence is denoted by —, and strong convergence is
denoted by —.
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Lemma 2.1 (see [12, 13]). Let f be a function of semigroup S into a reflexive Banach space E such
that the weak closure of { f(t) : t € S} is weakly compact, and let X be a subspace of B(S) containing
all functions t — (f(t), x*) with x* € E*. Then, for any p € X*, there exists a unique element f, in
E such that

(fur ™) = m(f (), x7), (2.4)

for all x* € E*. Moreover, if u is a mean on X then
ff(t)dy(t) eco{f(t):te S} (2.5)

One can write fy, by [ f(£)du(t).

Lemma 2.2 (see [13]). Let C be a closed convex subset of a Hilbert space H, ¢ = {T; : t € S} a
semigroup from C into C such that Fix(¢p) #0, the mapping t — (Tix,y) an element of X for each
x € Cand y € H, and p a mean on X. If one writes T,,(x) instead of [ Tyxdpu(t), then the following
holds.

(i) T, is non-expansive mapping from C into C.

(iii) T,,(x) € co{Tix : t € S} for each x € C.

)
(i) Ty (x) = x for each x € Fix(p).
)
(iv) If p is left invariant, then T, is a non-expansive retraction from C onto Fix(¢p).

Let C be a nonempty subset of a normed space E, and let x € E. An element y € C is
said to be the best approximation to x if

[l = wol| = d(x,C), (2.6)

where d(x,C) = inf,cc||x — y||. The number d(x,C) is called the distance from x to C or the
error in approximating x by C. The (possibly empty) set of all best approximation from x to
C is denoted by

Pe(x)={yeC:|x-y| =d(xC)}. (2.7)
This defines a mapping Pc from X into 2€ and is called metric (the nearest point) projection
onto C.

Lemma 2.3 (see [7]). Let C be a nonempty convex subset of a smooth Banach space E and let x € X
and y € C. Then, the following is equivalent.

(i) y is the best approximation to x.

(ii) y is a solution of the variational inequality

(y-zJ(x-y))>0, VzeC. (2.8)
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Let C be a nonempty subset of a Banach space Eand T : C — E a mapping. Then T is
said to be demiclosed at v € E if, for any sequence {x,} in C, the following implication holds:

x,—=ueC, Tx,—v, implyTu=no. (2.9)
Lemma 2.4 (see [14]). Let C be a nonempty closed convex subset of a Hilbert space H and suppose
that T : C — H is non-expansive. Then, the mapping I — T is demiclosed at zero.
The following lemma is well known.
Lemma 2.5. Let H be a real Hilbert space. Then, for all x,y € H

(@) llx = yIP* < lxl? + 2y, x + y),
(i) lx = yII* > [Ix[” +2(y, x).

Lemma 2.6 (see [11]). Let {a,} be a sequence of nonnegative real numbers such that

an+1 < (1 - bn)an + bncnr n2 0/ (210)

where {b,} and {c,} are sequences of real numbers satisfying the following conditions:

(i) {bn} - (011)/ Z;ﬁo b, = o,

(ii) either limsup, ¢, <0o0r 372 |bpcy| < 0.
Then, lim,, _, a, = 0.

The following lemma will be frequently used throughout the paper. For the sake of
completeness, we include its proof.

Lemma 2.7. Let E be a real smooth Banach space and F : E — E a mapping.

(i) If F is 6-strongly accretive and A-strictly pseudo-contractive with & + A > 1, then, I — F is
contractive with constant \/(1 - 6)/A.

(ii) If F is 6-strongly accretive and A-strictly pseudo-contractive with & + A > 1, then, for any
fixed number T € (0,1), I — TF is contractive with constant 1 — (1 —+/(1 - 6)/1).

Proof. (i) From (1.11) and (1.13), we obtain
M =Fx = =Pyl < |lx-y|* - (Fx-Fy, J(x-y)) < A-8)[lx-y[* 211

Because 6+ 1 >1+/(1-6)/1€(0,1), we have

- Fyx= - Pyl <\ Ix- vl 1)

and, therefore, I — F is contractive with constanty/(1 - 6)/\.
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(ii) Because I — F is contractive with constanty/(1 — ) /A, for each fixed number 7 €
(0,1), we have

|lx-y-7(F(x)-F(y))|| = |1 -7)(x-y) +7[(I - F)x - (I - F)y]||
SA-7)|lx -yl +7||I-F)x-(I-Fy|

-6
<-Dfx -yl ol -l 213)
1-6
= <1—T<1— T>>||x—y||

This shows that I — 7F is contractive with constant 1 — 7(1 — /(1 - 6)/1). O

Throughout this paper, F will denote a 6-strongly accretive and A-strictly pseudo-
contractive mapping with 6 + A > 1, and f is a contraction with coefficient 0 < a < 1 on
a Hilbert space H. We will also always use y to mean a number in (0,1 -+/(1 -6)/1/a).

3. Strong Convergence Theorem
The following is our main result.

Theorem 3.1. Let ¢ = {T; : t € S} be a non-expansive semigroup on a real Hilbert space H such that
Fix(¢) #0. Let X be a left invariant subspace of B(S) such that 1 € X, and the functiont — (Tix,y)
is an element of X for each x,y € H. Let {p,} be a left reqular sequence of means on X, and let {a,}
be a sequence in (0,1) such that a, — o and >, a, = oo. Let xo € H and {x,} be generated by
the iteration algorithm (1.14). Then, {x,} converges strongly, asn — oo, to x* € Fix(¢p), which is a
unique solution of the variational inequality (1.15). Equivalently, one has

Prixp)(I = F +yf)x* = x*. (3.1)
Proof. First, we claim that {x,} is bounded. Let p € Fix(¢); by Lemmas 2.2 and 2.7 we have

|xna = pl| = [|lany f (xn) + (I = auF)Ty, (xn) - p||
= |lany f(xn) + (I = &uF)T}, (x) = (I - @, F)p - a,F (p) |
<ap|lyf(xn) = F(p)|| + ||(I = auF) Ty, (x0) = (I - an F)p||
< an|lyfxn) =vf ()l

+“n||Yf(P)—F(P)||+(1“"n<1‘ % >>||T#n(xn)—r7||
st%<v-##—m>>wfmw%Mﬂm—umn
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=<1_an<1-\/§—ya>>nxn—pn

( -1 =8)/X-ya
(1-ya-/(T-8)/X

+

lyf(p) - F(p)l

By induction,

)
)
< max <1— ——Y“> lyf(p) = F()l, | —pl

(3.2)

-1
[1-6
[l = p| < max <1— T-m> Iyf () -E@ Nxo-pll f = Mo (33)

Therefore, {x,} is bounded and so is { f (x,)}.

Set D = {y € H : ||ly —pl| £ My}. We remark that D is g-invariant bounded closed

convex set and {x,} C D. Now we claim that

11msupsup|| () -T(Ty, (y))|| =0, VteS.

n—oo y

Let € > 0. By [15, Theorem 1.2], there exists > 0 such that

ToFs(T; D) + Bs C Fe(T;; D), Vte€S.

Also by [15, Corollary 1.1], there exists a natural number N such that

1 1
ngﬁs@ - Tf<m§Tf"s<y>>

(3.4)

(3.5)

(3.6)
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forallt,s e Sand y € D. Let t € S. Since {yu,} is strongly left regular, there exists ny € N such
that [[pn — Ipnll <6/ (Mo + |lpll) forn >2ngandi=1,2,..., N. Then we have

1 N
T, (y) - f DT (1) djin ()

su
yeD =0
1 N
= supsup |(T,, (v),2) - <f mZths(y)dﬂn(S),2>
yeD ||z]=1 i-0
1< 1 X 37
= supsup | <=3 () (To(v),2) - 5 2. () (Tus(w).2)| 7
yeD ||z[=1 i=0 i=0
1 N
< g 5P sup | () (T (1), 2) = (L) (L), 2)]
+ 19520 yeD |zI=1
< max [l = Lipeall (Mo + |lpll) <6, ¥ 2 mo
By Lemma 2.2 we have
1 X (1 X
j N + 1§Ttis(y)d”"(s) © CO{ N + 1§Tti(T5(y)) 5 € 5}- (3.8)

It follows from (3.5), (3.6), (3.7), and (3.8) that
[ 1 & _
T, (y) € CO{ m;Tgs(y) 1S € S} + Bs C coFs(Ty; D) + Bs C Fo(T;; D), (3.9)

forall y € D and n > ny. Therefore,

limsup sup||Ti (T, (y)) — Tu, () || <e. (3.10)

n—o yeD
Since € > 0 is arbitrary, we get (3.4). In this stage, we will show that

Jim - Ty(x,)]| =0, VE€S. (311)

Lett € S and € > 0. Then, there exists 6 > 0, which satisfies (3.5). Take

Lo = [<1+Y“+‘V¥>M0+ lIvf(p) —P(P)”]- (3.12)
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From lim,, , ,a, = 0 and (3.4) there exists ny € N such that a, < 6/Ly and T, (x,) € F5(T}),
for all n > ny. By Lemma 2.7, we have

||y f (oxn) = FTy, (xa) |
<an([lyfGen) =vf (P + [lyf (p) = F (T, (xn))|])
<an(yallx. —pll + lyf(p) - Fp)I)
+an (|| (I = F)p = (I = F)T,, (xa) || + [|p = T () |1

1-6 (3.13)
< a <1 5 Y“> 120 = Il + anlly £ () = E ()
<a, [<1 + ﬁ+Y“>M0 +lvf(p) —F(P)”]
<aylo <6,
for all n > ny. Therefore, we have
X1 = Ty, () + [y f (x4) + F(Ty, (x))] € Fs(T) + Bs C Fe(Ty), (3.14)
for all n > ny. This shows that
llxn = Te(xn)l| <€, Vn2>mng. (3.15)

Since € > 0 is arbitrary, we get (3.11).
Let Q = Prix(y)- Then Q(I - F -y f) is a contraction of H into itself. In fact, we see that

QU -F+yf)(x) -QU-F+yf) ()|l
<|II-F+yf)x)-(I-F+yf)(v)|
<[ I=F)x) =T =-F)W)|| +y[lf(x) = f(W)l (3.16)

< (V=28 ya ) x-y|
< 1 Y v,

and hence Q(I — F — yf) is a contraction due to (1/(1 - 8)/A +ya) € (0,1).
Therefore, by Banach contraction principal, Prix(y) (yf + I — F) has a unique fixed point
x*. Then using Lemma 2.3, x* is the unique solution of the variational inequality

((F-yf)x",x—x*) >0, VxeFix(p). (3.17)
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We show that

limsup(y f(x*) = F(x*), x, — x*) < 0. (3.18)

n—oo
Indeed, we can choose a subsequence {x,, } of {x,} such that

limsup(y f(x*) — F(x*),x, — x*) = Icl%(yf(x*) — F(x*), xp, — x*). (3.19)

n—oo

Because {x,} is bounded, we may assume that x,, — z. In terms of Lemma 2.4 and (3.11), we
conclude that z € Fix(¢). Therefore,

limsup(yf(x") = F(x"),xu = x") = (yf(x") - F(x"),z = x") <0. (3.20)

n—oo
Finally, we prove that x, — x*asn — oo. By Lemmas 2.5 and 2.7 we have

2
lln 1 = x|l

= |letny £ (x0) + (I = @ F)T,, (x) - x*||

= |y f (xn) = @ F(x*) + (I = auF)T,,, (x0) = (I — 2 F)x*||?

= ||(I - a,F)T,, (x,) — (I - ocnl-")x*”2 + 20, (y f(xn) = F(x*), Xpi1 — x*)

s 2 (3.21)
< <1—an<1— T>> 126 — 2% + 2, (y f (20n) = F(x*), Xps1 — X*)
2
< <1—an<1— ¥>> 1260 — 2|1 + 2 {y f (2n) = Y f(x"), Xps1 — %)

+ 20, (y f(x*) = F(x*), Xpi1 — x*).
On the other hand

<Yf(xn) =Y f(xX"), Xns1 — X*>

S vyallxn = x*|[[lna = x7|

- 3.22
5ya<1—an<1— ¥>>||Xn—x$||2 02

+ yal|x, — x*||\/2|(yf(xn) — F(x*), X1 — X*) |/t
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Since {x,} and { f(x,)} are bounded, we can take a constant Gy > 0 such that

yalx, - x*||\/2|<yf(xn) - F(x*), xp1 —x*)| <Gy, VmeN. (3.23)

So from the above, we reach the following;:

(rfGea) = Y (), X1 = x°) < Ya<1 - a, <1 - ¥> > lw = X2+ Gov/an.  (3.24)

Substituting (3.24) in (3.21), we obtain

B

2
S(l—an<1— ¥>> ||xn—x*||2+2cxnya<1—an<1— ¥>>||xn—x*||2

+ 20, Go/ay + 200, (y f () = F(x*), X1 — x*)

3 1-6 1-6 .2
= <1—2an[<1— T> —ay+anytx<1— T>]>||xn—x |

2
+a, |a, <1 — %) 2, = x*||* + 2Gov/ay + 2(yf(x*) = F(x*), x, = x*) | .
(3.25)
It follows that
o741 — x*||2 < <1 -ay, [2 <1 - V % - ay> +2a,ya <1 - ¥>] > [, — x*||2 + anfn,
(3.26)

where

2
Bu=|an <1 - ¥> 260 — x| + 2Gov/@n + 2{y f(x*) = F(x*), x, — x*) | . (3.27)

Since {x,} is bounded and lim,,_, ,a, = 0, by (3.18), we get

limsup f, <0. (3.28)

n— oo

Consequently, applying Lemma 2.6, to (3.26), we conclude that x, — x*. O
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Corollary 3.2. Let X, ¢, {pn}, and {a,} be as in Theorem 3.1. Suppose that A a strongly positive

bounded linear operator on H with coefficient y > 1/2 and 0 < { < (1 —1/2-2y)/a. Let {x,} be
defined by the iterative algorithm

Xni1 = anGf (x0) + (I — @y A)T,, (x), n2>0. (3.29)

Then, {x,} converges strongly, as n — oo, to x* € Fix(¢p), which is a unique solution of the
variational inequality

((A-¢f)x", x—x*) 20, Vx € Fix(gp). (3.30)

Proof. Because A is strongly positive bounded linear operator on H with coefficient y, we
have

(Ax - Ay, x - vy) 27||x—y||2. (3.31)
Therefore, A is y-strongly accretive. On the other hand,

(T = A)x - (T - A)y]|’

= ((x-y) - (Ax - Ay), (x ~y) - (Ax - Ay))

(3.32)
=(x-y,x-y)-2(Ax - Ay, x - y) + (Ax — Ay, Ax — Ay)
< [lx = ylI* - 2(Ax - Ay, x —y) + | All[|x - yI"

Since A is strongly positive if and only if (1/]|Al|) A is strongly positive, we may assume, with
no loss of generality, that ||A|| = 1, so that

(Ax - Ay, x - y) < ||x - y]|* - %”(I ~ A)x - (I- Ayl (3.33)

This shows that A is 1/2-strictly pseudo-contractive. Now apply Theorem 3.1 to conclude the
result. O

Corollary 3.3. Let X, ¢, {pn} and {a,} be as in Theorem 3.1. Suppose u,xy € H and define a
sequence {x,} by the iterative algorithm

Xpp1 = apth + (I =y F)Ty, (x,), n2>0. (3.34)

Then, {x,} converges strongly, as n — oo, to a x* € Fix(y), which is a unique solution of the
variational inequality

(Fx*—u,x—x*) >0, Vx € Fix(p). (3.35)

Proof. 1t is sufficient to take f = u andy = 1 in Theorem 3.1. O
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4. Some Application

Corollary 4.1. Let S and T be non-expansive mappings on a Hilbert space H with ST = TS such that
Fix(S) NFix(T) #0. Let {a,} be a sequence in (0, 1) satisfying conditions a,, — 0and Y5 a, = oo
Let xo € H,y € (0,1 —+/(1-06)/A/a) and define a sequence {x,} by the iterative algorithm:

lnlnl

Xn+1 = anY f(xn) + (I — anF SiTi(xn)/ n 0. (4.1)

2
Tl i=0 j=0

Then, {x,} converges strongly, as n — oo, to x* € Fix(S) N Fix(T) which solves the variational
inequality:

((F-yf)x*,x—x*) >0, Vx € Fix(S) nFix(T). (4.2)

Proof. Let T(i,j) = S'T/ for each i,j € NU {0}. Then {T(i,f) : i,j € NU {0}} is a semigroup
of non-expansive mappings on H. Now, for eachn € Nand i,j € B((NU {0})?), we define
ta(f) = (1/n2) 3 Z;:ol f(@,j). Then, {p,} is regular sequence of means [16]. Next, for each
x € H and n € N, we have

1= 1n-1
Ty, (x) = — S'T/ (x). (4.3)
n i=0 j=0
Therefore, applying Theorem 3.1, the result follows. O

Corollary 4.2. Let ¢ = {T; : t € R"} be a strongly continuous semigroup of non-expansive mappings
on a Hilbert space H such that Fix(¢p) # 0. Let a, be a sequence in (0, 1) satisfying conditions a,, — 0
and >57a, = oo. Let xo € Hand y € (0,1-+/(1 - 8)/X/a). Let {x,} be a sequence defined by the
iterative algorithm:

tn
Xp+1 = Y f(xn) + (I - anF)tlf Ts(x,)ds, n>0, (4.4)
nJo

where {t,} is an increasing sequence in (0, c0) such that lim,, _, t, = 0o and limy,, _, o (t,/tp1) = 1.
Then, {x,} converges strongly, asn — oo, to x* € Fix(¢p), which solves the variational inequality

((F-yf)x",x—x*) >0, VxeFix(p). (4.5)

Proof. For n € N, we define p,(f) = (1/ty) jo" f(t)dt for each f € C(R,), where C(R,) denotes
the space of all real-valued bounded continuous functions on R* with supremum norm. Then,
{un} is regular sequence of means [16]. Furthermore, for each x € H, we have T, (x) =

1/ty) fo" Ts(x)ds. Now, apply Theorem 3.1 to conclude the result. O
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Corollary 4.3. Let ¢ = {T; : t € R*} be a strongly continuous semigroup of non-expansive mappings
on a Hilbert space H such that Fix(¢p) # 0. Let a, be a sequence in (0, 1) satisfying conditions a,, — 0
and Y77 a, = oo. Let xo € Hand y € (0,1-+/(1-6)/\/a). Let {x,} be a sequence defined by the
iterative algorithm

joe]

Xn1 = Y f(xn) + (I - anF)rnJ exp(-1ys)Tsx,ds, n>0, (4.6)
0

where {r,} is an decreasing sequence in (0, 00) such that lim,_, 1, = 0. Then {x,} converges
strongly, asn — oo, to x* € Fix(¢p), which solves the variational inequality

((F-yf)x*, x—x*)>0, VxeFix(p). (4.7)

Proof. For n € N, we define pu,(f) = ru 5 exp(-rut)f(t)dt for each f € C(R.). Then
{pn} is regular sequence of means [16]. Furthermore, for each x € H, we have T, (x) =
T [y exp(=rat)Ti(x)dt. Now, apply Theorem 3.1 to conclude the result. O

Corollary 4.4. Let T be a non-expansive mapping on a Hilbert space H such that Fix(T) # (. Let a,
be a sequence in (0,1) satisfying conditions a, — 0 and >,°ca, = oo and let Q = {Gum} be a
strongly regular matrix. Let xo € H and y € (0,1 -+/(1-06)/A/a). Let {x,} be a sequence defined
by the iterative algorithm

Xne1 = Y f(x0) + (I - anF)anlmexn, n > 0. (4.8)

m=0
Then, {x,} converges strongly, asn — oo, to x* € Fix(T') which solves the variational inequality
((F-yf)x*,x—x*)>0, VxeFix(T). (4.9)

Proof. For each n € N, we define
pn(f) = D Gnmf(m), (4.10)
m=0

for each f € B(NU{0}). Since Q is a strongly regular matrix, for each m, we have g,,,, — 0, as
n — oo; see [17]. Then, it is easy to see that {yu,} is regular sequence of means. Furthermore,
for each x € H, we have T, (x) = X77_) GnmT™(x). Now, apply Theorem 3.1 to conclude the
result. O
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