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Three concepts of multivalued contractions in complete metric spaces are introduced, and
the conditions guaranteeing the existence of fixed points for the multivalued contractions are
established. The results obtained in this paper extend genuinely a few fixed point theorems due
to Ciri¢ (2009) Feng and Liu (2006) and Klim and Wardowski (2007). Five examples are given to
explain our results.

1. Introduction and Preliminaries

Let (X,d) be a metric space, and let CL(X), CB(X), and C(X) denote the families of all
nonempty closed, all nonempty closed and bounded, and all nonempty compact subsets of
X, respectively. For any U,V € CL(X) and x € X, let d(x,U) = inf{d(x,y) : y € U} and

supd(u,V),supd(v,U) }, if the maximum exists,

maX{
HU,V)= uell veV (1.1)

+00, otherwise.

Such a mapping H is called a generalized Hausdorff metric in CL(X) induced by d.
Throughout this paper, we assume that R,R*, and N denote the sets of all real numbers,
nonnegative real numbers, and positive integers, respectively.
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The existence of fixed points for various multivalued contractive mappings had been
studied by many authors under different conditions. For details, we refer the reader to [1-7]
and the references therein. In 1969, Nadler Jr [7] extended the famous Banach Contraction
Principle from single-valued mapping to multivalued mapping and proved the following
fixed point theorem for the multivalued contraction.

Theorem 1.1 (see [7]). Let (X, d) be a complete metric space, and let T be a mapping from X into
CB(X). Assume that there exists ¢ € [0,1) such that

H(T(x),T(y)) < cd(x,y), Yx,yeX. (1.2)

Then, T has a fixed point.

In 1989, Mizoguchi and Takahashi [6] generalized the Nadler fixed point theorem and
got a fixed point theorem for the multivalued contraction as follows.

Theorem 1.2 (see [6]). Let (X,d) be a complete metric space, and let T be a mapping from X into
CB(X). Assume that there exists a map ¢ : (0,+00) — [0,1) such that

limsupg(r) <1, VieR",
r—tt

(1.3)
H(T(x), T(y)) <¢(d(x,y))d(x,y), Vx,yeX.
Then, T has a fixed point.

In 2006, Feng and Liu [3] obtained a new extension of the Nadler fixed point theorem
and proved the following fixed point theorem.

Theorem 1.3 (see [3]). Let (X,d) be a complete metric space, and let T be a multivalued mapping
from X into CL(X). If there exist constants b,c € (0,1),c < b, such that for any x € X there is

y € T(x) satisfying
bd(x,y) < f(x),  f(y) Sed(xy), (14)

then T has a fixed point in X provided a function f(x) = d(x,T(x)), x € X is lower semicontinuous.

In 2007, Klim and Wardowski [5] improved the result of Feng and Liu and proved the
following results.

Theorem 1.4 (see [5]). Let (X,d) be a complete metric space, and let T be a multivalued mapping
from X into CL(X). Assume that

(a) the mapping f : X — R, defined by f(x) = d(x,T(x)), x € X, is lower semi-continuous;
(b) there exist b € (0,1) and ¢ : R* — [0, b) satisfying

limsupe(r) <b, teRF, (1.5)

r—tt
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and for any x € X there is y € T(x) satisfying

b(x,y) <d(e T, f(y) < p(d(x)d(xy). (16)

Then, T has a fixed point in X.

Theorem 1.5 (see [5]). Let (X, d) be a complete metric space, and let T be a mapping from X into
C(X). Assume that

(a) the mapping f : X — R, defined by f(x) = d(x,T(x)), x € X, is lower semi-continuous;
(b) there exists a function ¢ : R* — [0, 1) satisfying

limsupe(r) <1, VteR', (1.7)

and for any x € X there is y € T(x) satisfying
d(xy) = f(x),  f(y) <e(d(xy))d(xy). (1.8)

Then, T has a fixed point in X.

In 2008 and 2009, Ciri¢ [1, 2] introduced new multivalued nonlinear contractions and
established a few nice fixed point theorems for the multivalued nonlinear contractions, one
of which is as follows.

Theorem 1.6 (see [2]). Let (X, d) be a complete metric space, and let T be a mapping from X into
CL(X). Assume that

(a) the mapping f : X — R, defined by f(x) = d(x,T(x)), x € X, is lower semi-continuous;
(b) there exists a function ¢ : R* — [a,1),0 < a <1, satisfying

limsupg(r) <1, VteR'; (1.9)

r—tt

and for any x € X there is y € T(x) satisfying

Vo(Fe0)d(xy) < fx),  f(y) <o(fx)d(x,y). (1.10)

Then T has a fixed point in X.

The aim of this paper is both to introduce three new multivalued contractions in
complete metric spaces and to prove the existence of fixed points for the multivalued
contractions under weaker conditions than the ones in [2, 3, 5]. Five nontrivial examples are
given to show that the results presented in this paper generalize substantially and unify the
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corresponding fixed point theorems of Ciri¢ [2], Feng and Liu [3], and Klim and Wardowski
[5] and are different from those results of Mizoguchi and Takahashi [6] and Nadler Jr [7].

Next we recall and introduce the following result in [4] and some notions and
terminologies.

Lemma 1.7 (see [4]). Let (X, d) be a complete metric space and D € CL(X). Then, for each x € X
and k > 1 there exists an element a € D such that

d(x,a) < kd(x,D). (1.11)
In the rest of this paper, for a multivalued mapping T : X — CL(X), we put

[0,diam(X)], if diam(X) < +oo,

[0, +00), if diam(X) = +oo,
(1.12)
[0,sup f(X)], if sup f(X) < +oo,

[0, +00), if sup f(X) = +oo,
where diam(X) = sup{d(x,y) : x,y € X} and f(x) = d(x,T(x)), for all x € X. The function

f : X — R* is said to be T-orbitally lower semicontinuous at z € X if {x,},5 C X is an arbitrary
orbit of T with lim,,_, X, = z impling that f(z) < liminf,_, o f (x,).

2. Main Results

In this section, we establish three fixed point theorems for three new multivalued contractions
in complete metric spaces.

Theorem 2.1. Let T be a multivalued mapping from a complete metric space (X, d) into CL(X) such
that

for each x € X there exists y € T(x) satisfying

a(f()d(xy) < f00) and f(y) <) (x, ), &
wherea : B — (0,1] and p: B — [0, 1) satisfy that
liminfa(r) >0, limsu ) <1, Vte [0,sup f(X)) (2.2)
r—0° ! rﬂﬁpcx(r) ! /SUP ’ ’

Then,

(al) for each xo € X there exists an orbit {x,},5q of T and z € X such that lim,, _, ,x, = z;

(a2) zis a fixed point of T in X if and only if the function f is T-orbitally lower semi-continuous
at z.
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Proof. Put

y(t) = %, Vvt e [0,sup f(X)).

It follows from (2.1) that for each xq € X there exists x1 € T(xp) satisfying
a(f(xo))d(xo, x1) < f(x0), fx1) < B(f (x0))d(x0, x1),
which together with (2.3) yield that

X 2oL FD ) Flx

Continuing this process, we choose easily an orbit {x,},., of T satisfying

Xni1 € T(xy), a(f(xn))d(xn/xnﬂ) < f(xn)/

f(xn+1) < ﬂ(f(xn)>d(xn/ xn+1)/ Vn >0,
which imply that

f(xn)

f(xn+1) < ﬂ(f(xn))d(xn/xnﬂ) < ﬂ(f(xn))i = Y(f(xn))f(xn)/ Vn > 0.

a(f (xn))

Now, we claim that
lim f(x,) =0.
n—oo

Notice that the ranges of a, §, (2.2), and (2.3) ensure that

0<y(t) <1, Vte0,supf(X)).

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

Using (2.7) and (2.9), we conclude that {f(xx)},,, is a nonnegative and nonincreasing

sequence, which means that

lim f(x,)=a
n— oo

(2.10)
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for some a > 0. Suppose that a > 0. Taking limits superior as n — oo in (2.7) and using (2.2),
(2.3), (2.9), and (2.10), we get that

a =limsup f(xp1) <limsup [y(f(xn)) f(2xn)]

n—oo n—oo
(2.11)
<limsup y(f(x,))limsup f(x,) = a limsupy(f(x,)) < a,
n—oo n—oo n— oo
which is a contradiction. Thus, a = 0; that is, (2.8) holds.
Next, we show that {x,},., is a Cauchy sequence. Let
b =limsup y(f(xn)), ¢ =liminfa(f(x,)). (2.12)
n—oo n—
It follows from (2.2), (2.3), (2.9), and (2.12) that
0<b<1, c>0. (2.13)

Letp € (0,c) and g € (b,1). In light of (2.12) and (2.13), we deduce that there exists some
ng € N such that

Y(f(xn) <q, a(f(xn))>p, VYn>mn, (2.14)

which together with (2.6) and (2.7) yield that

F o) <af (), At ) <L (:"), Vi o, (215)
which imply that
foni1) S0 (xny), A%, Xni1) < @q"‘m‘, Vn > no, (2.16)
which give that

m-1 m-1
d(xn, xm) < Zd(xk/ xk+1) < f(xno) qu—ng < f(xno) qn+1—no/ Ym>n>n, (217)
k=n P iz p(l - q)

which implies that {x,},., is a Cauchy sequence because g < 1. It follows from completeness
of (X, d) that there is some z € X such that lim,,_, . x, = z.
Suppose that f is T-orbitally lower semi-continuous in z. It follows from (2.8) that

0<d(zT(2)) = f(2) < liminf f(x,) =0, (2.18)
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which means that z € T(z) because T(z) is closed.
Suppose that z is a fixed point of T in X. For any orbit {y,},., of T with y,.1 € T(y»)
and lim, . .y, = z, we have

f(z)=d(z,T(z))=0< lir{rlior‘}fd(yn,T(yn)) = ligrlior‘}ff(yn), (2.19)

that is, f is T-orbitally lower semi-continuous in z. This completes the proof. I

Theorem 2.2. Let T be a multivalued mapping from a complete metric space (X, d) into CL(X) such
that

f) <o(f(x)d(x,y), Y(xy)€XxTx, (2.20)
where ¢ : B — (0, 1) satisfies that

lim %r}f(p(r) >0, limsupgp(r) <1, Vte [0,sup f(X)). (2.21)

r—tt

Then,

(al) for each xo € X there exists an orbit {x,},5q of T and z € X such that lim,, , ,x, = z;

(a2) zis a fixed point of T in X if and only if the function f is T-orbitally lower semi-continuous
at z.

Proof. It follows from Lemma 1.7 that for each x € X there exists y € Tx with

d(x,y) < o (2.22)
Ve(F)

which together with (2.20) and (2.21) ensures that (2.1) and (2.2) hold witha = ,/p and = ¢.
Thus, Theorem 2.2 follows from Theorem 2.1. This completes the proof. [

Theorem 2.3. Let T be a multivalued mapping from a complete metric space (X, d) into CL(X) such
that

for each x € X there exists y € T(x) satisfying

a(d(x,y))d(x,y) < f(x) and f(y) < p(d(x,y))d(x, ), 22

wherea : A — (0,1] and p: A — [0, 1) satisfy that
liminfa(r) >0, limsupPD <1, vt e [0, diam(X 2.24
st 4 rat*pm <l 6[ ’ lam( ))/ ( . )
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and one of a and f is nondecreasing. Then,

(al) for each xo € X there exists an orbit {x,},5q of T and z € X such that lim,, , ,x, = z;

(a2) zis a fixed point of T in X if and only if the function f is T-orbitally lower semi-continuous
at z.

Proof. Put

() = % Vt € [0, diam(X)). (2.25)

It follows from the ranges of a, 3, (2.24), and (2.25) that

0<y(t) <1, Vte[0,diam(X)). (2.26)

As in the proof of Theorem 2.1, we select an orbit {x;},5, of T satisfying

Xne1 € T(xn),  a(d(xn, Xn+1))A(Xn, Xne1) < f(x0),

(2.27)
f(xns1) < B(A(xn, Xn11))d(xn, Xn41), Y120,
which imply that
f(xns1) < ﬂ(d(xn,xnn))% =y(d(xn, xp41)) f(xn), Yn 20, (2.28)
Ay, xm) < —2Cm) o PG X)) 4o s (2.29)

a(d(xXp1, Xns2)) ~ a(d(Xps1, Xns2))

Using (2.26) and (2.28), we conclude easily that {f(xn)},,, is a nonnegative and
nonincreasing sequence. Consequently there exists some 6 > 0 satisfying

Tim f(x) = 6. (2.30)

Now we claim that

d(xn+1/ xn+2) < d(xn/ xn+1)/ Vn > 0. (231)
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d(xp,, xny+1). Note that one of & and f is nondecreasing. In view of (2.25), (2.26), and (2.29),
we get that

Suppose to the contrary, that is, there exists some ny > 0 satisfying d(x,,+1, Xny2) >

B(d(xny, Xny+1))
a(d(Xnys1, Xng+2))

d(xno/ xn0+1) < d(xn0+1/ xn0+2) S d(xnol xn0+1)

2.32
< max{y(d(Xny, Xng+1)), Y (A(Xngs1, Xngs2)) }A(Xng, Xngs1) (232)

< d(xno/ xng+1)/
which is a contradiction. Thus, (2.31) holds. Therefore, there exists some 7 > 0 such that

lim d(xy, Xp1) =17 (2.33)

Next, we show that & = 0. Suppose that 0 > 0. Taking limits superior as n — oo in
(2.28) and using (2.24), (2.25), (2.30), and (2.33), we get that

0 = limsup f(xu+1) < limsup y(d(xy, Xp+1))limsup f(x,)

n— oo n— oo n— oo
(2.34)
= Olimsup y(d(xn, Xn+1)) <6,
which is impossible. Thus, 6 = 0. Let
b =limsup y(d(xu, Xn+1)), ¢ = liminf a(d(x,, x441)). (2.35)
n—oo n—oo
It follows from (2.24), (2.25), (2.33), and (2.35) that
0<b<1, c¢c>0. (2.36)

Letp € (0,c) and g € (b,1). By means of (2.35) and (2.36), we infer that there exists some
ng € N such that

yY(d(xn, xn1)) < q,  a(d(xXp, xn41)) >p, Yn2>ng, (2.37)
which together with (2.27) and (2.28) yield that

F o) € af(en), dGonxnr) < L (;‘"), Vi > o, (238)

The rest of the proof is similar to that of Theorem 2.1 and is omitted. This completes the
proof. ]
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3. Remarks and Examples

In this section, we construct five examples to illustrate the superiority and applications of the
results presented in this paper.

Remark 3.1. In case a(t) = b and p(t) = c for all t € [0,sup f(X)), where b and c are
constants in (0,1) with ¢ < b, then Theorem 2.1 reduces to a result, which is a generalization
of Theorem 1.3. The following example reveals that Theorem 2.1 extends both essentially
Theorem 1.3 and is different from Theorems 1.1 and 1.2.

Example 3.2. Let X = [0,1] be endowed with the Euclidean metricd = |-|,and letT : X —

CL(X) be defined by
x? 23 23
{3}, x€[0,4—8>u<4—8,1],
T(x) =

(3.1)
{i 131} 23
127432) 7w
It is easy to see that
x? 23 23
x—3, x€[0,4—8>U<E,1],
fx)=d(x,T(x)) = (3.2)
9 23
108’ 48

is T-orbitally lower semi-continuous in X and B = [0,2/3]. Definea : B — (0,1]and f: B —
[0,1) by

(1 1
8/ te [0/ B)/
a(t) = 1
3t ‘e l 2
(27 13" 3]’ (3.3)

1 13t 2
t) = — t 0 .
po-mer L2, o]
Obviously,
o 1
hm%)r}fa(r) =g > 0. (34)

Fort € [0,1/13), we have

p(r) 18 8

limsup—— = limsup

.= 1 3.5
MSUP ) T IMSUPg g = g < (35
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For t € [1/13,2/3), we infer that

) 13r 2 26
11£nj:fpa(r) hrrnj:fp Ty = < 1. (3.6)

For x € [0,23/48) U (23/48, 1], there exists y = x?/3 € T(x) satisfying

Cx(f(x))d(x,y) =a<x— 3 > <x_ 5 > <x-— 3 = f(x),

fly)=d(y,T(y)) = 363‘;_; =;<x+§2><x_§2> (3.7)
113 x?
Smax{9'3<x_ 3>}d(x/y)

=p(f(x)d(x,y).

For x = 23/48, there exists y = 1/12 € T(x) satisfying

a(f@)d(x,y) = 25 32 < o = F),

(3.8)
£ =0T = (53 437 ) = 4 < 26058 = PO 9).

That is, the conditions of Theorem 2.1 are fulfilled. It follows from Theorem 2.1 that T has
a fixed point in X. However, we cannot invoke each of Theorems 1.1-1.3 to show that the
mapping T has a fixed point in X.

In fact, for any b € (0,1), we consider two possible cases as follows.

Case 1. Let b e (0,4/9]. Take xo = 1 and yo € T(xo) = {1/3}. Notice that c € (0,1) and ¢ < b.
It is clear that

2c

8 4 2
Ao, T(Y0)) = 55 = o - 3£ 5 =cd(x0,y0); (3.9)

Case 2. Let b € (4/9,1). Put xo = 23/48 and yo = 1/12 € Txy = {1/12,131/432}. It follows
that

19b 4 19 19

bd(xo,%0) = 4o %9 35 = 198 =/ (X0)

(3.10)
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Set xg = 23/48 and yo = 131/432 € Txg = {1/12,131/432}. Note that c € (0,1) and ¢ < b. It is
easy to verify that

131 1 1312

152615 ,19c¢
aon T = |13~ o -

= 5508725108 = <4 (%0, 0)- (3.11)

That is, the conditions of Theorem 1.3 do not hold.
Put xp = 1/2 and yo = 23/48. Clearly

H(T(x0), T()) = o £ =

132518 cd(x0,0), VYece[0,1),

(3.12)

H(TC0), T(30) = oyt 27D e, o)), )

for any ¢ : (0,+00) — [0,1) with limsup, _,.¢(r) <1, for all t € R". That is, the conditions
of Theorems 1.1 and 1.2 do not hold.

Remark 3.3. If a(t) = \/¢p(t) and f(t) = ¢(t) for all t € [0, sup f(X)), then Theorem 2.1 changes
into a result, which is an extension of Theorem 1.6. The following example demonstrates that
Theorem 2.1 generalizes substantially Theorem 1.6.

Example 3.4. Let X = [0, 1] be endowed with the Euclidean metricd = |-|. Let T : X — CL(X)
be defined by

T(x) = . (3.13)

It is easy to see that
2
fx) =d(x,T(x)) = (3.14)

is T-orbitally lower semi-continuous in X and B = [0,sup f(X)] = [0,1/2]. Define a : B —
(0,1]and p: B — [0,1) by

15

uﬂzﬁ,ﬂmzi,teké} (3.15)
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Obviously,

limionfa(r) = L >0,
r—0*

19
(3.16)
B! 319 57 1>
1 — =lim — <1, t .
meupiis =limsup, 5= g < b€ oy

For x € [0,7/8) U (7/8,1], there exists y = x2/2 € T(x) = {x?/2} satisfying

a(f(x)d(x,y) =Lt<x— J;2> <x— ,;2> . 22 o,
' =;<x+§2><x—§2> (3.17)

8

X

fFy) =dy, (W) ="

<3 (x-3) Uy

For x = 7/8, there exists y = 2/5 € T (x) satisfying

15 19
a(f(x))d(x’y) = 19 40 = f(x)’
(3.18)

) =d@.T0) = (555 ) = 35 < 150 - Ziﬁ—ﬂ(ﬂxnd(x,y)

That is, the conditions of Theorem 2.1 are fulfilled. It follows from Theorem 2.1 that T has
a fixed point in X. However, Theorem 1.6 is inapplicable in ensuring the existence of fixed
points for the mapping T in X because there does not exist ¢ : R* — [a,1) and a € (0,1)
satisfying the assumptions of Theorem 1.6. In fact, for any ¢ : R* — [a,1) and a € (0,1), we
consider the following two possible cases.

Case 1. Let a € (225/361,1). Put xg = 7/8. Note that ¢(f(x)) C [a,1). If yo = 2/5 € Txp =
{1/2,2/5}, we see that

19 3\ .3
V() d(xo, o) = E\/‘f’(s>ﬁ8 - f(o). (6.19)
Ifyo=1/2 € Txg = {1/2,2/5}, then we infer that

1 1 3.3 /3
a0, 7)) = |, = 5| = 32525 ) =P ). (320)
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Case 2. Leta € (0,225/361]. Put xo = 7/8. Note that ¢(f(x9)) € [a,1). Suppose that
@ (f(x0)) € [a,225/361]. Let yo =1/2 € T(xp) = {1/2,2/5}. It is clear that

Ao, T()) = | - | = § = 4 ) (F ) dxo o). G2)

Take yo =2/5 € T(xo) = {1/2,2/5}. Obviously,

2 2 8 19 /3
A T) = |5 - 5| = getg00() o U)dGm).  G22)
Suppose that ¢(f(x9)) € (225/361,1). As in the proof of Case 1 stated first, we conclude

similarly the conclusion of Case 1 stated after then. Therefore, the assumptions of Theorem 1.6
do not hold.

Remark 3.5. The following example is an application of Theorem 2.2.

Example 3.6. Let X = [0, 1] be endowed with the Euclidean metricd = |-|. Let T : X — CL(X)

be defined by
x? 23 23
{3}, XE[OIE)U<E,1:|,
T(x) =

(3.23)
ERR AN
2wl Tw
It is easy to see that
d(x, T(x)) = _x eo§>u<§1
x/ X =X 3 7 X 7 4:8 48/ 7
flx) = (3.24)
1 _
3’ ST
is T-orbitally lower semi-continuous in X and B = [0,2/3]. Define ¢ : B — (0,1) by
1 13t 2
p(t) = max{ 99 }, te [O, 3]. (3.25)
Clearly,
o o 1 13t 1
hrrrlbr)fgo(r) = hrrrlg\fmax{g,?} =9 >0,
(3.26)

limsupp(r) <1, te [O,;).

r—tt
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For (x,y) € ([0,1] \ {23/48}) x T(x), we infer that

x4

f(y) =d(y.T(y)) = ‘J;z ik

smaxy o, 5 (¥, x

= p(f(x))d(x,).
For (x,y) = (23/48,1/12) € X x T(x), we conclude that

11

35 247 13 19

For (x,y) = (23/48,1/24) € X x T(x), we obtain that

1 1

71 273 _ 13 21
f(y)=d(y.T(y)) = 24 N Ye

For (x,y) = (23/48,7/48) € X x T(x), we get that

172

fly) =d(y,T(y)) = E s 959 13 _13 1

=432 <106 27 15~ LU DA Y).

= 1728 <1206 ~ 27 18~ YU ()d(xy).

=0 <81~ 27 3= v(f)dxy).

15

(3.27)

(3.28)

(3.29)

(3.30)

Therefore, all assumptions of Theorem 2.2 are satisfied. It follows from Theorem 2.2 that T

has a fixed point in X.

Remark 3.7. If a(t) =1 and B(t) = ¢(t) for all f € [0, diam(X)), then Theorem 2.3 comes down
to a result, which extends Theorem 1.5. The following example shows that Theorem 2.3 is a

genuine generalization of Theorem 1.5.

Example 3.8. Let X = R* be endowed with the Euclidean metric d = |

CL(X),a:R" — (0,1],and g: R* — [0,1) by
T(x) = {’3‘} U[Bx,+), xeX,
4
a) =1, pt)=,, e,

respectively. Clearly, A = [0, +o0) and

f(x) =d(x,Tx) = x - ;‘ = 2?" Vx € X,

-|. Define T : X —

(3.31)

(3.32)
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is continuous in X. Note that for each x € X there exists y = x/3 € T(x) such that

w(@d(xy)d(ry) =1+ (x-3 ) = 5 = f@),
(3.33)

) =aly Ty) =% — 5 =20 < 0 2 = pd(x y))d(xy).

O

It is easy to verify that the assumptions of Theorem 2.3 are satisfied. Consequently,
Theorem 2.3 guarantees that T has a fixed point in X. But T does not satisfy the conditions of
Theorem 1.5 because T (x) is not compact for all x € X.

Remark 3.9. In case a(t) = b and f(t) = ¢(t) for all f € [0, diam(X)), then Theorem 2.3 reduces
to a result, which extends Theorem 1.4. The following example reveals that Theorem 2.3
generalizes properly Theorem 1.4.

Example 3.10. Let (X, d) and T be as in example 3.1. Clearly,

2 b2
L R T T
F(x) = d(x, T(x)) = (3.34)
19 2
108 Y718

is T-orbitally lower semi-continuous in X and A = [0,1]. Definea: A — (0,1]and f: A —
[0,1) by

3

p(t) = max{%, 23t }, te[0,1].

It is easy to verify that a is nondecreasing and
0 < lim itnfa(r) = (3.36)
r—tt

For t € [0,3/22), we have

. pr) .. 1 10 10
hIrnj:pm = hIrlLstlilpﬁ T=11< 1. (3.37)



Fixed Point Theory and Applications 17

For t € [3/22,1), we infer that

hmsupﬁ( r) = lim up23r i = 2 <1 (3.38)

r—tt ( ) r—t* 3

For x € [0,23/48) U (23/48, 1], there exists y = x*>/3 € T(x) satisfying
2 2 2
a(@d(xy))d(xy) =a( x-" J(x-7 ) <x-" = f(x),
3 3 3
x

s =ty =[5 3|3+ 5) (+-3) 539)

3 27
1 2 x?
Smax{ﬁ,3<x— 3>}d(x,y)

= p(d(x,y))d(x,y)-

For x = 23/48, there exists y = 1/12 € T(x), satisfying

a(d(6,1))d(5, ) = 32 4o < 108 = F00,

(3.40)

PO =d@.T0) = (T3 150) = am <36 = 73" 35 = P ) y).

That is, the conditions of Theorem 2.3 are fulfilled. It follows from Theorem 2.3 that T has a
fixed point in X. However, we cannot use Theorem 1.4 to show that the mapping T has a fixed
point in X since there does not exist b € (0,1) and ¢ : R* — [0, ) satisfying the assumptions
in Theorem 1.4. In fact, for any b € (0,1) and ¢ : R* — [0, b), we consider two possible cases
as follows.

Case 1. Let b e (0,4/9]. Take xo = 1 and yy € T(x9) = {1/3}. Note that ¢(d(xo,y0)) < b. It is
clear that

A, T()) = 57 = o - 529(@00,0)) 3 = 9(@d(oy))d (o vo). (41

Case 2. Let b e (4/9,1). Put xo = 23/48 and yo = 1/12 € Txy = {1/12,131/432}. It follows
that

19b 4 19 19

bd(xo,%0) = 4o #4935 = 198 = /(X0

(3.42)
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Let xo = 23/48 and yo = 131/432 € Txo = {1/12,131/432}. Note that ¢(d(xo,10)) < b. It is
easy to verify that

131 1 1312

152615
d(yO/T(yO)) = ‘432 - 3 ’ @ =

19
= rog72 20 (d(%0,10)) 1 06 = ¢ (d(xX0,30))d (X0, y0)- (343)

Therefore, the assumptions of Theorem 1.4 are not satisfied.
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