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The purpose of this paper is to introduce and consider a general implicit iterative process which
includes Schu’s explicit iterative processes and Sun’s implicit iterative processes as special cases for

a finite family of generalized asymptotically quasi-nonexpansive mappings. Strong convergence of
the purposed iterative process is obtained in the framework of real Banach spaces.

1. Introduction and Preliminaries

Let E be a real Banach space and Ug = {x € E : ||x|| = 1}. E is said to be uniformly convex if for
any € € (0,2] there exists 6 > 0 such that for any x, y € UE,

ty

||x - v|| > e implies <1-6. (1.1)

It is known that a uniformly convex Banach space is reflexive and strictly convex.
Let C be a nonempty closed and convex subset of a Banach space E. Let T : C — C be
a mapping. Denote by F(T) the fixed point set of T.
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Recall that T is said to be nonexpansive if

|Tx-Ty|| < ||x-vy|, VYxyeC. (1.2)

T is said to be quasi-nonexpansive if F(T) # @ and

|Tx-y|| <||x-v|, VYxeC yeFT). (1.3)

A nonexpansive mapping with a nonempty fixed point set is quasi-nonexpansive; however,
the inverse may be not true. See the following example [1].

Example 1.1. Let E = R and define a mappingby T : E — E by

x 1

sin if x#0,

Tx=42 x (1.4)
0 if x=0.

Then T is quasi-nonexpansive but not nonexpansive.

T is said to be asymptotically nonexpansive if there exists a positive sequence {k,} C
[1,0) with k, — 1asn — oo such that

IT"x ~T"y|| < knllx ~y

, Yx,yeC n>1 (1.5)

It is easy to see that every nonexpansive mapping is asymptotically nonexpansive with
the asymptotical sequence {1}. The class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [2] in 1972. It is known that if C is a nonempty bounded
closed convex subset of a uniformly convex Banach space E, then every asymptotically
nonexpansive mapping on C has a fixed point. Further, the set F(T) of fixed points of T is
closed and convex. Since 1972, a host of authors have studied weak and strong convergence
problems of implicit iterative processes for such a class of mappings.

T is said to be asymptotically quasi-nonexpansive if F(T) # @, and there exists a positive
sequence {k,} C [1,00) with k, — 1asn — oo such that

[IT"x =yl < knllx v

, VYxeCyeFT),n>1 (1.6)

T is said to be asymptotically nonexpansive in the intermediate sense if it is continuous and
the following inequality holds:

tim supsup (|77 - Ty - [lx - ]) <0. 0

n—o x,yeC

Putting ¢, = max{0,sup, ,.c(IT"x - T"y| - |lx - y|)}, we see that §, — Oasn — oo. Then
(1.7) is reduced to the following;:

|T"x-T"y|| < |lx-y|| +é, VYx,yeC n>1 (1.8)
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The class of asymptotically nonexpansive mappings in the intermediate sense was introduced
by Kirk [3] (see also Bruck et al. [4]) as a generalization of the class of asymptotically
nonexpansive mappings. It is known that if C is a nonempty closed convex and bounded
subset of a real Hilbert space, then every asymptotically nonexpansive self-mapping in the
intermediate sense has a fixed point; see [5] more details.

T is said to be asymptotically quasi-nonexpansive in the intermediate sense if it is
continuous, F(T) # 0, and the following inequality holds:

imsup sup (| y| - <~y <0 19)

n—ow xeC,yeF(

Putting ¢, = max{0, supxec/yep(T)(HT"x -yll-1llx-yl)}, we see that §, — Oasn — oo. Then
(1.9) is reduced to the following:

IT"x-y|| <||x-y| +é, VxeC yeF(T), n>1. (1.10)

T is said to be generalized asymptotically nonexpansive if there exist two positive
sequences {k,} C [1,00) with k, — 1 and {¢,} C [0,00) with ¢, — 0asn — oo such
that

|T"x = T"y|| < knl||lx —y|| +& Vx,yeC n>1 (1.11)

It is easy to see that the class of generalized asymptotically nonexpansive includes the class
of asymptotically nonexpansive as a special case.

T is said to be generalized asymptotically quasi-nonexpansive if F(T) #0, and there exist
two positive sequences {k,} C [1,00) with k, — 1and {¢,} C [0,00) with¢, — Oasn — oo
such that

|T"x - y|| < kn||lx-y| +&, VxeC yeF(T), n>1. (1.12)

The class of generalized asymptotically quasi-nonexpansive was considered by Shahzad and
Zegeye [6]; see [6, 7] for more details.

Recall that the modified Mann iteration which was introduced by Schu [8] generates
a sequence {x,} in the following manner:

x1€C, xp1=0-ap)xp+a,T"x,, Vn>1, (1.13)

where {a,} is a sequence in the interval (0,1) and T:C — C is an asymptotically
nonexpansive mapping.
In 1991, Schu [8] obtained the following results.

Theorem Schu 1. Let E be a uniformly convex Banach space, #C C E closed bounded and
convex, and T : C — C asymptotically nonexpansive with sequence {k,} C [1,00) for which
S (ky —1) < o0 and {ay,} € [0,1] is bounded away. Let {x,} be a sequence generated in (1.13).
Then lim,, , o ||, — Txy|| = 0.
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Theorem Schu 2. Let E be a uniformly convex Banach space, § # C C E closed bounded and convex,
and T : C — C asymptotically nonexpansive with sequence {k,} C [1, co) for which >,5> 1 (k,—1) <
oo and {a,} € [0,1] is bounded away. Let {x,} be a sequence generated in (1.13). Suppose that T™
is compact for some positive integer m > 1. Then the sequence {x,} converges strongly to some fixed
point of T.

Theorem Schu 3. Let E be a uniformly convex Banach space, § # C C E closed bounded and convex,
and T : C — C asymptotically nonexpansive with sequence {k,} C [1, co) for which >,;> 1 (k,—1) <
oo and {a,} € [0,1] is bounded away. Let {x,} be a sequence generated in (1.13). Suppose that there
exists a nonempty compact and convex subset K of E and A € (0,1) such that

d(Tx,K) < Md(x,K), VYxeC. (1.14)

Then the sequence {x,} converges strongly to some fixed point of T.

In 2007, Shahzad and Zegeye [6] considered the following implicit iterative process for
a finite family of generalized asymptotically quasi-nonexpansive mappings {T:, I, ..., Tn}:

x1=a1x0 + (1 — 1) Thxy,

xp = aox1 + (1= ap)Toxa,
xN = anxn-1 + (1 —an)Tnxn,
XN+ = anaxn + (1 - an) Tr XN, (1.15)

2
XN = aanXon-1 + (1 — aan) T XN,

_ 3
XN+ = N+ XN + (1 — aons) Ty XoN+,

where xq is the initial value and {a,} is a sequence (0,1). Since for each n > 1, it can be
written as n = (h —1)N + i, where i = i(n) € {1,2,...,N}, h = h(n) > 1is a positive integer,
and h(n) — oo asn — oo. Hence the above table can be rewritten in the following compact

form:

X = tpXnr + ATy X, Y21 (1.16)

We remark that the implicit iterative process (1.16) was first considered by Sun [9]; see [9]
for more details.
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Shahzad and Zegeye [6] obtained the following results.

Theorem SZ 1. Let E be a real uniformly convex Banach space and C be a nonempty closed convex
subset of E. Let {T; : i € J}, where ] = {1,2,...,N}, be N uniformly Lipschitz, generalized
asymptotically quasi-nonexpansive self-mappings of C with {ki,} C [1,00), {&.} C [0, o0) such that
3% (kin—1) < coand 350, &in < oo for alli € J. Suppose that F = Y, F(T;) # @ and there exists one
member T in {T; : i € ]} which is either semicompact or satisfies condition (C). Let {a,} C [6,1 - 6]
for some 6 € (0,1). From arbitrary x, € C, define the sequence {x,} by (1.16). Then {x,} converges
strongly to a common fixed point of the mappings {T; : i € J}.

Theorem SZ 2. Let E be a real uniformly convex Banach space and C a nonemptyclosed convex
subset of E. Let {T; : i € J}, where ] = {1,2,...,N}, be N generalized asymptotically quasi-
nonexpansive self-mappings of C with {ki,} C [1,00), {&n} C [0, 00) such that > 1 (kin — 1) < oo
and 3% &in < oo forall i € J. Suppose that F = Y F(T;) #0 is closed. Let {a,)} C [6,1 - 6] for
some & € (0,1). From arbitrary x1 € C, define the sequence {x,} by (1.16). Then {x,} converges
strongly to a common fixed point of the mappings (T; : i € J} if and only if iminf, ., ,d(x,, F) =

In this paper, motivated by the above results, we consider the following implicit
iterative process for two finite families of generalized asymptotically quasi-nonexpansive
mappings {S1,S2,...,Sn} and {T1, Ty, ..., TN }:

x1 = a1x0 + f1S1x0 + 1Tix1 + 6114,

X2 = aox1 + o Soxt + Y Toxo + Soun,

XN = ANXN-1 + PNSNXN-1 + YNTNXN + ONUN,

2 2
XN+1 = AN+1XN + PN+1STIN + YN T XN+1 + ON+1UN+1, (1.17)

2 2
XoN = ONXoN-1 + Pan Sy Xon-1 + anT i Xon + Oan1ioN,

3 3
XoN+1 = A2N+1X2N + Pon+1S7X0N + Yan+1 Ty Xone1 + Oanv1UaN+1,

where xj is the initial value, {u,} is a bounded sequence in C, and {a,}, {fn}, {yx}, and {6,}
are sequences (0, 1) such that a,, + , + y» + 6, = 1 for each n > 1. Since for each n 2 1, it can
be writtenasn = (h—1)N +i, wherei =i(n) € {1,2,..., N}, h = h(n) > 1is a positive integer
and h(n) — oo asn — oo. Hence the above table can be rewritten in the following compact
form:

Xpn = AnXp-1 + PnS I(n))xn 1+ YT, )xn +O6plty, Yn>1. (1.18)
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We remark that our implicit iterative process (1.18) which includes the explicit iterative
process (1.13) and the implicit iterative process (1.16) as special cases is general.

If S; = I, where I denotes the identity mapping, for each i € {1,2,..., N}, then the
implicit iterative process (1.18) is reduced to the following implicit iterative process:

Xn = (8 + Pu)Xn1 + YuTjquy Xn + Guthy, Y > 1. (1.19)

If T; = I, where I denotes the identity mapping, for each i € {1,2,..., N}, then the
implicit iterative process (1.18) is reduced to the following explicit iterative process:

o)
n Xpq + b Sy 2w Wn> 1. (1.20)

xn:l_Yn 1_Yn i) 1_Yn

The purpose of this paper is to study the convergence of the implicit iteration process
(1.18) for two finite families of generalized asymptotically quasi-nonexpansive mappings.
Strong convergence theorems are obtained in the framework of real Banach spaces. The
results presented in this paper improve and extend the corresponding results in Shahzad
and Zegeye [6], Sun [9], Chang et al. [10], Chidume and Shahzad [11], Guo and Cho [12],
Kim et al. [13], Qin et al. [14], Thianwan and Suantai [15], Xu and Ori [16], and Zhou and
Chang [17].

In order to prove our main results, we also need the following lemmas.

Lemma 1.2 (see [18]). Let {rn}, {sn}, and {t,} be three nonnegative sequences satisfying the
following condition:

Tl S (L+8,)rn +t,, VYn>ng, (1.21)

where ng is some positive integer. If 3771 s, < 00 and > ;o by < oo, then limy,_, o, 1y exists.

Lemma 1.3 (see [19]). Let E be a real uniformly convex Banach space, s > 0 a positive number,
and Bg(0) a closed ball of E. Then there exists a continuous, strictly increasing, and convex function
g:[0,00) — [0, 00) with g(0) = 0 such that

||ax + by + cz + dw||” < a||x|* + b||y]||* + c|lz|* + d]jw|]? - abg(||x - v]|) (1.22)

forall x,y,z,w € Bs(0) = {x € E: ||x|| <s}and a,b,c,d € [0,1] such thata+b+c+d=1.

2. Main Results

Lemma 2.1. Let E be a real uniformly convex Banach space and C a nonempty closed convex subset
of E. Let T; : C — C be a uniformly L ;-Lipschitz and generalized asymptotically quasi-nonexpansive
mapping with sequences {ky;;} C [1,00) and {&,,:} C [0,00) such that 371 (knsi — 1) < oo and
Siénti < ooforeachl <i < Nand S; : C — C a uniformly Ls;-Lipschitz and generalized
asymptotically quasi-nonexpansive mapping with sequences {kys;} C [1,00) and {é,s:} C [0, 00)
such that Y57 (kysi — 1) < oo and X771 énsi < oo for each 1 < i < N. Assume that F =
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NN F(T;) NNY,F(S;) is nonempty. Let {u,} be a bounded sequence in C, k, = max{knz, kns},
where kyy = max{kp:; : 1 <i < N}and k, s = max{k,s;:1<i< N}andé, = max{&,t éns},
where &y = max{&,si 11 <i < N}and ¢, s = max{&usi: 1 <i < NY. Let {an), {Bu}, {yn}, and
{61} be sequences in (0,1) such that ay, + fp + yu + 6, = 1 for each n > 1. Let {x,} be a sequence
generated in (1.18). Assume that the following restrictions are satisfied:

(a) there exist constants a,b,c,d € (0,1) such that a < ay, b < P, and ¢ <y, <d <1/Ly,
where Ly = max{L;; : 1 <i < N}, foralln > 1;

(b) 221 6n < 0.

Then

;}ilr;o||xn —Trx,|| = ;111320||xn -5:x,|=0, Vre{l,2,...,N}. (2.1)

Proof . First, we show that the sequence {x,} generated in (1.18) is well defined. For each
n > 1, define a mapping C,, : C — C as follows:

CoX = ctpXn1 + St Xn1 + YuTjy X + Spttn, V€ C. (22)

Notice that

T Ty |

1Cnx = Cay || < ¥ || Tigy X = iy

(2.3)
< dLl|lx -y

, Yx,yeC.

From the restriction (a), we see that C, is a contraction for each n > 1. From Banach
contraction mapping principle, we can prove that the sequence {x,} generated in (1.18) is
well defined.

Fixing p € F, we see that

Sh(n)

0 = pI| < ullxu-t = pll + B[ Siy %1 = p|| + ¥ | Ty 0 = p|| + 65 10n -

< an|2xn-1 = pl| + Bu(knony [ X1 = Pl + &new) + Y (ki |20 = pI| + Ehiny)
+ 6 |lun - pl| (24)
< (an + Buknny) |01 = || + (1= an = Bu) knewy || 20 = p|| + 2800

+ Gl = p.

Notice that >,;2;(k, — 1) < oo. We see from the restrictions (a) and (b) that there exists a
positive integer 1y such that

(1-an—Pu)knmy <R<1, Vn>ny, (2.5)
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where R=(1-(a+b))(1+(a+b)/(2-2(a+D))). It follows from (2.4) that

Oy +ﬂnkh(n) 611
Xn — < Xp-1 — + U, —
” P” 1_ (1 —a, - ﬂn)kh(n) ” 1 P” 1- (1 _a, _ﬂn>kh(n) ” P”
Zéh (n)

1—(1 an — Pn)Kn(n)

(2.6)
Kn(n) 28n(n)
< (10 O sl + 7 222

k -1
< (1 + %)uxn_l —pll + M (60 + Ehn), Yn 2 mo,

where M is an appropriate constant such that My = max{sup, ., {|lu.—pl|l/(1-R)},2/(1-R)}.
In view of the restrictions (a) and (b), we obtain from Lemma 1.2 that lim,, _, o, ||x, — p|| exists.
It follows that the sequence {x,} is bounded. In view of Lemma 1.3, we see that

len = pII* < an[l2s = plI* + B

I(n)xnl_P” +Yn xn P”

+6"”u" _pllz - a"ﬂng<||szh(§1))xn 1~ Xn-1

D

< aty || xn1 = pII” + Bu (ki | X1 = pI| + &) + Y (ki | %0 = || + Emy)?

)

< anllxis =l + B (K s~ I + ey + 2k v —pl)  27)

o R

(K =PI + 5+ 2 - )

)

2 2
< <“n + ﬁnk;zzm)) l|2¢n-1 = p|” + Ynk;zzm) |22 = p||” + 25121(11)

where M, and M3 are appropriate constants such that My = sup,., {|[x» — pll + [[xn-1 - pll}
and M3 = sup,. {|lun - p||2}. This implies that

< (@ + ik (s =PI = Nl =pIP) + (Ko = D)l —pl> - 28)
+ 28 ) + 2kn(nénen Mz + 6, M.

R

h
+ 2kh(n)‘_zh(n)]\/fz +06,M3 - anﬁng<” Si((nn))xn—l - xn—1|

anﬂng<”51<n) Xn-1 — Xn-1
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In view of the restrictions (a) and (b), we obtain that

lim g(||sj‘(§1’§>xn,1 — X1 ||> = 0. (2.9)

n—oo

Since g : [0,00) — [0,00) is a continuous, strictly increasing, and convex function with
2(0) =0, we obtain that

Tim ||s?<§;§>xn,1 — Xp1 | = 0. (2.10)
Next, we show that
Tim |T1.'Zfl’;)xn — Xp1 || = 0. (2.11)
From Lemma 1.3, we also see that
= pI* < @ullzacs = pI* + B[ SE s ||+ ya| T~ |

+ 6l = pII” = aayug (|| Ty %0 = 20 )

< | %n1 = pII” + BuCnen 11 = Il + &) + Y (ko [ = 1| + &)
Gl = I = anpng (|75 30 = 0 )

< aty|xn1 = p||” + B (kfzm) 1201 =PI + &y + 2Ky & |01 P||> (2.12)
43 (Ko 10 =PI + 80y + 2kncdncn |0 = )
+ 60l = I - anvag (|| Ty 0 = x|

s <a" * ﬂ"ki(n)> lloen-1 - Pllz + Ynki(n) [|xn - P”z + 2'§P21(n)

)

+ 2kh(n)§h(n)M2 + 6, M3 — anYng<||Ti’E,(:)l)xn — Xn-1

This implies that

)
< (w0 k) (I I = = pIP) + (i - V)l -pl - @19)

+ Zé;zl(n) + Zkh(n)éh(n)Mz + 6, Ms3.

h
anyng<||Ti(,(1’;)xn - Xp1
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In view of the restrictions (a) and (b), we obtain that

. h(n)
Jim g ([ 0 = -

|) - 0. (2.14)

Since g : [0,00) — [0,00) is a continuous, strictly increasing, and convex function with
g2(0) = 0, we obtain that (2.11) holds. Notice that

h(n)
Si(n)

h
[l = 21| < | Xpo1 — Xn-1 ” + ”Ti(f:)’)xn - Xp1 ” + Oplltn — xp-1]|- (2.15)

In view of (2.10) and (2.11), we see from the restriction (b) that

nh—I};o llxn — x4-1]| =0, (2.16)
which implies that
lim ||x, —xnj|| =0, Vj€{1,2,...,N}. (2.17)

n— oo

Since for any positive integer n > N, it can be written as n = (h(n) — 1)N + i(n), where
i(n) € {1,2,..., N}, observe that

h
+ ||Ti($)xn —Toxy

h
”xn—l - Tnxn“ < | Xn-1— Ti(,(:;)xn

h h(n)-1
< | Xn-1 — Ti(,(:)l)xn + Lt”Ti(:;) Xn — Xn
< | X1 — Tffff;)xn (2.18)

h(n)-1 h(n)-1 h(n)-1
- Lt<”Ti($) Xn = Ti(fqri)N)x"_N” * ||Ti(ftn—)N)xn_N — X(n-N)-1 ||

| x-ny-1 = 2xa])-

Since for eachn > N, n = (n — N)(mod N), on the other hand, we obtain from n = (h(n) —
1)N +i(n) thatn— N = (h(n) = 1) =1)N +i(n) = (h(n — N) = 1)N +i(n— N). That is,

h(n—N)=h(n)-1, i(n— N) =i(n). (2.19)
Notice that
h(n)-1 h(n)-1 _ h(n)-1 h(n)-1
| Ty Xn— Ti(n—N)x"‘N” = ||Ti(n) Xn = Ty xn—N”
< Lillxn = xn-nN1l, (2.20)

h(n)-1 h(n-N
||Ti(£:)N)xn—N — X(n-N)-1 || = ||Ti($zN))xn—N — X(n-N)-1 ||



Fixed Point Theory and Applications 11

Substituting (2.20) into (2.18), we arrive at

12¢n-1 = Tl < |[2n-1 — Ti’z,(:)l)xn
(2.21)
+L; (Lt”xn - xn—N” + ||Tl‘;z£::ir\;)xn—N — X(n-N)-1 || + ”x(n—N)—l - xn”>‘
In view of (2.11) and (2.17), we obtain that
lim ||xy-1 — Txy|| = 0. (2.22)
n— oo
Notice that
130 = Tuxnll < [[xn = Xpa || + [|2n-1 = Tuxnl|- (2.23)
It follows from (2.16) and (2.22) that
lim ||x, — T,x,|| = 0. (2.24)
n— oo
Notice that
[120 = Towejocn || < [l = x| + l1nsj = T2 | + | Toesjnej = Tl (225
< (1 + Lt)||xn - xn+]-|| + ”anr]' - Tn+]-xn+]- , V] € {1,2,. . ,N}
From (2.17) and (2.24), we arrive at
nlglgo lxn = Toejxn|| =0, Vje({1,2,...,N}. (2.26)

Note that any subsequence of a convergent number sequence converges to the same limit.
It follows that

nliir;o||xn -Tyxy||=0, Vre{l,2,...,N}. (2.27)

Letting Ly = max{Ls;: 1 <i < N}, we have

h
||Sl.((n"))x,1 - Xp1

h h h
[ R -

(2.28)
< Lellon = x| + || i 01 = -1 .
In view of (2.10) and (2.16), we see that
. h(n) _
nh_r)r;O”Si(n) Xy — Xp-1 ” =0. (2.29)
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Observe that

h
llxn-1 = Snxn-1ll < | Xn-1— Si((nn))xn—l

h
s x-S |

< | Xp-1 — S:Z((nn))xn—l | + L 5?((:))_195;1—1 - Xn-1 ”
< ||t = Sl xna| (2:30)
L[5 5 =S S |
+[|x-ny-1=xna[])-
In view of
BTN [ T SO SN
< Lsllxp-1 = xn-n I, (2.31)

h(n-N)
Sitn-N) Xn-N = X(n-N)-1

h(n)-1
||51-((:,)N)xn—N = X(n-N)-1 ” = |

7

we arrive at

h(n)

”xn—l - Snxn—lll < | Xp-1— Si(n) Xn-1 ||

h(n-N
+Ls (Lstn—l - Xn-N|l+ ||Si(sqn,N))xn—N — X(n-N)-1 ” + || n-ny-1 — xna ||>

(2.32)
In view of (2.10), (2.17), and (2.29), we obtain that
nlgr;o |xn-1 — Spxp-1|| = 0. (2.33)
Notice that
”xn - Snxn” < ”xn - xn—l” + ”xn—l - Snxn—ln + ”Snxn—l - Snxn”
(2.34)
< (1 + Lo)|loxn = xpa || + [12%n-1 — Spxnal|-
From (2.16) and (2.33), we see that
Jim {|x, = S| = 0. (2.35)
On the other hand, we have
|30 = Snjoxull < [|2n = Xnsjl| + |2nj = SnajXnss || + [|SnejXnej = Suejxal| 236

< (1 + Ls) ”xn - xn+j ” + ||xn+j - Sn+jxn+j

, Vjie{1,2,...,N}.
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It follows from (2.17) and (2.35) that

nlgr;o |xn = Snejxul| =0, Vje{1,2,...,N}. (2.37)

Note that any subsequence of a convergent number sequence converges to the same limit. It
follows that

lim [lx, = S,xall =0, Vre({1,2,...,N). (2.38)

This completes the proof. I

Recall thata mapping T : C — Cissaid to be semicompact if for any bounded sequence
{xn} in C such that ||x, — Tx,|| — 0asn — oo, then there exists a subsequence {x,,} C {x,}
such that x,, — x € C.

Next, we give strong convergence theorems with the help of the semicompactness.

Theorem 2.2. Let E be a real uniformly convex Banach space and C a nonempty closed convex subset
of E. Let T; : C — C be a uniformly L ;-Lipschitz and generalized asymptotically quasi-nonexpansive
mapping with sequences {kyi} C [1,00) and {&ui} C [0, 00) such that 3771 (kpti — 1) < oo
and 77 énti < oo foreach 1 < i < N, and let S; : C — C be a uniformly L ;-Lipschitz
and generalized asymptotically quasi-nonexpansive mapping with sequences {k,s;} C [1,00) and
{&nsi} C [0, 00) such that 3,771 (kpsi—1) < ooand 3,77 &nsi < oo foreach 1 < i < N. Assume that
F = ﬂﬁlF(Ti) N ﬁﬁlF(Si) is nonempty. Let {u,} be a bounded sequence in C, k, = max{kny, kn,s},
where ky; = max{k,;;: 1 <i< N}and kys = max{k,s;:1<i< N}and ¢, = max{&u, éns},
where &,y = max{&ui: 1 <i < N}and ¢, s = max{énsi:1<i <N} Let {a,}, {Bn}, {yn}, and
{61} be sequences in (0,1) such that ay, + Bp + Yu + 6n = 1 for each n > 1. Let {x,} be a sequence
generated in (1.18). Assume that the following restrictions are satisfied:

(a) there exist constants a,b,c,d € (0,1) such that a < ay, b < P, and ¢ <y, <d <1/Ly,
where Ly = max{L;; : 1 <i < N}, foralln > 1;

(b) 352, 6 < o0.

Ifoneof {S1,S2,..., SN} oroneof {T1, Ty, ..., TN} is semicompact, then the sequence {x,} converges
strongly to some point in F.

Proof. Without loss of generality, we may assume that S; is semicompact. From (2.38), we
see that there exits a subsequence {x,,} of {x,} converging strongly to x € C. For each r €
{1,2,...,N}, we get that

llx = Srxl| < [loe = X[l + 10, = Sr2n || + [SrXn; = Srx]|. (2.39)

Since S, is Lipshcitz continuous, we obtain from (2.38) that x € ﬁi\i 1F(S;). Notice that

[l = Trax[| < flx = 2| + %0, = Trn || + [Ty, = Trx||- (2.40)

Since T, is Lipshcitz continuous, we obtain from (2.27) that x € ﬁjr\i F(T;). This means that
x € F. In view of Lemma 2.1, we obtain that lim,,_, .. ||x,, — x|| exists. Therefore, we can obtain
the desired conclusion immediately. [l
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If S; = I, where I denotes the identity mapping, for each i € {1,2,...,N}, then
Theorem 2.2 is reduced to the following.

Corollary 2.3. Let E be a real uniformly convex Banach space and C a nonempty closed convex subset
of E. Let T; : C — C be a uniformly L ;-Lipschitz and generalized asymptotically quasi-nonexpansive
mapping with sequences {ky;;i} C [1,00) and {&,1i} C [0,00) such that > ;7 (kyri — 1) < oo and
> énti < oo for each 1 < i < N. Assume that F = NN, F(T;) is nonempty. Let {u,} be a bounded
sequence in C, kyy = max{kys; : 1 <i < N}, and & = max{&,;i : 1 <1 < NY. Let {an}, {Bn},
{yn}, and {56, } be sequences in (0,1) such that a, + P + yn + 6, = 1 for each n > 1. Let {x,} be a
sequence generated in (1.19). Assume that the following restrictions are satisfied:

(a) there exist constants a,b,c € (0,1) such that a < a, + p, and b <y, < ¢ < 1/L;, where
Ly =max{L;; : 1<i< N}, foralln>1;

(b) 32y 64 < 00.

Ifoneof {T1, T, ..., Tn} is semicompact, then the sequence converges {x,} strongly to some point in
F.

If T; = I, where I denotes the identity mapping, for each i € {1,2,...,N}, then
Theorem 2.2 is reduced to the following.

Corollary 2.4. Let E be a real uniformly convex Banach space and C a nonempty closed convex subset
of E.Let S; : C — C be a uniformly L ;-Lipschitz and generalized asymptotically quasi-nonexpansive
mapping with sequences {kysi} C [1,00) and {&ns,i} C [0, 00) such that > 1 (knsi— 1) < oo and
S énsi < ooforeachl <i < N.Assume that F = ﬂﬁlF(Si) is nonempty. Let {u,} be a bounded
sequence in C, ks = max{kys;:1<i < N}and ¢, s = max{ési:1<i < NY. Let {an}, {Bn),
{yn}, and {6, } be sequences in (0,1) such that a, + P + yn + 6, = 1 for each n > 1. Let {x,} be a
sequence generated in (1.20). Assume that the following restrictions are satisfied:

(a) there exist constants a, b, c,d € (0,1) such that a < a,, b < By, and ¢ < yy, foralln > 1;
(b) 32, 64 < co.

Ifoneof {S1,S,,...,SN} is semicompact, then the sequence {x,} converges strongly to some point in
F.

In 2005, Chidume and Shahzad [11] introduced the following conception. Recall that
a family {T; }fﬁl :C - Cwith F = ﬁf.\zle(Ti) #0 is said to satisfy Condition (B) on C if there is
a nondecreasing function f : [0,00) — [0, 00) with f(0) = 0 and f(m) > 0 for all m € (0, o0)
such that for all x € C

max {|lx - Tix[|} > f(d(x, F)). (2.41)

Based on Condition (B), we introduced the following conception for two finite families
of mappings. Recall that two families {S;}Y; : C — Cand (T}}Y, : C — C with
F = ﬂf\zle SHN ﬂglF (T;) # 0 are said to satisfy Condition (B') on C if there is a nondecreasing
function f : [0,00) — [0, 00) with f(0) = 0 and f(m) > 0 for all m € (0, o) such that for all
xeC

max {[lx - Six||} + max{lx - Tox||} 2 f(d(x, F)). (2.42)
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Next, we give strong convergence theorems with the help of Condition (B').

Theorem 2.5. Let E be a real uniformly convex Banach space and C a nonempty closed convex subset
of E. Let T; : C — C be a uniformly L ;-Lipschitz and generalized asymptotically quasi-nonexpansive
mapping with sequences {kni} C [1,00) and {&nsi} C [0, 00) such that 3" (knti — 1) < oo
and Y71 &nti < oo foreach 1 < i < N, and let S; : C — C be a uniformly Lg;-Lipschitz
and generalized asymptotically quasi-nonexpansive mapping with sequences {k,s;} C [1,00) and
{&nsi} C [0, 00) such that 3>,7° 1 (kpsi—1) < ocoand 3,77 &nsi < oo foreach 1 < i < N. Assume that
F =nY F(T;) NnY,F(S;) is nonempty. Let {uy,} be a bounded sequence in C, ky = max{knz, kn,s},
where kyy = max{kp:; : 1 <i< N}and ks = max{k,s;:1<i< N}andé, = max{&,t éns},
where &,y = max{&ui 1 1 <i < N}and ¢, s = max{ési:1<i <N} Let {a,}, {Bn}, {yn}, and
{61} be sequences in (0,1) such that ay, + Bp + Yu + 6n = 1 for each n > 1. Let {x,} be a sequence
generated in (1.18). Assume that the following restrictions are satisfied:

(a) there exist constants a,b,c,d € (0,1) such that a < a, b < P, and ¢ <y, <d < 1/Ly,
where Ly = max{L;; : 1 <i < N}, foralln >1;

(b) 3%, 6, < oo.

If{51,S3,...,Sn}and {Th, Ty, ..., Tn'} satisfy Condition (B'), then the sequence converges strongly
to some point in F.

Proof. In view of Condition (B'), we obtain from (2.27) and (2.38) that f (d(x,, F)) — 0, which
implies d(x,, F) — 0. Next, we show that the sequence {x,} is Cauchy. In view of (2.6), for
any positive integers m, n, where m > n > ng, we see that

[l = Il < Bll2xw = pll + B D>, Mi(6i+&niy) + Mi(6m + &nim)), (2.43)

i=n+1
where B = exp{ 3,2 (knmy —1)/(1 = R)}. It follows that

1 = 2l <[]0 = P + [|2m = Pl

. (2.44)
<1 +B)||xn—p|| +B D, Mi(6i+éni) + Mi(Em + éhm))-

i=n+1

It follows that {x,} is a Cauchy sequence in C and so {x,} converges strongly to some g € C.
Since T, and S, are Lipschitz for each r € {1,2,..., N}, we see that F is closed. This in turn
implies that g € F. This completes the proof. I

If S; = I, where I denotes the identity mapping, for each i € {1,2,...,N}, then
Theorem 2.2 is reduced to the following.

Corollary 2.6. Let E be a real uniformly convex uniformly convex Banach space and C a nonempty
closed convex subset of E. Let T; : C — C be a uniformly Ly ;-Lipschitz and generalized asymptotically
quasi-nonexpansive mapping with sequences {k,;;} C [1,00) and {&,;i} C [0,00) such that
Soilknei —1) < ooand X771 ¢u1i < oo for each 1 < i < N. Assume that F = ﬂf.\zllF(T,-) is
nonempty. Let {u,} be a bounded sequence in C, k,; = max{kn:; : 1 < i < N} and where
Enp = max{&uei 1 1 < i < NY. Let {an}, {Bn}, {yn}, and {6,} be sequences in (0,1) such that
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p + Pu +Yn+ 6y =1 for each n > 1. Let {x,} be a sequence generated in (1.19). Assume that the
following restrictions are satisfied:

(a) there exist constants a,b,c € (0,1) such that a < a, + p, and b <y, < ¢ < 1/Ly, where
Ly =max{L;; : 1<i< N}, foralln>1;

(b) 221 6n < 0.

If {Th, Ty, ..., TN} satisfies Condition (B), then the sequence {x,} converges strongly to some point
in F.

If T; = I, where I denotes the identity mapping, for each i € {1,2,...,N}, then
Theorem 2.2 is reduced to the following.

Corollary 2.7. Let E be a real uniformly convex Banach space and C a nonempty closed convex subset
of E.Let S; : C — C bea uniformly L ;-Lipschitz and generalized asymptotically quasi-nonexpansive
mapping with sequences {kysi} C [1,00) and {&ns,i} C [0, 00) such that > 1 (knsi— 1) < oo and
S énsi < ooforeachl <i < N. Assume that F = ﬁf.\zllF (Si) is nonempty. Let {u,} be a bounded
sequence in C, kns = max{kys;:1<i < N}, and &, s = max{énsi: 1 <i < NY. Let {an}, {Bn),
{yn}, and {6, } be sequences in (0,1) such that a, + P + yn + 6, = 1 for each n > 1. Let {x,} be a
sequence generated in (1.20). Assume that the following restrictions are satisfied:

(a) there exist constants a, b, c,d € (0,1) such that a < a,, b < B, and ¢ <y, foralln > 1;
(b) X721 64 < 0.

If {S1,So,..., SN} satisfies Condition (B), then the sequence {x,} converges strongly to some point
inF.

Finally, we give a strong convergence theorem criterion.

Theorem 2.8. Let E be a real Banach space and C a nonempty closed convex subset of E. Let
T; : C — C be a uniformly Ly;-Lipschitz and generalized asymptotically quasi-nonexpansive
mapping with sequences {kni} C [1,00) and {&nsi} C [0, 00) such that 32 (knti — 1) < oo
and Y71 ¢&nti < oo foreach 1 < i < N, and let S; : C — C be a uniformly Lg;-Lipschitz
and generalized asymptotically quasi-nonexpansive mapping with sequences {k,s;} C [1,00) and
{&nsi} C [0, 00) such that 3,77 (knsi—1) < ocoand 3,77 &nsi < oo foreach 1 < i < N. Assume that
F =nY F(T;) NnY,F(S;) is nonempty. Let {uy,} be a bounded sequence in C, ky = max{knz, kn,s},
where kyp = max{ky;;: 1 <i< NY}and ky,s = max{k,s;:1<i< N}and ¢, = max{&u, éns},
where é&,p = max{&ui: 1 <i < N}and ¢, s = max{ési:1<i< N} Let {a,}, {Bn}, {yn}, and
{61} be sequences in (0,1) such that ay, + Bp + Yu + 6n = 1 for each n > 1. Let {x,} be a sequence
generated in (1.18). Assume that the following restrictions are satisfied:

(a) there exist constants a,b,c,d € (0,1) such that a < ay, b < P, and ¢ <y, <d < 1/Ly,
where Ly =max{L;; : 1 <i < N}, foralln >1;

(b) 32, 6, < 0.

Then {x,} converges strongly to some point in F if and only if liminf, _, o, d(x,, F) = 0.

Proof. The necessity is obvious. We only show the sufficiency. Assume that

liminfd(x,, ¥) = 0. (2.45)



Fixed Point Theory and Applications 17

For each p € F, we see that

1a = pl| < allus = pll + | it %0 = | + 10 | Ty o = | + Bl =
< an|xn-1 = pl| + Pu(knin || Xn-1 = p| + éh(n)) + Yo (Knew || 0 = || + &nim)

+ O [|un - p|| (246)
< (etn + Puknew) | Xn-1 = p| + (1= an = Pu)kniw |0 = p | + 280

+ Onllun — xul.

Notice that >,;2;(k, — 1) < oo. We see from the restrictions (a) and (b) that there exists a
positive integer 1y such that

(1-an—Pu)knmy <R<1, Vn>ny, (2.47)

where R=(1-(a+b))(1+(a+b)/(2-2(a+Db))). Notice that the sequence {x,} is bounded.
It follows from (2.46) that

ay + Brknm) On
x, —pl| < Xn-1 — Pl +

2¢h(n)
1—(1 Xy — ﬂn)kh

llun — x|

(2.48)
Kn(n) 2
< (14 B0 el O+ 25
kh(n)—l
s\ g ) Ik =pll+ Ma(6u +Ghmy), - Y2,

where My is an appropriate constant such that My = max{sup,., {|[u» — xx[/(1 - R)},2/(1 -
R)}. In view of the restrictions (a) and (b), we obtain from Lemma 1.2 that lim,, _, o, d(x,, ¥)
exists. This implies that

r}ijr;od(xn, ¥)=0. (2.49)

In view of Theorem 2.5, we can conclude the desired conclusion easily. [

If S; = I, where I denotes the identity mapping, for each i € {1,2,...,N}, then
Theorem 2.2 is reduced to the following.

Corollary 2.9. Let E be a real Banach space and C a nonempty closed convex subset of E. Let T; :
C — C be a uniformly Ly;-Lipschitz and generalized asymptotically quasi-nonexpansive mapping
with sequences {ky;} C [1,00) and {&,i} C [0, 00) such that >0 (knii—1) < coand 307 énpi <
oo for each 1 < i < N. Assume that F = NN, F(T;) is nonempty. Let {uy,} be a bounded sequence in
C, kpy = max{ky;; : 1 <i < N} and where ¢,y = max{é,s; : 1 <i < NJ. Let {ay}, {Bu}, {yn}
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and {6,} be sequences in (0, 1) such that a, + fp + yn + 6, = 1 for each n > 1. Let {x,} be a sequence
generated in (1.19). Assume that the following restrictions are satisfied:

(a) there exist constants a,b,c € (0,1) such that a < a, + p, and b <y, < ¢ < 1/Ly, where
Ly =max{L;; : 1<i< N}, foralln>1;

(b) 221 6n < 0.

Then {x,} converges strongly to some point in F if and only if liminf, . d(x,, F) = 0.

If T; = I, where I denotes the identity mapping, for each i € {1,2,...,N}, then
Theorem 2.2 is reduced to the following.

Corollary 2.10. Let E be a real Banach space and C a nonempty closed convex subset of E. Let S; :
C — C be a uniformly Ls;-Lipschitz and generalized asymptotically quasi-nonexpansive mapping
with sequences {ky,si} C [1,00) and {¢,si} C [0, 00) such that 351 (kysi—1) < coand 71 éns,i <
oo foreach 1 <i < N. Assume that F = Y, F(S;) is nonempty. Let {uy} be a bounded sequence in C,
kns =max{k,si:1<i< N}, and &5 = max{nsi: 1 <i < NY. Let {a}, {Bn}, {yn}, and {64} be
sequences in (0,1) such that a,, + B, + yn + 6, = 1 foreach n > 1. Let {x,} be a sequence generated in
(1.20). Assume that the following restrictions are satisfied:

(a) there exist constants a, b, c,d € (0,1) such that a < a,, b < By, and ¢ < yy, foralln > 1;
(b) X721 64 < 0.

Then {x,} converges strongly to some point in F if and only if liminf, . d(x,, F) = 0.
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