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We investigate the convergence of Mann-type iterative scheme for a countable family of strict
pseudocontractions in a uniformly convex Banach space with the Fréchet differentiable norm.
Our results improve and extend the results obtained by Marino-Xu, Zhou, Osilike-Udomene,
Zhang-Guo and the corresponding results. We also point out that the condition given by Chidume-
Shahzad (2010) is not satisfied in a real Hilbert space. We show that their results still are true under
a new condition.

1. Introduction

Let E and E* be a real Banach space and the dual space of E, respectively. Let K be a nonempty
subset of E. Let | denote the normalized duality mapping from E into 2F given by J(x) =
{(feE: (x,f)= x| = ||f||2}, for all x € E, where (-, -) denotes the duality pairing between
E and E*. If E is smooth or E* is strictly convex, then ] is single-valued.

Throughout this paper, we denote the single valued duality mapping by j and denote
the set of fixed points of a nonlinear mapping T : K — E by

F(T)={xe K :Tx =x}. (1.1)

Definition 1.1. A mapping T with domain D(T) and range R(T) in E is called
(i) pseudocontractive [1] if, for all x, y € D(T), there exists j(x — y) € J(x — y) such that

? (12)

(Tx =Ty, j(x-y)) < lx~y
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(ii) A-strictly pseudocontractive [2] if for all x,y € D(T), there exist A > 0 and j(x —y) €
J(x — y) such that

(Tx=Ty,j(x-)) < x-y|* - A1~ Tyx - (1 -TyyP", (13)
or equivalently
(I-T)x-(I-T)y,j(x-y)) > A|I-T)x- I -yl (1.4)

(iii) L-Lipschitzian if, for all x,y € D(T), there exists a constant L > 0 such that

ITx = Ty|| < L]jx -y (1.5)

Remark 1.2. It is obvious by the definition that

(1) every strictly pseudocontractive mapping is pseudocontractive,

(2) every A-strictly pseudocontractive mapping is ((1 + 1) /A)-Lipschitzian; see [3].

Remark 1.3. Let K be a nonempty subset of a real Hilbert space and T : K — K a mapping.
Then T is said to be x-strictly pseudocontractive [2] if, for all x,y € D(T), there exists k €
[0,1) such that

1T =Tyl < [lx - yI* + 6]} - T)x - (1 - Ty P (1.6

It is well know that (1.6) is equivalent to the following:

1-x

51T =T)x - (I-Ty|" (1.7)

(Tx-Ty,x-y) < ||x-y|* -

It is worth mentioning that the class of strict pseudocontractions includes properly
the class of nonexpansive mappings. Moreover, we know from [4] that the class of
pseudocontractions also includes properly the class of strict pseudocontractions. A mapping
A : E — E is called accretive if, for all x,y € E, there exists j(x — y) € J(x — y) such that
(Ax — Ay, j(x —y)) 2 0. It is also known that A is accretive if and only if T := I — A is
pseudocontractive. Hence, a solution of the equation Au = 0 is a solution of the fixed point
of T := I — A. Note thatif T := I — A, then A is A-strictly accretive if and only if T is A-strictly
pseudocontractive.

In 1953, Mann [5] introduced the iteration as follows: a sequence {x,} defined by xq €
K and

Xpi1 = ApXy + (1 —a,)Tx,, VYn>0, (1.8)

where a,, € [0,1]. If T is a nonexpansive mapping with a fixed point and the control sequence
{an} is chosen so that >.°; a0, (1 —a,) = oo, then the sequence {x,} defined by (1.8) converges
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weakly to a fixed point of T ( this is also valid in a uniformly convex Banach space with the
Fréchet differentiable norm [6] ). However, if T is a Lipschitzian pseudocontractive mapping,
then Mann iteration defined by (1.8) may fail to converge in a Hilbert space; see [4].

In 1967, Browder-Petryshyn [2] introduced the class of strict pseudocontractions and
proved existence and weak convergence theorems in a real Hilbert setting by using Mann’s
iteration (1.8) with a constant sequence a,, = a for all n. Respectively, Marino-Xu [7] and
Zhou [8] extended the results of Browder-Petryshyn [2] to Mann's iteration process (1.8). To
be more precise, they proved the following theorem.

Theorem 1.4 (see [7]). Let K be a closed convex subset of a real Hilbert space H. Let T : K — K
be a x-strict pseudocontraction for some 0 < x < 1, and assume that T admits a fixed point in K.
Let a sequence {x,},., be the sequence generated by Mann'’s algorithm (1.8). Assume that the control
sequence {ay, o is chosen so that k < a, < 1 for all nand > (a, — x)(1 — a,) = co. Then {x,}
converges weakly to a fixed point of T.

Meanwhile, Marino, and Xu raised the open question: whether Theorem 1.4 can be
extended to Banach spaces which are uniformly convex and have a Fréchet differentiable
norm. Later, Zhou [9] and Zhang-Su [10], respectively, extended the result above to 2-
uniformly smooth and g-uniformly smooth Banach spaces which are uniformly convex or
satisfy Opial’s condition.

In 2001, Osilike-Udomene [11] proved the convergence theorems of the Mann [5] and
Ishikawa [12] iteration methods in the framework of g-uniformly smooth and uniformly
convex Banach spaces. They also obtained that a sequence {x,} defined by (1.8) converges
weakly to a fixed point of T under suitable control conditions. However, the sequence
{an} C [0,1] excluded the canonical choice @, = 1/n, n > 1. This was a motivation for
Zhang-Guo [13] to improve the results in the same space. Observe that the results of Osilike-
Udomene [11] and Zhang-Guo [13] hold under the assumption that

Cp< (19)

for some b € (0,1) and C, is a constant depending on the geometry of the space.

Lemma 1.5 (see [14-16]). Let E be a uniformly smooth real Banach space. Then there exists a
nondecreasing continuous function f: [0,00) — [0, 00) with lim;_,¢-B(t) = 0 and f(ct) < cf(t) for
¢ > 1 such that, for all x,y € E, the following inequality holds:

I+ yI” < llell® + 2y, j (o)) + max{lxl, 1 |y [|B([ly]))- (1.10)

Recently, Chidume-Shahzad [17] extended the results of Osilike-Udomene [11] and
Zhang-Guo [13] by using Reich’s inequality (1.10) to the much more general real Banach
spaces which are uniformly smooth and uniformly convex. Under the assumption that

At
max{2r,1}’

p(t) < (L11)

for some r > 0, they proved the following theorem.
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Theorem 1.6 (see [17]). Let E be a uniformly smooth real Banach space which is also uniformly
convex and K a nonempty closed convex subset of E. Let T : K — K be a \-strict pseudocontraction
forsome 0 < A < 1with x* € F(T) := {x € K : Tx = x} #0. For a fixed xo € K, define a sequence
{xn} by

X1 = (L—ap)xy +a,Tx,, n>1, (1.12)

where {a,} is a real sequence in [0, 1] satisfying the following conditions:

(i) ZZO:O ap = O,/

(if) X2 ap < co.
Then, {x,} converges weakly to a fixed point of T.

However, we would like to point out that the results of Chidume-Shahzad [17] do not
hold in real Hilbert spaces. Indeed, we know from Chidume [14] that

N ER R E36 o
B(t) = sup ; ~ 2y, j@)) Il <L [ly[ <1 (1.13)

If E is a real Hilbert space, then we have

g Iyl = P .
B(t) = sup ; -2y, x) x| <1, ||ly|| €1
Il + 26, y) + 2y |1° - 1P 1.14
_ sup{ S W <y <
2
—sup{tllyl]*: Iyl <1} =&
On the other hand, by assumption (1.11), we see that
At
p(t) < max(2r,1] <t, (1.15)

which is a contradiction.

It is known that one can extend his result from a single strict pseudocontraction to
a finite family of strict pseudocontractions by replacing the convex combination of these
mappings in the iteration under suitable conditions. The construction of fixed points for
pseudocontractions via the iterative process has been extensively investigated by many
authors; see also [18-22] and the references therein.

Our motivation in this paper is the following:

(1) to modify the normal Mann iteration process for finding common fixed points of an
infinitely countable family of strict pseudocontractions,
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(2) to improve and extend the results of Chidume-Shahzad [17] from a real uniformly
smooth and uniformly convex Banach space to a real uniformly convex Banach
space which has the Fréchet differentiable norm.

Motivated and inspired by Marino-Xu [7], Osilike-Udomene [11], Zhou [8], Zhang-
Guo [13], and Chidume-Shahzad [17], we consider the following Mann-type iteration: x; € K
and

Xp1 = (L—ap)xy + a,Tyx,, n>1, (1.16)

where a, is a real sequence in [0,1] and {T,};2; is a countable family of strict
pseudocontractions on a closed and convex subset K of a real Banach space E.

In this paper, we prove the weak convergence of a Mann-type iteration process (1.16)
in a uniformly convex Banach space which has the Fréchet differentiable norm for a countable
family of strict pseudocontractions under some appropriate conditions. The results obtained
in this paper improve and extend the results of Chidume-Shahzad [17], Marino-Xu [7],
Osilike-Udomene [11], Zhou [8], and Zhang-Guo [13] in some aspects.

We will use the following notation:

(i) — for weak convergence and — for strong convergence.

(ii) we (xy) = {x: x5, — x} denotes the weak w-limit set of {x,}.

2. Preliminaries

A Banach space E is said to be strictly convex if || x+y||/2 < 1 forall x, y € E with ||x|| = |ly|| = 1
and x #y. A Banach space E is called uniformly convex if for each e > 0 there is a 6 > 0 such
that, for x, y € E with ||x||, ly]l £ 1, and [|[x - y| > €, |lx + y|| < 2(1 - &) holds. The modulus of
convexity of E is defined by

. 1
6e(e) = mf{l - Hz(x+y)H xlL vl €1 lx -yl = e}, (2.1)

for all € € [0,2]. E is uniformly convex if 6£(0) = 0, and 6g(e) > 0 for all 0 < € < 2. It is known
that every uniformly convex Banach space is strictly convex and reflexive. Let S(E) = {x €
E : ||x|| = 1}. Then the norm of E is said to be Gateaux differentiable if

i 1 Y=l (2.2)
t—0 t

exists for each x,y € S(E). In this case E is called smooth. The norm of E is said to be Fréchet
differentiable or E is Fréchet smooth if, for each x € S(E), the limit is attained uniformly for
y € S(E). In other words, there exists a function €, (s) with £x(s) — 0as s — 0 such that

[l + ty || = llxll + £y, j(x))| < [tlex(IH) (2.3)
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for all y € S(E). In this case the norm is Gateaux differentiable and

1/2])x + ty || - 1/2|1x|*

lim sup (y,j(x))[=0 (2.4)
tﬁOyES(E) t
for all x € E. On the other hand,
1, 0 . 1 s 1. 5 .
Sl + (h, j(x)) < Sllx+hlE < Slixll” + <, j(x)) + bR (2.5)

for all x,h € E, where b is a function defined on R* such that lim; o+ (b(t) /t) = 0. The norm
of E is called uniformly Fréchet differentiable if the limit is attained uniformly for x,y € S(E).
Let pg : [0,00) — [0, 00) be the modulus of smoothness of E defined by

pe(t) =sup{ 3 (Ix-+ | + =yl - 1:x € S®), Il <1}. 26)

A Banach space E is said to be uniformly smooth if pg(t)/t — 0ast — 0. Let g > 1, then E
is said to be g-uniformly smooth if there exists ¢ > 0 such that pg(t) < ct9. It is easy to see that
if E is g-uniformly smooth, then E is uniformly smooth. It is well known that E is uniformly
smooth if and only if the norm of E is uniformly Fréchet differentiable, and hence the norm of
E is Fréchet differentiable, and it is also known that if E is Fréchet smooth, then E is smooth.
Moreover, every uniformly smooth Banach space is reflexive. For more details, we refer the
reader to [14, 23]. A Banach space E is said to satisfy Opial’s condition [24] if x € E and x, — x;
then

lim sup||x, — x|| < limsup||x, — y
n— oo n—oo

, Yy€eE x#y. (2.7)

In the sequel, we will need the following lemmas.

Lemma 2.1 (see [23]). Let E be a Banach space and J : E — 2F the duality mapping. Then one has
the following:

@) llx + ylI* > l|lx|* + 2(y, j(x)) for all x,y € E, where j(x) € J(x);
(ii) ||lx + y||2 < x|+ 2y, j(x+y)) forall x,y € E, where j(x +y) € J(x + y).

Lemma 2.2 (see [25]). Let E be a real uniformly convex Banach space, K a nonempty, closed, and
convex subset of E, and T : K — K a continuous pseudocontractive mapping. Then, I — T is
demiclosed at zero, that is, for all sequence {x,} C K with x, — p and ||x, — Tx,|| — 0 it follows
that p = Tp.

Lemma 2.3 (see [25]). Let E be a real reflexive Banach space which satisfies Opial’s condition, K a
nonempty, closed and convex subset of E and T : K — K a continuous pseudocontractive mapping.
Then, I — T is demiclosed at zero.

Lemma 2.4 (see [26]). Let E be a real uniformly convex Banach space with a Fréchet differentiable
norm. Let K be a closed and convex subset of E and { Sy}, a family of L,,-Lipschitzian self-mappings



Fixed Point Theory and Applications 7

on K such that 35" (L,—1) < coand F = (4 F(S,) #0. For arbitrary x1 € K, define x,.1 = Syxy,
foralln > 1. Then for every p,q € F, limy, _, o (xn, j(p—q) ) exists, in particular, for all u, v € we,(x,)
andp,q€ F, (u—-v,j(p-q)) =0.

Lemma 2.5 (see [17, 27]). Let {ay}, {bn} and {6,}, be sequences of nonnegative real numbers
satisfying the inequality

any1 <(1+6y)a,+b, n>0. (2.8)

If 006 < ooand > b, < oo, then limy,_, a, exists. If, in addition, {a,} has a subsequence
converging to 0, then lim,, _, ,a, = 0.

To deal with a family of mappings, the following conditions are introduced. Let K
be a subset of a real Banach space E, and let {T,,} be a family of mappings of K such that
M1 F(T,) #0. Then {T,,} is said to satisfy the AKTT-condition [28] if for each bounded subset
Bof K,

> sup{[|Tpz - Tuz| : z € B} < co. (2.9)

n=1

Lemma 2.6 (see [28]). Let K be a nonempty and closed subset of a Banach space E, and let {T,} be a
family of mappings of K into itself which satisfies the AKTT-condition, then the mapping T : K — K
defined by

Tx=1lmT,x, VxeK (2.10)
n—oo
satisfies
limsup{||[Tz-T,z||: z€ B} =0 (2.11)
n—oo

for each bounded subset B of K.
So we have the following results proved by Boonchari-Saejung [29, 30].

Lemma 2.7 (see [29, 30]). Let K be a closed and convex subset of a smooth Banach space E. Suppose
that {T,};., is a family of A-strictly pseudocontractive mappings from K into E with (\;21 F(T,,) #0
and {B, ), is a real sequence in (0,1) such that 3>, B = 1. Then the following conclusions hold:

(1) G:= 321 PuT, : K — Eis a A-strictly pseudocontractive mapping;
(2) F(G) = M2 F(Tw)-
Lemma 2.8 (see [30]). Let K be a closed and convex subset of a smooth Banach space E. Suppose

that {Sk}y, is a countable family of A-strictly pseudocontractive mappings of K into itself with
N2y F(Sk) #0. For each n € N, define T,, : K — K by

n
T.x = ) piSix, x€K, (2.12)
k=1
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where (X} is a family of nonnegative numbers satisfying
(G) Sp pk=1forallneN;
(ii) X :=lim, o, X > 0 forall k € N;
(iii) X2 2ia |ﬂﬁ+1 - ﬂ,’il < 0.
Then
(1) each T, is a A-strictly pseudocontractive mapping;
(2) {T,} satisfies AKTT-condition;

(3) If T : K — K is defined by

Tx=YpSx, x€K, (2.13)
k=1
then Tx = lim,,_, o T,x and F(T) = (", F(Ty) = Ny F(Sk).

For convenience, we will write that ({T,},T) satisfies the AKTT-condition if {T),}
satisfies the AKTT-condition and T is defined by Lemma 2.6 with F(T) = (", F(T,).

3. Main Results

Lemma 3.1. Let E be a real Banach space, and let K be a nonempty, closed, and convex subset of
E. Let {T,};2; : K — K be a family of A-strict pseudocontractions for some 0 < A < 1 such that
F =", F(T) #0. Define a sequence {x,} by x1 € K,

Xpi1 = (L= ap)xp + a,Tx,, n2>1, (3.1)

where {a,} C [0,1] satisfying > a, = oo and 372, a> < oo. If {T,} satisfies the AKTT-condition,
then

(i) limy, -, || xn — p|| exists for all p € F;
(ii) iminf, . »||x, — Thx,|| = 0.

Proof. Letp € F, and put L = (A + 1)/ . First, we observe that

tver = pll < (1= @) lx Il + @al| T = pll < (15 L) s~ p

7

1241 = Xl = anl| Ty — x4 < an(1+ L)”xn _P”
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Since T, is a A-strict pseudocontraction, there exists j(x,+1 —p) € J(xp1 — p). By Lemma 2.1
we have

21 = pI|* = [ Gen = p) + ctn(Tuen = x) ||

< lxn = Pl + 200 (Tt = X, j (X1 = p))

= [l = pII” + 200 (Tt = T, j (1 = p))
+ 20 (TyXni1 = Xns1, J (Xni1 = P) ) + 20 {Xns1 = Xn, j (Xns1 = p))

< |1xn = pII* + 2anLllxn = Xt ||| Xns1 = p| (3.3)
= 2, M| T = X |* + 2a 1260 = Xt ||| xne1 = p|

<l =plI* + 205 L1+ LY || %0 - p |
— 20\ [Tt = X | + 222 (1 + L) = p

= ||2n = p|I” + 202 (1 + L)*||xtn = p|” = 2@ M| Tudns1 = X >
This implies that
s = plI*< (142031 + L)) [lacu = | (3.4)

Hence, by 322, a? < oo, we have from Lemma 2.5 that lim,,_, ;|| x, — p|| exists; consequently,
{x,} is bounded. Moreover, by (3.3), we also have

ZanJ\HT X1 — Xnat || Z( |2 — p|| ||xna = p| > +2(1+ L)3M%Za,21 < oo, (3.5)

n=1 n=1 n=1

where M; = SUp,,5 {llx, = pll}. It follows that lim inf, || TyXys1 — Xue1|| = 0. Since {x,} is
bounded,

lxn+1 = Tus1 Xnaall < | xXns1 = TuXpaa | + | TuXns1 = Tus1Xna ||

3.6
< [lxna = Tuxna | + sup [|Tnz = Ty z||- (3.6)

z€{x,}

Since {T,} satisfies the AKTT-condition, it follows that liminf, _ ||x, — Tyx,|| = 0. This
completes the proof of (i) and (ii). O

Lemma 3.2. Let E be a real Banach space with the Fréchet differentiable norm. For x € E, let p*(t) be
defined for 0 < t < oo by

[l + ty|* — lx1
*(t) = su
P yeS(I?S) t

-2(y,j(x))]. (3.7)
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Then, lim; _, - f*(t) = 0, and
[l + B < ||x]* +2(h, j(x)) + | Rl (|IR]) (3.8)

forall h € E\ {0}.

Proof. Let x € E. Since E has the Fréchet differentiable norm, it follows that

2 2
1/2 t -1/2
lim sup 20>+ tyl” = 17216 (y,j(x))| =0. (3.9)
=0yes(E) t
Then lim; _, - f*(t) = 0, and hence
2 2
X+t - |lx
w -2(y,j(x))| <p*(t), VyeS(E) (3.10)
which implies that
llx + ty||” < llx)® + 26y, j(x)) + t6*(t), Vy € S(E). (3.11)

Suppose that h#0. Put y = h/||h|| and t = ||k||. By (3.11), we have
I + Rl < [lx]* + 2(h, () + [IR1E* (IR (3.12)

This completes the proof. O
Remark 3.3. In a real Hilbert space, we see that *(t) =t for t > 0.

In our more general setting, throughout this paper we will assume that
prt) <2t (3.13)

where f* is a function appearing in (3.8).
So we obtain the following results.

Lemma 3.4. Let E be a real Banach space with the Fréchet differentiable norm, and let K be
a nonempty, closed, and convex subset of E. Let {T,},~qy : K — K be a family of A-strict

pseudocontractions for some 0 < A < 1 such that F = (2, F(T,) #0. Define a sequence {x,} by
x1 € K,

X1 = (1 —ap)xy + a,Tyx,, n>1, (3.14)

where {a,} C [0,1] satisfying 30, an = oo and 350, a2 < oo. If ({T,},T) satisfies the AKTT-
condition, then lim,, _, oo ||, — Ty, || = lim,, — oo |2, — Txy|| = 0.
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Proof. Letp € F, and put My = sup, ., {[|xn — Tuxn||} > 0. Then by (3.8) and (3.13) we have

It follows that

Observe that

”xn+1 - P”z = ”(xn —P) + an(Tnxn - xn)”2

< ”xn - P”Z + 200, (Tyxp — xn/j(xn - P)>
+ an||Tuxn — x| B (an || Tn3xn — xnl|) (3.15)

2
< |lxn = pII” = 2l xn = Tuxeull” + 202 1, — Tuotul|?

< 12w = pI* = 20|20 — Tu? + 202 M2

Zan”xn - Tnxn”z < oo. (316)

n=1

[, — Trﬁ-lxnﬂll2 = |[(xp = Tuxn) + (Tuxy — Tn+1xn+1)”2

< [l = Tual® + 2(TuXn = Tus1Xnr, j (X0 = Tns1Xns1))
= 1ot = Tuall* + 2(Txn = TuXns1, (X0 = T1 Xne1))
+ 2Tpxpe1 = Tuar Xnet, j (X0 — Tpe1Xns1) )
< lotn = Tuxnll” + 2Ll = Xt |10 = Tpar X |
+ 2| Trwxni1 — Tur1 Xns1 |10 — Trv1Xnaa ||
< lxn = Tnxnllz + 2L |12y = xpsa ||| 20 = Troxn||
+2L[|xn = Xp1 |1 Tn2n — T | (3.17)
+ 2L[|xn = Xpa1 [ TuXns1 = Trsr X ||
+ 2| Twxns1 — Tus1Xnsaa |16 — Xnaa |
+ 2| Trwxns1 — Tus1Xns1 126041 — Tur1 Xnaa ||
< |%n = Toua|® + <2Lan + 2L2a§) 20 = T
+ (2LMay, + 2Mpay, + 2 M) || TuxXne1 — Tre1 X1 ||
< [l2tn = Tudtall” + 2L(1 + L)l = Toitul®

+2Mo (L + 2)||Tuxns1 — Tr1 Xpan |-
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By (3.17), we have
||xn+1 - Tn+1xn+1”2 <

<

IN

IN

IN

IN

IN
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(1= an) [l = Tusr X1 |2 + @l T = Tia X |
1260 = Tt X 1>

+ (| Tun = TnXpa || + I TnXne1 = Trar X |])?

126 = Tror X |I* + @l T = Tudpan |

+ 20| T = TuXma | TnXns1 = Tt Xnen |

+ || Tuxns1 — Tre1 Xnsn ||

0 = T2 |I* + a3 L2 |30, — Tux |l

+ 205 L]|xn — Tpu ||| Tudns1 — Trs1Xnsa |

+ | Ty Xns1 = Tpar X ||

% = Tus1nsa |)> + a2 L2 M3

+ 2L M || Tyxns1 = Tt Xnst | + | TuXnst = Tt Xt | (3.18)
1262 = Tueul|* + 2L(1 + L) ety |s = T ®

+2Mo(L + 2)||Tpxns1 — Trs1 s || + a2 L2 M3

+ 2LMy || Tuxns1 = T2 || + [ Tuxnsr — T X ||°
1262 = Tuul|* + 2L(1 + L)aty | ts — T >

+ @, L> M3 + 2M, (2L + 2) | Tyxnar = Tuar X |

+ | Tuxns1 = Trs1 s

1262 = Tutul|* + 2L(1 + L)aty | ts — T l®

+ aiL*M3 +2M; (2L +2) sup ||Tyz — Tus1 2|

z€{xn}

+ sup [[Tuz = T zl*.
z€{xy}

Since 3% a,l|x, — Tyuxnl* < 00, X%, a2 < o0, and 32, sup{||Tus1z — Tuz| : z € {x,}} < oo,
it follows from Lemma 2.5 that lim,, _, o, ||x, — T,,x,|| exists. Hence, by Lemma 3.1(ii), we can
conclude that lim,, _, . ||x,, — T;,x,|| = 0. Since

| = Txp|| < oy = T || + | Ty — Txyl|

3.19
<Hlxy = Tuxy|| + sup [Tz —Tz||, ( )

z€{xp }

it follows from Lemma 2.6 that lim,, _, ;||x,, — Tx,|| = 0. This completes the proof. O
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Now, we prove our main result.

Theorem 3.5. Let E be a real uniformly convex Banach space with the Fréchet differentiable norm,
and let K be a nonempty, closed, and convex subset of E. Let {T, },-, : K — K be a family of A-strict
pseudocontractions for some 0 < A < 1 such that F = (24 F(T,) #0. Define a sequence {x,} by
x1 € K,

Xp1 = (L —ap)xy +a,Tyx,, n>1, (3.20)

where {a,} C [0,A] satisfying %0, an, = oo and 372, a2 < oo. If ({T,}, T) satisfies the AKTT-

n
condition, then {x,} converges weakly to a common fixed point of {T,}.

Proof. Let p € F, and define S, : K — K by

Spx=1-ay)x+a,T,x, xe€K. (3.21)
Then N2, F(Sx) = F = F(T). By (3.8), we have for bounded x, y € K that

1Sux = Suyl|* = l|x -y = anlx -y = (Tux = Tup)1||”
< |lx=y|* - 20 ((I = T)x = (I = Ty, j (x - y))
+an|x = y = (Tux = Tuy) | " (|| x = v = (Tux = Tuy) ||)
< |lx = y||* = 2 ||x - y = (Tox - Ty ||° (3.22)
+ Zai”x -y — (Tyx - T,y) ||2
= [lx = ylI* - 2as (A = @) | x = y = (Tox = Ty) |’
2
<l =yll™
This implies that S, is nonexpansive. By Lemma 3.1(i), we know that {x,} is bounded. By
Lemma 3.4, we also know that lim,,_, ,-||x, — Tx,|| = 0. Applying Lemma 2.2, we also have
w(xn) C F(T).
Finally, we will show that w,,(x,) is a singleton. Suppose that x*, y* € w,(x,) C F(T).

Hence x*, y* € N;2; F(S,). By Lemma 2.4, lim,, _, o, (x5, j (x* — y*)) exists. Suppose that {x,, }
and {x,,, } are subsequences of {x,} such that x,, — x* and x,,, — y*. Then

I =y = (x =y (" = y)) = m (s =, j (¥ =) =0 (3.29)

Hence x* = y*; consequently, x, — x* € (2, F(S,) = F asn — oo. This completes the
proof. O

As a direct consequence of Theorem 3.5, Lemmas 2.7 and 2.8 we also obtain the
following results.
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Theorem 3.6. Let E be a real uniformly convex Banach space with the Fréchet differentiable norm,
and let K be a nonempty, closed, and convex subset of E. Let {Sk};2, be a sequence of \i-strict
pseudocontractions of K into itself such that ({2, F(Sk) #0 and inf{\y : k € N} = A > 0. Define a
sequence {x,} by x1 € K,

n
Xna1 = (1= Q)X + @ D PrSkxn, n21, (3.24)
k=1

where {a,} C [0, ] satisfying 3o a, = oo and 370, a2 < oo and {BX} satisfies conditions (i)—(iii)
of Lemma 2.8. Then, {x,} converges weakly to a common fixed point of { Sk }{~;.

Remark 3.7. (i) Theorems 3.5 and 3.6 extend and improve Theorems 3.3 and 3.4 of Chidume-
Shahzad [17] in the following senses:

(i) from real uniformly smooth and uniformly convex Banach spaces to real uniformly
convex Banach spaces with Fréchet differentiable norms;

(ii) from finite strict pseudocontractions to infinite strict pseudocontractions.

Using Opial’s condition, we also obtain the following results in a real reflexive Banach
space.

Theorem 3.8. Let E be a real Fréchet smooth and reflexive Banach space which satisfies Opial’s
condition, and let K be a nonempty, closed, and convex subset of E. Let {T,};q be a family of A-
strict pseudocontractions for some 0 < A < 1 such that F := ;2 F(T,) #0. Define a sequence {x,}
by x1 € K,

Xpi1 = (1 —ap)xy +ayTyx,, n>1, (3.25)

where {a,} C [0,A] satisfying 3%, a, = oo and 37, a2 < oo. If ({T,}, T) satisfies the AKTT-
condition, then {x,} converges weakly to a common fixed point of {T,}.

Proof. Let p € F. By Lemma 3.1(i), we know that lim, _, ;||x, — p|| exists. Since E has the
Fréchet differentiable norm, by Lemma 3.4, we know that lim,, _, o ||x, — Tx,|| = 0. It follows
from Lemma 2.3 that w,(x,) C F(T) = F. Finally, we show that w,(x,) is a singleton. Let
X*,y* € we(xy,),and let {x,, } and {x,,, } be subsequences of {x,} chosen so that x,, — x* and
Xm, — y*. If x* #y*, then Opial’s condition of E implies that

Jim [, = o) = lim [, = 27| < Hm [| x5 =y = i [l -y

(3.26)
< lim ||xp,, —x*|| = lim ||x, — x*||.
k— oo n— o
This is a contradiction, and thus the proof is complete. O

Theorem 3.9. Let E be a real Fréchet smooth and reflexive Banach space which satisfies Opial’s

condition, and let K be a nonempty, closed, and convex subset of E. Let {Si}i, be a sequence of
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Nie-strict pseudocontractions of K into itself such that (2, F(Sk) #0 and inf{A; : k € N} =1 > 0.
Define a sequence {x,} by x1 € K,

n
X1 = (1= an)xn + “nZﬁESkxnz n>1, (3.27)
k=1

where {a,} C [0, ] satisfying 3o ay = co and 372, a2 < oo and {BX} satisfies conditions (i)—(iii)
of Lemma 2.8. Then, {x,} converges weakly to a common fixed point of {Sk} ;.
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