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This paper deals with obtaining a numerical method in order to approximate the solution of
the nonlinear Volterra integro-differential equation. We define, following a fixed-point approach,

a sequence of functions which approximate the solution of this type of equation, due to some
properties of certain biorthogonal systems for the Banach spaces C[0,1] and C[0,1].

1. Introduction

The aim of this paper is to introduce a numerical method to approximate the solution of the
nonlinear Volterra integro-differential equation, which generalizes that developed in [1]. Let
us consider the nonlinear Volterra integro-differential equation

t
v = F(t () + f0K<t, sy(s))ds (te[0,1]), o

y(0) =y,

where yp € Rand K : [0,1] x [0,1] xR — Rand f : [0,1] x R — R are continuous functions
satisfying a Lipschitz condition with respect to the last variables: there exist L, Lx > 0 such
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that

|f(tyn) = fF(ty2)| < Lslyi = vol,

(1.2)
|K(t,s,y1) = K(t,5,12)| < Lx|y1 — 2],

fort,s € [0,1] and for y;, y» € R. In the sequel, these conditions will be assumed. It is a simple
matter to check that a function z : [0,1] — R s a solution of (1.1) if, and only if, it is a fixed
point of the self-operator of the Banach space C[0, 1] (usual supnorm) T : C[0,1] — C[0,1]
given by the formula

t t v
Ty(t) = yo + fo f(v,y(v))do + J‘o fo K(v,s,y(s))ds dv. (1.3)

Section 2 shows that operator T satisfies the hypothesis of the Banach fixed point
theorem and thus the sequence {T™(z)},,eny converges to the solution z of (1.1) for any
zg € C[0,1]. However, such a sequence cannot be determined in an explicit way. The
method we present consists of replacing the first element of the convergent sequence, Tz,
by the new easy to calculate function z; € C[0,1], and in such a way that the error
ITzo — z1]| is small enough. By repeating the same process for the function Tz; and so
on, we obtain a sequence {z,},,5o that approximates the solution z of (1.1) in the uniform
sense. To obtain such sequence, we will make use of some biorthogonal systems, the usual
Schauder bases for the spaces C[0,1] and C[0, 1]?, as well as their properties. These questions
are also reviewed in Section 2. In Section 3 we define the sequence {z},,cy described
above and we study the error ||z — zk||. Finally, in Section 4 we apply the method to two
examples.

Volterra integro-differential equations are usually difficult to solve in an analytical
way. Many authors have paid attention to their study and numerical treatment (see for
instance [2-15] for the classical methods and recent results). Among the main advantages
of our numerical method as opposed to the classical ones, such as collocation or quadrature,
we can point out that it is not necessary to solve algebraic equation systems; furthermore,
the integrals involved are immediate and therefore we do not have to require any quadrature
method to calculate them. Let us point out that our method clearly applies to the case where
the involved functions are defined in [y, T], although we have chosen the unit interval for
the sake of simplicity. Schauder bases have been used in order to solve numerically some
differential and integral problems (see [1, 16-20]).

2. Preliminaries

We first show that operator T" also satisfies a suitable Lipschitz condition. This result is
proven by using an inductive argument. The proof is similar to that of the linear case (see
[1, Lemma 2]).
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Lemma 2.1. Forany p,q € C[0,1] and n € N, we have
LTl
IT"p =14l < 7 lIp - all. 2.1)

where L := Ly + L.

In view of the Banach fixed point theorem and Lemma 2.1, T has a unique fixed point
z and

forall zo € C([0,1]) and m>1, |z—T"z| < kz F”TZO - zo]l. (2.2)
=m

Now let us consider a special kind of biorthogonal system for a Banach space. Let
us recall that a sequence {b,},,; in a Banach space E is said to be a Schauder basis if for
every x € E there exists a unique sequence of scalars {f},},,., such that x = 3 ., fnb,. The
associated sequence of (continuous and linear) projections {Py},s; is defined by the partial
sums P, (X1 fxbk) = i Prbk. We now consider the usual Schauder basis for the space
C[0,1] (supnorm), also known as the Faber-Schauder basis: for a dense sequence of distinct
points {t;};5;, with t; = 0 and t, = 1, we define by (t) := 1, (t € [0,1]) and for all n > 2 we
use b, to stand for the piecewise linear function with nodes at the points {ti,...,t,} with
b,(tx) = 0 for all k < n and b,(t,) = 1. It is straightforward to show (see [21]) that the
sequence of projections { P, } . satisfies the following interpolation property:

xe€C[0,1], n>1, i<n= Py(x)(t;) = x(t;). (2.3)

In order to define an analogous basis for the Banach space C[0, 1]2 (supnorm), let us consider
the mapping 0 : N — N x N given by (for a real number x, [x] denotes its integer part)

(v, v/n) if [va] = v/,
o(n) = { (n-[val* [va] +1) if 0<n-[vn]” < [va], (2.4)
([val+1n-[val* - [va]) if [va] <n-[va]®

If {b;},5, is a Schauder base for the space C[0, 1], then the sequence

Bu(s,t) := bi(s)bj(t) (s,t € [0,1]), (2.5)

with o(n) = (i, ), is a Schauder basis for C [0,1]* (see [21]). Therefore, from now on, if
{ti : 1> 1} is a dense subset of distinct points in [0,1], witht; = 0 and t; = 1, and {b;},, is the
associated usual Schauder basis, then we will write {B,},,, to denote the Schauder basis for
C[0,1]? obtained in this “natural” way:. Itis not difficult to check that this basis satisfies similar
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properties to the ones for the one-dimensional case: for instance, the sequence of projections
{Qu},>1 satisfies, for all x € C[0, 1]? and for all n, i,j € Nwitho7l(i,j) <mn,

Qn () (ti, t;) = x(ti, t;). (2.6)

Under certain weak conditions, we can estimate the rate of convergence of the sequence of
projections. For this purpose, consider the dense subset {t;},,, of distinct points in [0,1] and
let T;, be the set {ti,...,t,} ordered in an increasing way for n > 2. Clearly, T, is a partition
of [0,1]. Let AT,, denote the norm of the partition T,. The following remarks follow easily
from the interpolating properties (2.3) and (2.6) and the mean-value theorems for one and
two variables:

x€C'0,1], n>2=|x-P,(x)| <2|«'||AT,, (2.7)
1 2 ox|| ||ox
x€COL, n22= [lx - Qu(x)| < 4maxq |i==\,|I=> + ATy. (2.8)

3. A Method for Approximating the Solution

We now turn to the main purpose of this paper, that is, to approximate the unique fixed point
of the nonlinear operator T : C[0,1] — C[0,1] given by (1.3), with the adequate conditions.
We then define the approximating sequence described in the Introduction.

Theorem 3.1. Let K € C'([0,1]* x R), f € C([0,1] x R), zp € C'[0,1], and m € N.
Let {€1,...,&m} be a set of positive numbers and, with the notation above, define inductively, for
ke{l,...,m}and 0 <t,s <1, the functions

Wi (t) :== f(t, zia(P)),

(3.1)
D1 (t,8) = K(t, s, zk-1(9)),
t t v
zk(t) == yo + f P, (¥k-1(v))do + f f Qn2 (Dg_1(v,5))ds dv, (3.2)
0 0Jo
where
(1) my is a natural number such that AT,, < E+
AW ||
(2) ng is a natural number such that AT, < g—k, with
AMj
0Dr_1 || || 0Dk }
My = . 33
k- max{ at || "as (3.3)

Then, for all k € {1,...,m}, it is satisfied that

ITzk-1 — zkll < k- (3.4)
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Proof. In view of condition (1) we have, by applying (2.7), that for all k € {1,...,m}, the
inequality

£
¥kt = Py (B | < 5 (35)
is valid. Analogously, it follows from condition (2) and (2.8) that for all k € {1, ..., m}
[®r-1 = Q2 (Pre-1) | < & (3.6)

As a consequence, we derive that for all t € [0,1] we have

t
jocvkl (©) - Py, (Wi 1 (0))) o

Tz (8) -z (8)| <

{7 (@0a(0,9) - Qo (@1r(o,5)))ds o
O 0 k-1

+
(3.7)
t Ao
< &k + skf J‘ dsdv
2 0Jo
= €k,
and therefore,
ITzx-1 — zkl| < &k (3.8)
as announced. O

The next result is used in order to establish the fact that the sequence defined in
Theorem 3.1 approximates the solution of the nonlinear Volterra integro-differential equation,
as well as giving an upper bond of the error committed.

Proposition 3.2. Let m € Nand {zo, z1, ..., zn} be any subset of C[0,1]. Then

m-k

- < S = - i 1=zl )
=2l < 34 T2 =20l + 31 =T = (39)

with z being the fixed point of the operator T and L = Ly + L.

Proof. We know from Lemma 2.1 that

m—-k

||Tm_k+1zk—1 - Tm_kzk” < h”Tzk—l - zk|| (3.10)
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for k € {1,...,m}, which implies

m—-k

< m—k+1 m—k Z L
;”T zk1 =T Zk” < gm”Tzk_l — zk||- (3.11)

The proof is complete by applying (2.2) to ||z — T™z|| and taking into account that

m
Iz = 2l < llz = T2l + 3 ||Tm-’<+1zk_1 — Tk, || (3.12)
k=1 0

As a consequence of Theorem 3.1 and Proposition 3.2, if z is the exact solution of the
nonlinear Volterra integro-differential (1.1), then for the sequence of approximating functions
{Zm ) mso the error ||z — z,,|| is given by

) Lk m Lm—k
1z = zmll < ZF”TZO—ZO” +Zm€k, (3.13)
k=m k=1

where L = L + Lg. In particular, it follows from this inequality that given £ > 0, there exists
m > 1 such that ||z — z,,|| < e.

In order to choose my and ny (projections Py, and Q"ﬁ in Theorem 3.1), we can observe
the fact, which is not difficult to check, that the sequences {¥y };., and { M}, are bounded
(and hence conditions (1.1) and (1.3)) in Theorem 3.1 are easy to verify), provided that the
scalar sequence {&x};>; is bounded, f and K are Cl—functions, and 0 f/ot, 0f/0s, 0K/ot,
0K/0s, and 0K/0u satisfy a Lipschitz condition at their last variables. Indeed in view of
inequality (3.13),

|z = zk| < eL<||Tzo—20|| +supz-:k>, (3.14)

k>1

and in particular {zx};( is bounded. Therefore, taking into account that the Schauder bases
considered are monotone (norm-one projections, see [21]), we arrive at

12kl < g&ﬁv(t, zi-1 (1) | + t;fel%ﬁ]m(t, S, zk-1(8))- (3.15)

Take M := maxog<1|f (t,0)| and Mk := maxo«s<1|K(t, 5,0)| to derive from the triangle
inequality and the last inequality that

12|l < Lillziaall + Ms + L ||z || + M. (3.16)

Finally, since the sequence {zx};-o is bounded, {Z'k};5, also is. Similarly, one proves
that {¥'},>, is bounded (sequences {zy};- and {Zk};-, are bounded and 0f/0t and 0f/0s
are Lipschitz at their second variables) and { My}, is bounded (sequences {zj};, and
{2’k } k>0 are bounded and 0K/0t, 0K/0s, and 0K/ 0s are Lipschitz at the third variables).
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We have chosen the Schauder bases above for simplicity in the exposition, although
our numerical method also works by considering fundamental biorthogonal systems in
C[0,1] and C[0,1]%

4. Numerical Examples

The behaviour of the numerical method introduced above will be illustrated with the
following two examples.

Example 4.1. ([22, Problem 2]). The equation

y'(t) =2t- %(sin(t‘l)) + JZ t2s cos(tzy(s)>ds (te[0,1]),

4.1)
y(0)=0
has exact solution z(t) = t2.
Example 4.2. Consider the equation
1 t
y'(t) =3t + = (cos(y(t)) = 1) + J. s?sin(y(s))ds (t€[0,1]),
3 0 (4.2)

y(0)=0

whose exact solution is z(t) = #.

The computations associated with the examples were performed using Mathematica
7. In both cases, we choose the dense subset of [0,1]

113 1 3 2k _1
{0,1,5,1,1,...,27,27,...,2—,(,...} (43)

to construct the Schauder bases in C[0,1] and C[0,1]*. To define the sequence {Zu}en
introduced in Theorem 3.1, we take zy(t) = yo and my = ny = j (for all k € N) in the expression
(3.2), that is

t t o
2 =+ | R@)do+ [ [ Qp@ca(o s)dsdo, (44)

In Tables 1 and 2 we exhibit, for j = 9,17 and 33, the absolute errors committed in eight
points (¢;) of [0, 1] when we approximate the exact solution z by the iteration z,,. The results
in Table 1 improve those in [22].
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Table 1: Absolute errors for Example 4.1.

ji=9 j=17 j=33
ti |z3(t:) — z(t:)| |z3(t:) — z(t)] |z3(t:) — z(t:)|
0.125 3.81 x107° 1.03 x 107° 2.63 x 1077
0.250 3.30 x 1070 842 x 107 2.11x10°6
0.375 1.13 x 107 2.85x 1070 7.14 x107°
0.5 2.69x107* 6.76 x 1075 1.69 x 107°
0.625 524 x107* 1.31x10™* 3.28 x107°
0.750 8.85x 1074 221 x 1074 553 x 1075
0.875 1.30 x 1072 323 x10™* 8.07 x 1075
1 1.52 x 1073 3.75x107* 9.36 x 107°

Table 2: Absolute errors for Example 4.2.

ji=9 j=17 j=33
ti |z2(t:) — z(t:)] |z2(t:) — z(t)] |z2(t:) — z(t:)|
0.125 9.76 x 1074 244 x107* 6.10 x 1075
0.250 1.95x 1073 488 x107* 1.22 x 107
0.375 292x1073 7.32x107* 1.83 x 10
0.5 3.90 x 1073 9.75 x 1074 243 %1074
0.625 487 x1073 1.21 x 1073 3.04x107*
0.750 5.83 x 1073 1.45 x 1073 3.64x107*
0.875 6.77 x 1073 1.69 x 1073 423 x10™*
1 7.68 x 1073 1.92 x 1073 480 x107*
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