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We prove strong convergence theorems for countable families of asymptotically nonexpansive
mappings and semigroups in Hilbert spaces. Our results extend and improve the recent results
of Nakajo and Takahashi (2003) and of Zegeye and Shahzad (2008) from the class of nonexpansive
mappings to asymptotically nonexpansive mappings.

1. Introduction

Throughout this paper, Let H be a real Hilbert space with inner product (-,-) and norm || - ||,
and we write x, — x to indicate that the sequence {x,} converges strongly to x. Let C be
a nonempty closed convex subset of H, and let T : C — C be a mapping. Recall that T is
nonexpansive if | Tx — Ty|| < ||x — y||, for all x, y € C. We denote the set of fixed points of T by
F(T), thatis, F(T) = {x € C: x = Tx}. A mapping T is said to be asymptotically nonexpansive
if there exists a sequence {k, } with k,, > 1 for all n, lim, _, .k, = 1, and

|T"x - T'y|| < kn||lx-y| Vn>1, x,yeC (1.1)

Mann’s iterative algorithm was introduced by Mann [1] in 1953. This iteration process is now
known as Mann’s iteration process, which is defined as

Xpi1 = pXy + (1 —a,)Tx,,, n>0, (1.2)
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where the initial guess xy is taken in C arbitrarily and the sequence {a,},. is in the interval
[0,1].
In 1967, Halpern [2] first introduced the following iteration scheme:

Xps1 = ayu+ (1 —a,)Tx, (1.3)

forall n € N, where x; = x € C and {a,} is a sequence in [0, 1]. This iteration process is called
a Halpern-type iteration.

Recall also that a one-parameter family T = {T(f) : 0 < t < oo} of self-mappings
of a nonempty closed convex subset C of a Hilbert space H is said to be a (continuous)
Lipschitzian semigroup on C if the following conditions are satisfied:

(@) TO)x=x,x€C;
(b) T(t+s)x =T(t)T(s)x, forallt,s >0, x € C;
(c) for each x € C, the map t — T (t)x is continuous on [0, o);

(d) there exists a bounded measurable function L : (0,00) — [0, o0) such that, for each
t>0,|T(t)x - T(t)yl|l < Le|lx —yl|, forall x,y € C.

)
)
)
)

A Lipschitzian semigroup T is called nonexpansive if L; = 1 for all + > 0, and
asymptotically nonexpansive if limsup,_, L; < 1. We denote by F(T) the set of fixed points
of the semigroup C, thatis, F(T) = {x e C: T(s)x = x, Vs > 0}.

In 2003, Nakajo and Takahashi [3] proposed the following modification of the Mann
iteration method for a nonexpansive mapping T in a Hilbert space H:

xo € C, chosen arbitrarily,
Yn = anXp + (1 - an)Txy,
Co={veC:|yn—o| <xn—ll}, (1.4)
Qu=1{veC:{(x,—v,x,—-x9) 20},
Xne1 = Pe,ng, (x0),
where Pc denotes the metric projection from H onto a closed convex subset C of H. They
proved that the sequence {x,} converges weakly to a fixed point of T. Moreover, they

introduced and studied an iteration process of a nonexpansive semigroup T = {T(f) : 0 <
t < oo} in a Hilbert space H:

xp € C, chosen arbitrarily,

ty

Yn = AnXxy + (1 - an)tlf T (u)x,du,
nJo

(1.5)
Co={veC:||lyn—2| < xn-2ll},

Qun={veC:{(x,—v,x,—x9) >0},

Xn1 = Pe,ng, (X0)-
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In 2006, Kim and Xu [4] adapted iteration (1.4) to an asymptotically nonexpansive
mapping in a Hilbert space H:

xo € C, chosen arbitrarily,
Yn = anXn + (1= an)T"xp,
C, = {veC: ||yn—v||2§||xn—v||2+9n}, (1.6)
Qu={veC:{(x,-v,x,—x9) >0},
Xn1 = Pc,ng, (%0),

where 0, = (1 — a,)(k? - 1)(diam C)> - 0asn — oo. They also proved that if a, < a for
all n and for some 0 < a < 1, then the sequence {x,} converges weakly to a fixed point
of T. Moreover, they modified an iterative method (1.5) to the case of an asymptotically
nonexpansive semigroup C = {T(t) : 0 < t < oo} in a Hilbert space H:

xo € C, chosen arbitrarily,

ty
f T(u)x,du,

1
Yn =Xy + (1 - an)t—
0

n

C,= {v eC: ||yn —v”2 < |lxn —v||2 +9n}r a7

Qu={veC:{x,—v,x,—x9) >0},

Xn+1 = PCy,ﬁQn (x0)/

where 0, = (1 - a,)[((1/ty) [, Ludu)® - 1](diam C)*> — Oasn — oo.

In 2007, Zegeye and Shahzad [5] developed the iteration process for a finite family of
asymptotically nonexpansive mappings and asymptotically nonexpansive semigroups with
C a closed convex bounded subset of a Hilbert space H:

xo € C, chosen arbitrarily,
Yn = AnoXn + a1 T %y + 0Ty + - + a0, T Xy,
C, = {veC: ||yn—v||2§||xn—v||2+9n}, (1.8)
Qn={veC:(x,—v,x,—x9) >0},

Xn+1 = PCnﬁQn (x0)/
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where 6, = [(kfll - Va1 + (kfl2 ~Day +--+ (k2, = Day, ] (diam C)> - 0asn — oo and

xo € C, chosen arbitrarily,

tal tn2 tor
Yn = AuoXy + A1 i j T1(u)x,du i ’[ To(u)x,du ) +---+ i f T, (u)x,du ),
tnl 0 tn2 0 tnr 0

Co={v€Clyn—o|* <llxu —oIP +6,},
Qun={veC:{x,—v,x,—x9) >0},

Xn+1 = Pc,ng, (%0),
(1.9)

where 0, = (L2 = Dap + (L2, = Dy + -+ + (L2, - 1)au,](diam C)> — 0asn — oo, with
Ly = (1/tw) [, LL'du, for eachi=1,2,3,...,r.
Recently, Su and Qin [6] modified the hybrid iteration method of Nakajo and
Takahashi through the monotone hybrid method, and to prove strong convergence theorems.
In 2008, Takahashi et al. [7] proved strong convergence theorems by the new hybrid
methods for a family of nonexpansive mappings and nonexpansive semigroups in Hilbert
spaces:

Yn = Ay + (1 - an)Tuxy,
Cunn ={v€Cu:|lyn—2| < llun—ol}, (1.10)

x?‘H—l = PC,Hl (XO)/ ne N/

where0 < a, <a<1,and

)ln
Yn = Aty + (1 - ucn))tl f T(s)u,ds,
nJo

1.11
Cu = {’UECnI ”]/n_U” < ||un_v||}/ ( )

Xns1 = Pc,,, (x0), meN,

where0<a,<a<1,0<)l,<owandl, — oo.

In this paper, motivated and inspired by the above results, we modify iteration
process (1.4)—(1.11) by the new hybrid methods for countable families of asymptotically
nonexpansive mappings and semigroups in a Hilbert space, and to prove strong convergence
theorems. Our results presented are improvement and extension of the corresponding results

in [3, 5-8] and many authors.

2. Preliminaries

This section collects some lemmas which will be used in the proofs for the main results in the
next section.
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Lemma 2.1. Here holds the identity in a Hilbert space H:
A + (1= Vy|* = Mxl? + 1= Vly]* - 2a -V ||x -y (2.1)

forall x,y € Hand X € [0,1].

Using this Lemma 2.1, we can prove that the set F(T') of fixed points of T is closed and
convex. Let C be a nonempty closed convex subset of H. Then, for any x € H, there exists a
unique nearest point in C, denoted by Pc(x), such that ||x—Pcx|| < |[[x-y|| for all y € C, where
Pc is called the metric projection of H onto C. We know that for x € Hand z € C, z = Pcx is
equivalent to (x — z,z —u) >0 for all u € C. We know that a Hilbert space H satisfies Opial’s
condition, that is, for any sequence {x,} C H with x,, — x, the inequality

lim infl|x, - x| < liﬂglf||xn -y (2.2)

hold for every y € H with y # H. We also know that H has the Kadec-Klee property, that is,
xp — x and ||x,|| — ||x|| imply x,, — x. In fact, from

ll2cn = x| = [l[|* = 25, x) + [l || (2.3)

we get that a Hilbert space has the Kadec-Klee property.

Let C be a nonempty closed convex subset of a Hilbert space H. Motivated by Nakajo
et al. [9], we give the following definitions: Let {T,} and T be families of nonexpansive
mappings of C into itself such that @# F(T) C (", F(T»), where F(Tx) is the set of all fixed
points of T, and F(T) is the set of all common fixed points of T. We consider the following
conditions of {T},,} and T (see [9]):

(i) NST-condition (I). For each bounded sequence {z,} C C, lim,_sl|lzn — Twzx| = 0
implies that lim,, ||z, — Tz,|| =0 forall T € T.

(ii) NST-condition (II). For each bounded sequence {z,} C C, lim,,_ o ||zn+1 — Tzl =0
implies that lim,, —, o ||zn — Ty zx|| = 0 for all m € N.

(iii) NST-condition (III). There exists {a,} C [0, 00) with 3,7, a, < oo such that for every
bounded subset B of C, there exists Mp > 0 such that ||T,x — Tys1x|| < a, M5 holds
foralln € Nand x € B.

Lemma 2.2. Let C be a nonempty closed convex subset of E and let T be a nonexpansive mapping of
C into itself with F(T) # @. Then, the following hold:

(i) {Ty} with T, = T(Vn € N) and T = {T} satisfy the condition (I) with (",—; F(T,) =
F(T) =F(T).
(ii) {T,} with T,, = T(Vn € N) and T = {T} satisfy the condition (I) with a, =0 (Vn € N).
Lemma 2.3 (Opial [10]). Let C bea closed convex subset of a real Hilbert space H and letT : C — C

be a nonexpansive mapping such that F(T) #0. If {x,} is a sequence in C such that x, — z and
X, —Tx, — 0,then z=Tz.
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Lemma 2.4 (Linetal. [11]). Let T be an asymptotically nonexpansive mapping defined on a bounded
closed convex subset of a bounded closed convex subset C of a Hilbert space H. If {x,} is a sequence
in C such that x,, — z and Tx, — x,, — 0, then z € F(T).

Lemma 2.5 (Nakajo and Takahashi [3]). Let H be a real Hilbert space. Given a closed convex
subset C ¢ H and points x,y,z € H. Given also a real number a € R. The set D := {v € C :
ly —ol* < llx = v|* + (z,v) + a} is convex and closed.

Lemma 2.6 (Kim and Xu [4]). Let C be a nonempty bounded closed convex subset of H and T =

{T(t) : 0 <t < oo} be an asymptotically nonexpansive semigroup on C. If {x,} is a sequence in C
satisfying the properties

(a) xp — z;
(b) limsup,_, limsup,_, [IT(t)x, — x| =0,

then z € F(T).

Lemma 2.7 (Kim and Xu [4]). Let C be a nonempty bounded closed convex subset of H and T =
{T(t) : 0 <t < oo} be an asymtotically nonexpansive semigroup on C. Then it holds that

t t
% .[0 T(u)xdu —T(s) <% Jo T(u)xdu>

3. Strong Convergence for a Family of Asymptotically
Nonexpansive Mappings

lim sup lim sup sup
s— 0 t—oo  xeC

‘ =0. (2.4)

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a Hilbert space H and let T; :
C — Cfori=1,2,3,...beacountable family of asymptotically nonexpansive mapping with sequence
{tni}pso fori = 1,2,3,..., respectively. Assume {a,},5 C (0,1) such that a, < a <1 for all n and
ay, — 0asn — oo. Let F(T) = %, F(T;) #0. Further, suppose that {T;} satisfies NST-condition
(1) and (1II) with T. Define a sequence {x,} in C by the following algorithm:

xo=x€C, Co=C,
Yn = AnXy + (1- “n)Tinxn/
(3.1)
Crr = {v € Cu: [lyn | < It - 0| + 6.},

Xp41 = Pc,,,(x), n=0,12...,

where 0, = (1 - a,)(t2, — 1) (diam C)? — 0asn — oo. Then {x,) converges in norm to Pr)(xo).

Proof. We first show that C,.; is closed and convex for all n € NU {0}. From the Lemma 2.5, it
is observed that C,,;1 is closed and convex for each n € NU {0}.
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Next, we show that F(T) c C, for all n > 0. Indeed, let p € F(T), we have

Iy = pII* = llawxs + (1 - @) T, = |
= lau(xn = p) + (1 = a) (T'x0 = p) ||
< alxn = pl” + (1 = ) [ T, = p|*
< allxn = plI* + (1= )t |x0 ||
= llxw = pl* + (1 = ) (12 = p I = ll2n - PII*)
= [lacu = plI* + (1 = @) (& = 1) lxa - p|?

= ||xn—p||2+9n—>0 as n —s oo.

Thus p € C,11 and hence F(T) € Cpq for all n > 0. Thus {x,} is well defined.
From x,, = Pc,xo and x,,.1 = Pc,,,x0 € Cp1 C C,, we have

n+l
(x0 = xp, X —xp41) 20 Vxp € F(T), ne NU{0}.
So, for x,.,1 € C,,, we have
0 < (x0 = Xpn, Xn — Xns1),
= (X0 — Xp, Xp — X0 + X0 = Xnt1),
= —(Xp — X0, Xn — X0) + (X0 = X, X0 = Xn41),
2
< —lxn = xol|” + [0 = x|l x0 = 21|
for all n € N. This implies that
2
[l = xnll” < [lx0 = Xnllllxo — Xpsall
hence

llx0 = x| < llx0 = Xnaal

for all n € NU {0}. Therefore {||xo — x,||} is nondecreasing.
From x,, = Pc,xo, we have

(x0 = Xn, X —y) 20 Yy €C,.

Using F(T) ¢ C,, we also have

(x0—xn,x, —p) >0 VpeF(T), ne NU{0}.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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So, for p € F(T), we have

02> (x0—Xn,Xn—p),
= (X0 = Xn, Xn — X0 + X0 — P), (3.9)

= —||.X'0 - anZ + ”xO - xn“”xO —P”
This implies that
lIxo = xull < ||xo—p|| Vp e F(T), ne Nu{0}. (3.10)

Thus, {||xg — x,||} is bounded. So, lim,, _, ||x,, — x| exists.
Next, we show that ||x,11 — x,|| — 0. From (3.3), we have

2 2
[l = xXnsall” =[] = X0 + X0 — X |
= [lotn = x0lI* + 2(2n = X0, X0 = Xns1) + [|%0 = X [|®
= [|2¢s = xo|[* +2(x = X0, X0 = X + X — Xns1) + || X0 = X1 |°
. RENTY
= [lxtn = x0l” = 2(x0 = Xy, X0 = Xp) = 2(X0 = X, Xpn = Xns1) + || X0 = X1 ||
< Jlaen = xoll* = 2llxn = X0l* + llx0 = Xt I
= —|locn = x0||* + |10 — e |I*.
Since lim,, _, . ||x, — xo|| exists, we conclude that lim,, ., o, ||x, — x,41]| = 0.
Since xy41 € Cpi1 C Cy, we have ||y, — xn+1||2 < lxn - x,,+1||2 + 0, which implies that

lyn = xpa1 |l < llxn = Xpa1ll + /0y Now we claim that ||Tix, — x,|| — Oasn — oo foralli e N.
We first show that ||T'x, — x,|| — 0asn — co. Indeed, by the definition of y,, we have

7

lyn = xu| = ||atnxn + (1 = @) T x — x

= || (1= an) Ty + (1= an)xa,

(3.12)
= [|(1 = &) (T7'x0 = x) ||,
= (1 - an) ”Tinxn - xn”
for all i € N and it follows that
177360 = ) = <[l = ]l
1-a,
1
< 77 (lyn = 2wl + Ixna = xall), (3.13)
n

IN

—— (It = xweall + VB + [0 = 3 )
—
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Since ||x, — xu41|| — 0asn — oo, we obtain
Tim || T}, = xa]| = 0 (3.14)

foralli e N.
Lett,, =sup{t,:n>1} <oo.Now, fori=1,2,3,..., we get

”Tixn - xn” < ||Tixn - Tin+1xn Tinﬂxn - Tirl+1xn+1 TinJrlxn-#l —Xn41f| T ”xn+1 - xn”r

‘|

‘|

< too”xn - T,'nxn” + ' T,'n+1xn+1 = Xpa1 || + (1 + teo) |20 = X,

(3.15)
from (3.14) and ||x, — xp11]] — Oasn — oo, yields
lim [lx, = Tixy|| = 0 (3.16)

foreachi = 1,2,3,.... Let m € N and take n € N with i > n. By NST-condition (III), there
exists Mp > 0 such that

Tnxn = xnll < | Tuxn = Tixul|l + | Tixn — xull
< ||Tnxn - Tn+1xn|| + ||Tn+1xn - Tn+2xn” +ee ”Ti—lxn - Tixn” + “Tixn - xn“

i-1
< M5y ax + [ Tixo — xall.

k=n
(3.17)
By (3.16) and Y1 a < oo, we get
liinqsipllxn = Tpxyu|| = 0. (3.18)
By the assumption of {T,,} and NST-condition (I), we have
ITx; — x4l — 0 as n — oo. (3.19)

Put zg = Pr(yxg. Since ||x, — xo|| < ||zo — xo|| for all n € NU {0}, {x,} is bounded. Let {x,,} be a
subsequence of {x,} such that x,, — w. Since C is closed and convex, C is weakly closed and
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hence w € C. From (3.19), we have that w = Tw. If not, since H satisfies Opial’s condition,
we have

lim inf||x,, — w|| < lim inf||x,, - Tw||,
n— oo n— oo

< lim inf(|[x,, = Ty | + [T, - T20])),
n— oo

(3.20)
< lim inf(||xni - Txni” + leni - w”)r
n—oo
= lim inf||x,, — w||.
n—oo
This is a contradiction. So, we have that w = Tw. Then, we have
ll2¢0 = 2ol < flxo = wl| < lim infll2co — || < limsupllxo = x| < llz0 = xoll, (3.21)
i— oo
and hence ||xg — zo|| = ||xo — w||. From zo = Pr(xg), we have zy = w. This implies that {x,}
converges weakly to zp, and we have
llxo = zoll < lim infflxg — x| < limsuploxo — x| < 20 = xoll, (3.22)
n—oo
and hence lim,, _, o, ||xo — x| = ||z0 — x¢]|. From x,, — zy, we also have xy — x,, — x( — zg. Since
H satisfies the Kadec-Klee property, it follows that xg — x, — x¢ — zo. So, we have
ll2¢n = zol| = [12n — X0 = (20 — X0)|| — 0 (3.23)
and hence x,, — zg = Pr(xp). This completes the proof. O

Corollary 3.2. Let C be a nonempty bounded closed convex subset of a Hilbert space H and let T :
C — C be an asymptotically nonexpansive mapping with sequence {t,},,q. Assume {a},5o C (0,1)
such that a, < a <1 forall nand a, — 0asn — oo. Let F(T) # 0. Define a sequence {x,} in C by
the following algorithm:

xp=x€C, Co=C,
Yn = Xy + (1-a,)T"x,,
(3.24)
Cot = {v € Cut [lyn—o|” < lIlxu =0l + 62},

Xps1 =Pc,,(x), n=0,12...,

where 0, = (1 — a,) (2 = 1)(diam C)* — O0asn — oo. Then {x,) converges in norm to Prry(xp).

Proof. Setting T' = T" for all i € NU {0} from Lemma 2.2(i) and Theorem 3.1, we immediately
obtain the corollary. O
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Since every family’s nonexpansive mapping is family’s asymptotically nonexpansive
mapping we obtain the following result.

Corollary 3.3. Let C be a nonempty bounded closed convex subset of a Hilbert space H and let
{Ti} : C — C be a family of nonexpansive mappings with sequence {t;};5q. Assume {a,},5, C (0,1)
such that a, < a <1 forallnand a, — 0asn — oco. Let F(T) = (N2, F(T;) # 0. Further, suppose
that {T;} satisfies NST-condition (1) with T. Define a sequence {x,} in C by the following algorithm:

xo=x€C, Co=C,

Yn = XXy + (1 - an)Tixn/

(3.25)
2
Cpi1 = {v €Ch:|lyn—2|" < llxn —vllz},

Xn+l1 = Pcm(x), n= 0,1,2....

Assume that if for each bounded sequence {z,} € C, lim,_ ||z, — Tizxll = 0, for all i € N implies
that im,, _, || zn — Tz,|| = 0. Then {x,} converges in norm to Prc)(xo).

We have the following corollary for nonexpansive mappings by Lemma 2.2(i) and
Theorem 3.1.

Corollary 3.4 (Takahashi et al. [7, Theorem 4.1]). Let C be a bounded closed convex subset of a
Hilbert space H and let T : C — C be a nonexpansive mapping such that F(T) #@. Assume that
0 < a, < a <1 forall n. Then the sequence {x,} generated by

xg=x€C, Co=¢C,

Yn = Xy + (1 —a,)Txy,,
(3.26)
Cp = {'U €Cy: ”]/n _U“ < lxn _U”}r

Xp41 = Pc,,(x), n=0,12...,
converges in norm to PrXo.

4. Strong Convergence for a Family of Asymptotically
Nonexpansive Semigroups

Theorem 4.1. Let C be a nonempty bounded closed convex subset of a Hilbert space H and let
C = {Tit) : t € R*, i = 1,2,3,...} be a countable family of asymptotically nonexpansive
semigroups. Assume {a,},5o C (0,1) such that a, < a <1 forallnand a, — 0asn — oo. Let
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{tui},i=1,2,3,... be a countable positive and divergent real sequence. Let F = (2 F(T;) #0. Fur-
ther, suppose that {T;} satisfies NST-condition (1) with T. Define a sequence {x, } in C by the following
algorithm:

xo=x€C, Co=¢C,

1 Eni
Yn = XXy + (1- ‘xn)t_ f Ti(u)xpdu,
ni Jo

4.1)
Cpe1 = {v €Cp: |lyn —v||2 < lxn —o|* + én},

Xn+1 = Pcm(x), n= 0,1,2...,

where 0, = 1- an)(fﬁi - 1)(diam C)* — 0asn — oo with t,; = (1/ty) fé"i LY du. Then {x,}
converges in norm to Pr(xo).

Proof. First observe that F C C,, for all n. Indeed, we have forallp € F

2
1 tni
v~ pl* = anxn+(1—an)Tf Ty (u)Xpdu — p

ni Jo

2

= |lan(xn —p) + (1 - ay) <% ftni T;(u)x,du — p>

iJo

2

IN

Eni
an | xn —P”2 +(1-an) ti f T;(u)xpdu —p

0

IN

. 2
| T (1) 2 — p||du> (4.2)

0

IN

1
ool -0 (
ni
1
b=l + (1= -

ni

(
|

szdu>||xn—p||2

anll %o pI + (1 - @) (B, %0 - p )

IN

e =PI+ (1 = ) (= 1) s = I

<[l —p|l* + 6.



Fixed Point Theory and Applications 13
So, p € Cps1. Hence F C C,, for all n € N. By the same argument as in the proof of Theorem 3.1,
C, is closed and convex, {x,} is well defined. Also, similar to the proof of Theorem 3.1

im [l = x| = 0. (4.3)

We next claim that limsup, _, __limsup, _,  [|Ti(s)x,—x,|| = 0. Indeed, by definition of v, and
Xn41 € C,, we have

1 Eni
”]/n - xn” = |[anxn + (1= an)r J Ti(u)xpdu — x,
ni Jo

1 Eni
= H(l - ‘Xn)t_ f Ti(u)xndu — (1 = an)xy (4.4)
ni Jo
1 Eni
- (-w)|| = [ T -,
tni 0
and then
1 (™ 1
o [ T = ) = -l
t?li 0 1 - an
(4.5)
< 1-a, ”]/n — Xn+l ” + [[xXns1 = x|
Since x;,41 € C,11 C C,,, we have
“yn — Xn+l ”2 < lxn = xn+1||2 + é’n (4.6)
which in turn implies that
”]/n — Xn+1 ” < lxen = X || + V §n~ (4.7)

It follows from (4.5) that

1

<
“1-a

1 tni ~
—'[ Ti(u)x,du — x, <2||xn+1 — x|l + Qn) — 0 asn— oo. (4.8)
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Let Lo, :=sup{kni,i =1,2,3,...} and foreach i € {1,2,3,...}, we get that

Ti(5)% - Ti(s) <ti " Ti<u)xndu> ‘

ni Jo
1 Eni 1 ni
Ti(s)\ — | Tiwxndu ) - — | Ti(u)x,du
tm' 0 tni 0

1 Eni
— f Ti(u)x,du — x,
tm' 0

ITi(s)Xn = 2xnll <

+

+ (4.9)

1 tni
< (Lo + 1) f T, () Xudhtt — %
ni

0

1 Eni 1 Eni
Ti(s) <—f Ti(u)xndu> - —I Ti(u)xndu
tai Jo twi Jo

By (4.8) and Lemma 2.7, we obtain that

+

lim sup lim sup||Ti(s)x, — x| = 0. (4.10)

S§— 00 n—oo

Furthermore, from (4.9) and Lemma 2.6 and the boundedness of {x,} we obtain that
0 # wy(x,) C F. By the fact that [|x, — xo|| < |[p — xo|| for any n > 0, where p = Pr(xo)
and the weak lower semi-continuity of the norm, we have |w — xo|| < ||p — xo| for all
W € wy(x,). However, since wy,(x,) C F, we must have w = p for all w € wy(x,).
Thus wy(x,) = {p} and then x, converges weakly to p. Moreover, following the method
of Theorem 3.1, x, — p = Pr(xo). This completes the proof. O

Corollary 4.2. Let C be a bounded closed convex subset of a Hilbert space H and T = {T(t) : 0 <
t < oo} be an asymptotically nonexpansive semigroup on C. Assume also that 0 < a, < a < 1 for all
n € NU (0} and {t,} is a positive real divergent sequence. Then, the sequence {x,} generated by

xo=x €C, chosen arbitrarily,

tn
Yn =Xy + (1 - cxn)tl 4[0 T (u)x,du,
n (4.11)

Co = {0 Cut flya o < o ol + 8.},
Xps1 =Pc,,(x), n=0,12...,
converges in norm to Pricyxo, where 8, = (1 — a,)[((1/t,) fon Ludu)z ~ 1](diam C)2 = 0as
n — oo.

Proof. By Theorem 4.1, if the semigroup T = {T(t) : 0 <t < oo} =9 :={I(t) : 0 <t < o0}, then
T(t)x, = x, for all n and for all ¢+ > 0. Hence (1/t,) fo" T(u)x,du = x,, for all n and z, = x,
then, (4.1) reduces to (4.11). O
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Corollary 4.3 (Takahashi et al. [7, Theorem 4.4]). Let C be a nonempty closed convex subset of
a Hilbert space H and T = {T(t) : 0 < t < oo} be a nonexpansive semigroup on C. Assume that
0<a,<a<1foralln e NU{0} and {t,} is a positive real divergent sequence. If F(TC) # 0, then the
sequence {x,} generated by

xo € C, chosen arbitrarily,

tu
J:) T (u)x,du, (412)

Con={veC:|yn—2| <lxn—2|},

Yn = XXy + (1 - an)t_
n

Xp1 = Pc,,,(x0), n=0,12...,

converges in norm to Py Xo.
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