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We establish some new coupled fixed point theorems for various types of nonlinear contractive
maps in the setting of quasiordered cone metric spaces which not only obtain several coupled fixed
point theorems announced by many authors but also generalize them under weaker assumptions.

1. Introduction

The existence of fixed point in partially ordered sets has been studied and investigated
recently in [1-13] and references therein. Since the various contractive conditions are
important in metric fixed point theory, there is a trend to weaken the requirement on
contractions. Nieto and Rodriguez-I6pez in [8, 10] used Tarski’s theorem to show the
existence of solutions for fuzzy equations and fuzzy differential equations, respectively. The
existence of solutions for matrix equations or ordinary differential equations by applying
fixed point theorems are presented in [2, 6, 9, 11, 12]. In [3, 13], the authors proved some
fixed point theorems for a mixed monotone mapping in a metric space endowed with partial
order and applied their results to problems of existence and uniqueness of solutions for some
boundary value problems.

In 2006, Bhaskar and Lakshmikantham [2] first proved the following interesting
coupled fixed point theorem in partially ordered metric spaces.

Theorem BL (Bhaskar and Lakshmikantham). Let (X, <) be a partially ordered set and d a metric
on X such that (X, d) is a complete metric space. Let F : XxX — X be a continuous mapping having
the mixed monotone property on X. Assume that there exists a k € [0, 1) with

d(F(x,y),F(u,v)) < g[d(x,u) +d(y,v)], Yu<x y<o. (1.1)
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If there exist xo, yo € X such that xo < F(xo,10) and F(yo, x0) < yo, then, there exist X, € X,
such that X = F(x,¥) and j = F(y,X).

Let E be a topological vector space (t.v.s. for short) with its zero vector O. A nonempty subset
K of E is called a convex cone if K + K C K and AK C K for A > 0. A convex cone K is said to be
pointed if KN (=K) = {Og}. For a given proper, pointed, and convex cone K in E, we can define a
partial ordering 3 with respect to K by

xZxye=y-xek (1.2)

x <k y will stand for x Z . y and x # y while x < y will stand for y—x € int K, where int K denotes
the interior of K.

In the following, unless otherwise specified, we always assume that Y is a locally convex
Hausdorff t.v.s. with its zero vector 0, K a proper, closed, convex, and pointed cone in Y with int K # 0,
<k a partial ordering with respect to K, and e € int K.

Very recently, Du [14] first introduced the concepts of TV S-cone metric and TV S-cone metric
space to improve and extend the concept of cone metric space in the sense of Huang and Zhang [15].

Definition 1.1 (see [14]). Let X be a nonempty set. A vector-valued functionp : X? := XxX —
Y is said to be a TVS-cone metric if the following conditions hold:

(C1) 0 Zxp(x,y) forall x,y € X and p(x, y) = 0 if and only if x = y;
(C2) p(x,y) =p(y,x) forall x,y € X;

(C3) p(x,z) Zxpx,y) +p(y, z) forall x,y,z € X.

The pair (X, p) is then called a TVS-cone metric space.

Definition 1.2 (see [14]). Let (X, p) be a TVS-cone metric space, x € X, and {x,},y a sequence
in X.

(i) {xn} is said to TVS-cone converge to x if for every ¢ € Y with 0 <k ¢ there exists a
natural number Ny such that p(x,, x) <k ¢ for all n > Ny. We denote this by cone-

limy, o Xp = X OF X —= x asn — oo and call x the TVS-cone limit of {x,}.

(ii) {x,} is said to be a TVS-cone Cauchy sequence if for every ¢ € Y with 0 <k c there is
a natural number Ny such that p(x,, x,,) <k ¢ forall n, m > Np.

(iii) (X, p) is said to be TVS-cone complete if every TVS-cone Cauchy sequence in X is
TVS-cone convergent in X.

In [14], the author proved the following important results.
Theorem 1.3 (see [14]). Let (X, p) be a TVS-cone metric space. Then d,, : X*> — [0, o0) defined by
dy = & o p is a metric, where &, : Y — R is defined by

¢(y) =inf{reR:yere-K}, Vyey. (1.3)
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Theorem 1.4 (see [14]). Let (X, p) be a TV S-cone metric space, x € X, and {x,},cxy a sequence in
X. Then the following statements hold:

(a) if {xn} TVS-cone converges to x (i.e., x, 2 xasn — o), then dp(xn,x) — 0Oas
. d
n — oo (ie., X, —> xasn — o);

(b) if {xy,} is a TVS-cone Cauchy sequence in (X, p), then {x,} is a Cauchy sequence (in usual
sense) in (X, dp).

In this paper, we establish some new coupled fixed point theorems for various types
of nonlinear contractive maps in the setting of quasiordered cone metric spaces. Our results
generalize and improve some results in [2, 4, 9, 11] and references therein.

2. Preliminaries

Let X be a nonempty set and “<” a quasiorder (preorder or pseudoorder, i.e., a reflexive and
transitive relation) on X. Then (X, <) is called a quasiordered set. A sequence {x, },y is called
<-nondecreasing (resp., <-nonincreasing) if x, < xn.1 (resp., xn+1 < x,) for each n € N. In this

paper, we endow the product space X? := X x X with the following quasiorder <:
(u,0) < (x,y) &= u<x,y<v forany (x,y),(uv) € X> (2.1)

Recall that the nonlinear scalarization function é. : ¥ — R is defined by
ée(y) =inf{reR:yere—K}, VyeY. (2.2)

Theorem 2.1 (see [14, 16, 17]). For each r € Rand y € Y, the following statements are satisfied:
() ée(y) Sreoyere-K;
(i) ee(y) >r & y¢re-K;
(iii) ¢ (y) 2 r © y ¢re—intK;
(iv) ée(y) <r &y ere—intK;
(v) &.(-) is positively homogeneous and continuous on'Y;
(Vi) if y1 € y2 + K, then &e(y2) < &e(y1);

(vii) & (y1 + v2) <& (1) + & (y2) forall y1,y, €Y.

Remark 2.2. (a) Clearly, ¢.(0) = 0.
(b) The reverse statement of (vi) in Theorem 2.1 (i.e., & (v2) < & (v1) = 11 € ¥2 + K)
does not hold in general. For example, let Y = R?, K = R2 = {(x,y) € R? : x,iy > 0}, and
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e = (1,1). Then K is a proper, closed, convex, and pointed cone in Y with intK = {(x,y) €
R?:x,y >0}#0 and e € intK. For r = 1, it is easy to see that y; = (6,-25) ¢ re — int K, and
y2 = (0,0) € re —int K. By applying (iii) and (iv) of Theorem 2.1, we have &, (v2) <1 < ¢.(y1)
but indeed 1 € y» + K.

For any TVS-cone metric space (X, p), we can define themap p: X>x X?> — Y b
y P p pp y

p((x,v), w,0)) =p(x,u) +p(y,v) forany (x,v),(uv) € X~ (2.3)

It is obvious that p is also a TVS-cone metric on X? x X?, and if x, — a and y, — b as

n — oo, then (x,, yu) — (a,b) (i.e., {(xn, yu)} TVS-cone converges to (a,b)).
By Theorem 1.3, we know that d,, := ¢, o p is a metric on X. Hence the function o,:
X% x X% — [0,0), defined by

op((x,y), (u,v)) =d,(x,u) +d,(y,v) forany (x,y),(u,v)e€ X2, (2.4)

is a metric on X? x X2.
A map F : X* — X is said to be d,-continuous at (x,y) € X? if any sequence

d
{(xn,yn)} C X* with (X1, Yn) N (x,y) implies that F(x,, y.) LN F(x,y). F is said to be
d,-continuous on (X?,0,) if F is continuous at every point of X2.

Definition 2.3 (see [2,4]). Let (X, <) be a quasiordered setand F : X xX — X amap. one says
that F has the mixed monotone property on X if F(x,y) is monotone nondecreasing in x € X
and is monotone nonincreasing in y € X, that is, for any x, vy € X,

x1,x, € X with x; <x, = F(x1,¥) < F(x2, ),
(2.5)
yi, 2 € X with y1 <yo = F(x,y2) < F(x,11).

Definition 2.4 (see [2, 4]). Let X be a nonempty setand F : X x X — X a map. One calls an
element (x,y) € X? a coupled fixed point of F if

F(x,y) =x, F(y,x) =y. (2.6)

Definition 2.5. Let (X,p,<) be a TVS-cone metric space with a quasi-order < ((X,p, <) for
short). A nonempty subset M of X is said to be

(i) TVS-cone sequentially <'-complete if every <-nondecreasing TVS-cone Cauchy
sequence in M converges,

(ii) TVS-cone sequentially <|-complete if every <-nonincreasing TVS-cone Cauchy
sequence in M converges,

(iii) TVS-cone sequentially ﬁl-complete if it is both TVS-cone sequentially <'-complete
and TVS-cone sequentially <|-complete.
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Definition 2.6 (see [4, 18]). A function ¢ : [0,00) — [0,1) is said to be a MT-function if it
satisfies Mizoguchi-Takahashi’s condition (i.e., limsup,_,,,,¢(s) <1forallt € [0, c0)).
Clearly, if ¢ : [0,00) — [0,1) is a nondecreasing function, then ¢ is a M T-function.
Notice that ¢ : [0,00) — [0,1) is a MT-function if and only if for each t € [0, oo) there exist
re € [0,1) and & > 0 such that ¢(s) < r; for all s € [t,t + &;); for more detail, see [4, Remark 2.5

(iii) ].

Very recently, Du and Wu [5] introduced and studied the concept of functions of
contractive factor.

Definition 2.7 (see [5]). One says that ¢ : [0,00) — [0, 1) is a function of contractive factor if for

any strictly decreasing sequence {x, },oy in [0, o), one has

0 <supo(x,) <1. (2.7)

neN

The following result tells us the relationship between MT-functions and functions of
contractive factor.

Theorem 2.8. Any MT-function is a function of contractive factor.
Proof. Let ¢ : [0,00) — [0,1) be a MT-function, and let {x,},cy be a strictly decreasing
sequence in [0, ). Then fy := lim,_, , x, = inf,ey X, > 0 exists. Since ¢ is a M T-function,

there exist r;, € [0,1) and &, > 0 such that ¢(s) <1y, for all s € [to, ty + &;,). On the other hand,
there exists £ € N, such that

to <x, <tp+ £ty (28)
for all n € N with n > £. Hence ¢(x,) <1y, foralln > €. Let
1 := max{(x1), p(x2), ..., p(xp-1), 1} < 1. (2.9)

Then ¢(x,) < n forall n € N, and hence 0 < sup, . ¢(x,) < 71 < 1. Therefore ¢ is a function of
contractive factor. O

3. Coupled Fixed Point Theorems for Various Types of
Nonlinear Contractive Maps

Definition 3.1. One says that « : [0,00) — (0,1) is a function of strong contractive factor if for

any strictly decreasing sequence {x,},y in [0, o), one has

0 <supx(x,) <1 (3.1)

neN
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It is quite obvious that if x is a function of strong contractive factor, then « is a function
of contractive factor but the reverse is not always true.

The following results are crucial to our proofs in this paper.

Lemma 3.2. A function of strong contractive factor can be structured by a function of contractive
factor.

Proof. Let ¢ : [0,00) — [0,1) be a function of contractive factor. Define x(t) = (1 + ¢(t))/2,
t € [0, 00). We claim that « is a function of strong contractive factor. Clearly, 0 < ¢(f) < x(t) <1
forallt € [0,00). Let {x,},cy be a strictly decreasing sequence in [0, c0). Since ¢ is a function
of contractive factor, 0 < sup, . ¢(x,) < 1. Thus it follows that

1
0<supx(x,) ==|1+supp(x,)| <1. (3.2)
neN 2 neN
Hence « is a function of strong contractive factor. O

Lemma 3.3. Let E beat.v.s., K a convex cone withint K # @ in E, and a, b, c € E. Then the following
statements hold.

(i) If aggb and b<kc, then a<gc;
(ii) If a<gb and bZyc, then a<kc;

(iii) If a<kb and b<kc, then a<kgec.

Proof. To see (i), since the set int K + K is open in E and K is a convex cone, we have
int K + K =int(int K + K) C int K. (3.3)
SinceaZybe=b-ae Kand bkgce c-beintK, it follows that
c—a=(c-b)+(b-a)eintK+K CintK, (3.4)

which means that a <k c. The proofs of conclusions (ii) and(iii) are similar to (i). O
Lemma 3.4 (see [4]). Let (X, <) be a quasiordered set and F : X*> — X a multivalued map having

the mixed monotone property on X. Let xo,yo € X. Define two sequences {x,} and {y,} by

Xn = F(xn—lz yn—l)/ (3 5)

Yn = F(]/n—l/ xn—l)

foreach n € N. If xg < x1 and v, L yo, then {x,} is <-nondecreasing and {y,} is <-nonincreasing.
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In this section, we first present the following new coupled fixed point theorem for
functions of contractive factor in quasiordered cone metric spaces which is one of the main
results of this paper.

Theorem 3.5. Let (X, p, <) be a TVS-cone sequentially 5I-complete metric space, F : X*> — Xa
map having the mixed monotone property on X, and d,, := ¢, o p. Assume that there exists a function
of contractive factor ¢ : [0,00) — [0,1) such that for any (x,y), (u,v) € X*> with (u,v) < (x,y),

P(F(,9), Fl1,0)) i 50(dp(0) + dy (1,2))p((x, ), (0,0)), 6

and there exist xg, yo € X such that xy < F(xo, yo) and F(yo, xo) < yo. Define the iterative sequence
{(Xn, Yn) b nerogo) i X2 by Xy = F(Xp1,Yn-1) and Y = F(Yn-1, Xn-1) for n € N. Then the following
statements hold.

(a) There exists a nonempty subset D of X, such that (D, dy) is a complete metric space.

(b) There exists a nonempty subset Q of X2, such that (Q, 0,,) is a complete metric space, where
op((x,y), (u,v)) = dp(x,u) + d,(y,v) for any (x,y), (u,v) € X2. Moreover, if F is dp-
continuous on (Q, op), then {(xu, Yn) } nenvioy TVS-cone converges to a coupled fixed point
in Qof F.

Proof. Since Y is a locally convex Hausdorff t.v.s. with its zero vector 0, let 7 denote the
topology of Y and let %, be the base at 6 consisting of all absolutely convex neighborhood of
0. Let

L = {¢:¢ is a Minkowski functional of U for U € U}. (3.7)
Then £ is a family of seminorms on Y. For each ¢ € £, let
V@) ={yeY:4(y) <1}, (3.8)
and let

Up={U:-U=nVE)NnVE&h)Nn---Nnr,V(&,), >0, € L, 1<k<n, neN}. (3.9)

Then U, is a base at 8, and the topology I' » generated by U, is the weakest topology for Y
such that all seminorms in £ are continuous and 7 = I' ,. Moreover, given any neighborhood
Op of 0, there exists U € U, such that 8 € U C Oy (see, e.g., [19, Theorem 12.4 in I1.12, Page
113]).

By Lemma 3.2, we can define a function of strong contractive factor « : [0,00) — [0,1)
by x(t) = (¢(t) +1)/2. Then 0 < ¢(t) < x(t) < 1 for all t € [0,00). For any n € N, let
Xn = F(xp-1, Yn-1) and y, = F(Yn-1, X4-1). Then, by Lemma 3.4, {x,} is <-nondecreasing and
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{yn} is 2-nonincreasing. So (X, Yn) < (Xp+1, Yns1) and (Y1, Xn+1) < (Yn, X) for each n € N.
By (3.6), we obtain

p(x2,x1) = p(F (x1, 1), F (x0, o))

1
Rk 59 (dp(x1,%0) + dp (y1,v0) )o ((x1,31), (0, 90)) (3.10)

= %‘P(dp(xlfxo) +d,(y1,y0)) [p(x1, x0) + p(y1, 0)],

p(y2,y1) = p(y1,y2)

= p(F(vo,x0), F(y1,x1))

éK %‘P(dp(y()lyl) + dp(xo,xl)) [p(yolyl) +p(x0’x1)] (311)

1
= 59 (dp(x1,%0) +dp (y1,¥0)) [p(x1,%0) + P(y1, 90)]
By (3.10) and Theorem 2.1,

dp(xZle) =¢e (P(Xzfxl))

< §e<%‘l’(dp(x1,xo) +d,(y1,0)) [p(x1, x0) + P(yhyo)]>
. (3.12)
= E‘P(dp(xlrxo) +dp (Y1, Y0)) [dp(x1, %0) + dp(¥1, v0)]

1
< ix(dp(xlzxo) +dp (Y1, Y0)) [dp(x1, x0) + dp (y1, 10)]-
Similarly, by (3.11) and Theorem 2.1, we also have

dp(y2,y1) = &e(p(x2,x1))
< %go(d,,(xl,xo) +dy,(y1,0)) [dp (1, x0) + dp (1, 0) ] (3.13)

1
< Ek(dp(xlrxo) +d,(y1,Y0)) [dp(x1, x0) + dp(y1,10)]-
Combining (3.12) and (3.13), we get

dy(x2,x1) + dp (Y2, y1) < x(dp(x1,x0) + dp (Y1, ¥0)) [dp(x1, x0) + dp (Y1, 10)]- (3.14)
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For each n € N, let &, = d,(xp, Xn-1) + dp(Yn, Yn-1)- Then & < x(§1)é1- By induction, we can
obtain the following. For each n € N,

pCenit, 2 Sk 30(&0) [P x01) + P (v v )] (3.15)
P(Yns1, Yn) S %(P(cﬁn) [P(xXn, Xn-1) + P (Yn, Yn1)]; (3.16)
Ay Censt, ) < SR (317)

Ay (Yns1,Yn) < %K(én)én; (3.18)

Sna1 <K (Gn)én- (3.19)

Since 0 < x(f) < 1 for all t € [0, o), the sequence {¢,} is strictly decreasing in [0, oo)
from (3.19). Since « is a function of strong contractive factor, we have

0<A:=supx(é,) <1 (3.20)

neN

So p(&,) < k(&) < Afor all n € N. We want to prove that {x,} is a <-nondecreasing TVS-cone
Cauchy sequence and {y,} is a <-nonincreasing TVS-cone Cauchy sequence in X. For each
n € N, by (3.15), we have

1
P(Xna2, Xni1) S E/\[p(xm, Xn) + P(Yns1, Yn)]- (3.21)
Similarly, by (3.16), we obtain
1
P (Y2, Yni1) Sk E)L[P(xrﬁl/xn) +p(Yne1, Yn)]- (3.22)

From (3.21) and (3.22), we get

P(Xni2, Xni1) + P (Yns2, Ynr1) Sic AP (Xni1, %) + p(Yni1,yn)]  for each n € N. (3.23)
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Hence it follows from (3.21), (3.22), and (3.23) that

1
P (Xns2, Xns1) Bxc E)u[p(xm,xn) + (Y1, Yn) ]

1
;JK 512 [p(xn/ Xp-1) + P(ynl ]/n—l)]

NA
~

(3.24)
Mp(x2, 1) +p(y2,11)],

~<
~K

P (Yns2 Yne1) S 5 A" [p(x2, x1) +p(y2,51)] for n €N

Nl—= N

Therefore, for m,n € N with m > n, we have

m-1 )Lnfl

P(Xm, Xn) Sk Zp(xj+1,xj) % 0= [p(x2,x1) + p(y2,11)], (3.25)
j=n
m-1 )Ln—l

Py yn) i 25 Po1,¥) Bk gy P20 + P2, )] (3.26)

j=n

Given ¢ € Y with 8 <k ¢ (ie., ¢ € intK = int(int K)), there exists a neighborhood Ny of 0
such that ¢ + Ny C int K. Therefore, there exists U. € U, with U. C Ng such that ¢ + U, C
¢+ Np Cint K, where

U, = T1V(€1) N TzV(ez) Nn---N rSV(és), (327)

forsomer; >0and ¢; € £,1<i<s. Let

6c=min{r; : 1<i<s} >0,
(3.28)
1 =max{€;(p(x2, x1) +p(y2, 1)) : 1 <i< s}

If 7 = 0, since each ¢; is a seminorm, we have &;(p(x2, x1) + p(y2,¥1)) = 0 and

Pt Al
‘ <_2(1 e x) + P(]/zfyl)]> =5 - fi P ) +p(y2y)) =0<n - (3.29)
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foralll1<i<sandalln € N.If > 0, since A € (0,1), lim,,_,,(A\""1/2(1 - 1)) = 0, and hence
there exists ny € N such that A\"71/2(1 - \) < 6./1 for all n > ny. So, for eachi € {1,2,...,s}
and any n > ny, we obtain

Al Al
¢ <—m [p(x2, 1) + p(y2, yl)]> = 5Pl ) +p(v2 )

O
< E&(P(xz/xl) +p(v2,y1)) (3.30)

< 6

IN

Ti.

Therefore for any n > ny, —(A""1/2(1 = 1)) [p(x2, x1) + p(y2,y1)] € iV (&) forall 1 <i < s, and
hence —(A"1/2(1 - 1)) [p(x2, x1) + p(y2,¥1)] € U.. So we obtain

n-1
T [p(x2,x1) + p(y2,y1)] € c+ U CintK (3.31)
or
)tn—l
200 [p(x2,x1) + p(y2, 11)] <k € (3.32)

for all m > ny. For m,n € N with m > n > ny, by (3.25), (3.26), (3.32), and Lemma 3.3, we
obtain

p(Xm, Xn) KK C,
(3.33)

P(Ym, Yn) <k .

Hence {x,} is a =-nondecreasing TVS-cone Cauchy sequence and {y,} is a <-nonincreasing
TVS-cone Cauchy sequence in X. By the TVS-cone sequential 51—completeness of X, there
exist X,y € X such that {x,} TVS-cone converges to x and {y,} TVS-cone converges to y.
Therefore {(xy, y»)} TVS-cone converges to (X, ).

On the other hand, applying Theorem 1.4, we have the following:

{x,} is a < -nondecreasing Cauchy sequence in (X, d,); (3.34)

{yn} is a < -nonincreasing Cauchy sequence in (X, d,); (3.35)
d

dp(xy,X) — 0 <0r Xy — J?) as n — oo; (3.36)

dy(Yn, §) — 0 <or Yo s ?) as n — oo. (3.37)
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Since oy, ((xy, Yn), (X,Y) = dp(xn,X) + dp(yn, y) for all n € N, by (3.36) and (3.37), we

have (x4, yn) = (x,y) asn — oo.Let D = {xn}neNU{O} Uix}, @ = {yn}neNu{O} U {y}, and
Q = 1 x D. Then (D1,d,), (D2,4d,), and (L, 0,) are also complete metric spaces. Hence
conclusion (a) holds.

Finally, in order to complete the proof of conclusion (b), we need to verify that (X, y) €
Q is a coupled fixed point of F. Let € > 0 be given. Since F is d,-continuous on (L, o) and
(x,y) € Q, Fis dy-continuous at (X, y). So there exists 6 > 0 such that

d,(F(%,7),F(u,v)) < % (3.38)
whenever (u,v) € Q with 0,((x,y), (1,v)) < 6. Since x, d—P> X and y, i yasn — oo, for
¢ =min{e/2,6/2} > 0, there exists vy € N such that

dp(xp,X) < ¢, dp(yn,¥) <¢ VYneN with n> o (3.39)
So, for each n € N with n > vy, by (3.39),
0p ((%,9), (Xn,Yn)) = dp(xn, X) + dp(yn, ) < 6, (3.40)
and hence we have from (3.38) that

dy (F(%,9), F(xa y)) < 5 (3.41)

Therefore

dy (F (%), %) < dy(F(%, ), %uyo1) + dy (50,01, %)
= dP (F(JAC' g)' F(xUOI yvo)) + dp (xvo+1/ 55)
€ (3.42)
<3 +¢ (by(3.39)and (3.41))
<e.
Since ¢ is arbitrary, d,(F(x, ), X) = O or F(X, y) = X. Similarly, we can also prove that F(y, x) =

Y. 50 (x,7) € Q1is a coupled fixed point of F. The proof is finished. O

The following conclusions are immediate from Theorems 2.8 and 3.5.
Theorem 3.6. Let (X, p, <) bea TVS-cone sequentially 5I-complete metric space, F : X> — X amap

having the mixed monotone property on X, and d,, := ¢, o p. Assume that there exists a MT-function
¢ :[0,00) — [0,1) such that for any (x,v), (u,v) € X*> with (u,v) < (x,vy),

P(F(x.9), F1,0) Ry 59l + dy (1, 0)p((2,9), w0),  (343)
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and there exist xo, 1o € X such that xo < F(xo,yo) and F(yo,x0) < yo. Define the iterative sequence
{(Xn, Yn) b nerogo) i X2 by Xy = F(Xp1,Yn-1) and Y = F(Yn-1, Xn-1) for n € N. Then the following
statements hold.

(a) There exists a nonempty subset D of X, such that (D, dy) is a complete metric space.

(b) There exists a nonempty subset Q of X?, such that (Q,0,) is a complete metric space.
Moreover, if F is d-continuous on (€2, 0p), then {(xu, Yn) } nenujoy TVS-cone converges to
a coupled fixed point in Q of F.

Theorem 3.7. Let (X, p, <) be a TV S-cone sequentially 5I—complete metric space, F : X> — X amap
having the mixed monotone property on X, and d,, := ¢, o p. Assume that there exists a nonnegative
number y < 1 such that for any (x,vy), (u,v) € X* with (u,v) < (x,vy),

p(F(x,y),F(u,v)) 3k gp((x, ), (u,0)), (3.44)

and there exist xg, yo € X such that xy < F(xo,y0) and F(yo, x0) X yo. Define the iterative sequence
{(xn,yn)}neNU{O] in X by x, = F(xy-1,Yn-1) and v, = F(Yn-1, Xu-1) for n € N. Then the following
statements hold.

(@) There exists a nonempty subset D of X, such that (D, d,) is a complete metric space.

(b) There exists a nonempty subset Q of X?, such that (Q,0,) is a complete metric space.
Moreover, if F is dy-continuous on (€2, 0p), then {(xn, Yn) } nenujoy TVS-cone converges to
a coupled fixed point in Q of F.

Remark 3.8. (a) Theorems 3.5 and 3.6 all generalize and improve [4, Theorem 2.8] and some
resultsin [2,9, 11].

(b) Theorems 3.5-3.7 all generalize Bhaskar-Lakshmikantham’s coupled fixed points
theorem (i.e., Theorem BL).

Finally, we focus our research on TVS-cone metric spaces.

Theorem 3.9. Let (X, p) be a TVS-cone complete metric space, F : X* — X a map, and d,, := ¢, op.
Assume that there exists a function of contractive factor ¢ : [0,00) — [0,1) such that for any
(x,y), (u,v) € X?

p(F(x,y), F(u,v)) 3¢ %(P(dp(xw +dp(y,0))p((x, ), (w,0)). (3.45)

Let xo,y9 € X. Define the iterative sequence {(xn,yn)}neNu[O} in X2 by x, = F(xy-1,Yn-1) and
Yn = F(Yn-1, x4-1) for n € N. Then the following statements hold.

(a) There exists a nonempty subset D of X, such that (D, dy) is a complete metric space.
(b) There exists a nonempty subset Q of X?, such that (Q, 0,,) is a complete metric space.

(c) F has a unique coupled fixed point in 2. Moreover, {(xn, Yn) } nenuioy TVS-cone converges
to the coupled fixed point of F.
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Proof. For any (x,y), (u,v) € X?,by (3.45) and Theorem 2.1, we obtain

dy (F(x,y), F(1w,0)) < 5(dy (e, ) + dy(,0)) [dy (1) + dy (y, )]
= 29(0p((0 ), (4,0)))0p (%), (1,0)) (3.46)

< 20((x.y), W, 0)).

From (3.46), we know that F is d,-continuous on (XZ,O',,). Following the same argument as
in the proof of Theorem 3.5, we can prove that conclusions (a) and (b) hold and there exists
(x,y) € Q, such that {(xn,]/n)}neNu{O’ TVS-cone converges to (x,¥) and (X, y) is a coupled
fixed point of F. To complete the proof, it suffices to show the uniqueness of the coupled fixed
point of F. On the contrary, suppose that there exists (i, 7) € X x X, such that # = F(u,7) and
v = F(7,1). By (3.46), we have

dy(x,u) =d,(F(X,y),F(u,0)) < %[dp(fc,ﬁ) +d,(y,0)],

(3.47)
4y (3,9) = dy (F(3,%), F(0,0)) < 3 [dy(%,) + y(7,0)).
So, it follows from (3.47) that
dp(X, 1) +d,(y,0) < dyp(x,1) +d,(y,0), (3.48)
which leads to a contradiction. The proof is completed. O

The following results are immediate from Theorem 3.9.

Theorem 3.10. Let (X, p) be a TVS-cone complete metric space, F : X* — X amap, and d,, := é.op.
Assume that there exists a NT-function ¢ : [0,00) — [0, 1) such that for any (x,v), (u,v) € X?,

P(F(x,y), Flu,0)) S 50y (x,) + iy (3,0))p((x,y), (0,0)). (3.49)

Let xo,y9 € X. Define the iterative sequence {(xn/y")}neNu[O] in X2 by x, = F(xy-1,Yn-1) and
Yn = F(Yn-1, x4-1) for n € N. Then the following statements hold.

(a) There exists a nonempty subset D of X, such that (D, dy) is a complete metric space.
(b) There exists a nonempty subset Q of X?, such that (Q, 0,,) is a complete metric space.

(c) F has a unique coupled fixed point in Q. Moreover, {(xXn, Yn) }nenujoy TV S-cone converges
to the coupled fixed point of F.
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Theorem 3.11. Let (X,p) be a TVS-cone complete metric space and F : X> — X a map. Assume
that there exists a nonnegative number y < 1 such that for any (x,y), (u,v) € X2,

p(F(x,y), F,0)) e 5p((x,), (0,0)). (350)

Let x0,y0 € X. Define the iterative sequence {(xn,yn)}neNu{O} in X2 by x, = F(xy-1,Yn-1) and
Yn = F(Yn-1, x4-1) for n € N. Then the following statements hold.

(a) There exists a nonempty subset D of X, such that (D, dy) is a complete metric space.

(b) There exists a nonempty subset Q of X?, such that (Q, 0,,) is a complete metric space.

(c) F has a unique coupled fixed point in Q. Moreover, { (X, Yn)}
to the coupled fixed point of F.

neNU0) TVS-cone converges

Remark 3.12. (a) Theorems 3.9 and 3.10 all generalize and improve [4, Theorem 2.12].
(b) Theorems 3.9-3.11 all generalize some results in [2, 9, 11].
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