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We define a new concept of integral with respect to a cone. Moreover, certain fixed point theorems
in those spaces are proved. Finally, an extension of Meir-Keeler fixed point in cone metric space is
proved.

1. Introduction

In 2007, Huang and Zhang in [1] introduced cone metric space by substituting an ordered
Banach space for the real numbers and proved some fixed point theorems in this space. Many
authors study this subject and many fixed point theorems are proved; see [2-5]. In this paper,
the concept of integral in this space is introduced and a fixed point theorem is proved. In
order to do this, we recall some definitions, examples, and lemmas from [1, 4] as follows.

Let E be a real Banach space. A subset P of E is called a cone if and only if the following
hold:

(i) P is closed, nonempty, and P # {0},
(ii) a,b € R, a,b >0, and x,y € P imply that ax + by € P,
(iii) x € P and —x € P imply that x = 0.

Given a cone P C E, we define a partial ordering < with respect to P by x < y if and only if
y —x € P. We will write x < y to indicate that x < y but x #y, while x <« y will stand for
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y — x € int P, where int P denotes the interior of P. The cone P is called normal if there is a
number K > 0 such that 0 < x < y implies ||x|| < K||y||, for all x,y € E. The least positive
number satisfying above is called the normal constant [1].

The cone P is called regular if every increasing sequence which is bounded from above
is convergent. That is, if {x,},5; is a sequence such that x; < x < --- < y for some y € E,
then there is x € E such that lim,,_, |/x, — x|| = 0. Equivalently, the cone P is regular if and
only if every decreasing sequence which is bounded from below is convergent [1]. Also every
regular cone is normal [4]. In addition, there are some nonnormal cones.

Example 1.1. Suppose E = C]é([O, 1]) with the norm || f]| = [ f|l_, + I f'll, and consider the cone
P={f€E: f>0}.Forall K > 1,set f(x) =xand g(x) = x*. Then0< g < f,||f|| =2 and
llgll = 2K + 1. Since K||f]| < [|g]l, K is not normal constant of P. Therefore, P is non-normal
cone.

From now on, we suppose that E is a real Banach space, P is a cone in E with int P #0,
and < is partial ordering with respect to P. Let X be a nonempty set. As it has been defined
in [1], a function d : X x X — E is called a cone metric on X if it satisfies the following
conditions:

(i) d(x,y) >0forall x,y € Xand d(x,y) =0ifand only if x = y,
(ii) d(x,y) =d(y,x), forall x,y € X,
(iii) d(x,y) < d(x,z) +d(y,z), forall x,y,z € X.

Then (X, d) is called a cone metric space.

Example 1.2. Suppose E = 1!, P = {{x,},en € E : x, > 0,for all n, (X, p) is a metric space and
d:XxX — Eisdefined by d(x,y) = {p(x,y)/2"},cy. Then (X, d) is a cone metric space and
the normal constant of P is equal to 1.

Definition 1.3. Let (X, d) be a cone metric space. Let {x,},cy be a sequence in X and x € X. If
for any ¢ € E with 0 « ¢, there is ny € N such that for all n > ny, d(x,, x) < ¢, then {x,},cy
is said to be convergent to x, and x is the limit of {x,},y. We denote this by

limx,=x or x,—x (n— o0). (1.1)

n— oo

Definition 1.4. Let (X, d) be a cone metric space and {x,},cy be a sequence in X. If for any
¢ € E with 0 « ¢, there is ny € N such that for all m,n > ng, d(x,, xn) < ¢, then {x,},cy is
called a Cauchy sequence in X.

Definition 1.5. Let (X, d) be a cone metric space, if every Cauchy sequence is convergent in X,
then X is called a complete cone metric space.

Definition 1.6. Let (X, d) be a cone metric space. Let T be a self-map on X. If for all sequence
{xXn}pen in X,

lim x, = x implies lim T'(x,) = T(x), (1.2)

n—oo

then T is called continuous on X.
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The following lemmas are useful for us to prove the main result.
Lemma 1.7. Let (X, d) be a cone metric space and P a normal cone with normal constant K. Let

{xn} eny be a sequence in X. Then {x,},cn converges to x if and only if

lnlg\} d(xy,,x) = 0. (1.3)

Lemma 1.8. Let (X, d) be a cone metric space and P a normal cone with normal constant K. Let
(X0} e be a sequence in X. Then {x,},cy is a Cauchy sequence if and only if

lim d(xm, xz) = 0. (1.4)

m,n— oo
Lemma 1.9. Let (X, d) be a cone metric space and {x,,},,cx a sequence in X. If {x,},,cn is convergent,
then it is a Cauchy sequence.

Lemma 1.10. Let (X, d) be a cone metric space and P be a normal cone with normal constant K. Let
{x,} and {y,} be two sequences in X and x, — x, y» — y (n — ). Then

A(xn,yn) — d(x,y) (n— ). (1.5)

The following example is a cone metric space.

Example 1.11. Let E=R?,P = {(x,y) € Ex,y > 0}, and X = R. Suppose thatd : X x X — Eis
defined by d(x,y) = (|x — y|, a|x — y|), where a > 0 is a constant. Then (X, d) is a cone metric
space.

Theorem 1.12. Let (X, d) be a complete cone metric space and P a normal cone with normal constant
K. Suppose the mapping f : X — X satisfies the contractive condition

d(fx, fy) < pd(x,y) (1.6)

forall x,y € X, where p € (0,1) is a constant. Then f has a unique fixed point xq € X. Also, for all
x € X, the sequence { f"(x)};.; converges to x.

2. Certain Integral Type Contraction Mapping in Cone Metric Space
In 2002, Branciari in [6] introduced a general contractive condition of integral type as follows.

Theorem 2.1. Let (X, d) be a complete metric space, « € (0,1), and f : X — X is a mapping such
that for all x,y € X,

d(xy)

P(t)dt < [xJ‘ P(t)dt, (2.1)

J-d(f(X)/f(y))
0

0



4 Fixed Point Theory and Applications

where ¢ : [0,+00) — [0, +o0) is nonnegative and Lebesgue-integrable mapping which is summable
(i.e., with finite integral) on each compact subset of [0, +oo) such that for each e > 0, [(p(t)dt > 0,
then f has a unique fixed point a € X, such that for each x € X,1im,, . f"x = a.

In this section we define a new concept of integral with respect to a cone and introduce
the Branciari’s result in cone metric spaces.

Definition 2.2. Suppose that P is a normal cone in E. Let a,b € E and a < b. We define

[a,b] :={x€eE:x=tb+(1-t)a, forsomete][0,1]},
(2.2)
[a,b) ={x€E:x=tb+(1-t)a, forsomete[0,1)}.

Definition 2.3. The set {a = xo,x1,...,X, = b} is called a partition for [a, b] if and only if the
sets {[xi_1,x;) }1o; are pairwise disjoint and [a, b] = {UL; [xi-1, xi) } U {b}.

Definition 2.4. For each partition Q of [a,b] and each increasing function ¢ : [a,b] — P, we
define cone lower summation and cone upper summation as

n-1
L (4, Q) = Z‘i’(xi)”xi = xisll,
= 2.3)

n-1
uz"(¢,Q) = §)¢(xi+1)||xi - xiall,

respectively.

Definition 2.5. Suppose that P is a normal cone in E. ¢ : [a,b] — P is called an integrable
function on [a, b] with respect to cone P or to simplicity, Cone integrable function, if and only
if for all partition Q of [a, b]

Jim L, ($,Q) = $°7 = lim UL"(9, Q). (24)

where S“°" must be unique.
We show the common value S¢°" by

b b
f ¢(x)dp(x) or to simplicity J‘ ¢dy. (2.5)

We denote the set of all cone integrable function ¢ : [a,b] — P by £L!([a,b], P).

Lemma 2.6. (1) If [a,b] C [a,c], then [*fd, < [ fd,, for f € £(X,P).2) [*(af + pg)dy =
af’fd, + B[ gdy,, for f,g € L (X, P) and a,f € R.

Proof. (1) Suppose that P and R are partitions for [a, b] and [b, c], respectively. That is,

R={xy,xp41,- -, Xm-1,Xm =€}, P={a=xy,x1,...,%X4-1,%X, = b},. (2.6)
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Let Q = PUR. Q is a partition for [a, c]. Therefore one can write

n-1 n-1 m-1
Ly (f,P) = D f (i)l = xiaall € D f (o)l = xiaall + D f (i)l = Xiaa |
i=0 i=0 i=n

(2.7)
= L (f, P) + L™ (£, R) = L™ (£,Q)-
So
b c
f fd, < f fdp. (2.8)
(2) Suppose P is an partition for [a, b], that is
P={a=xy,x1,...,Xn-1, %, = b}. (2.9)
Then
n-1
Ly (f, P) = 3 (af (i) + pg(x:)) i = xiaa
= (2.10)
n-1 n-1
= a ) f(x)llx; — xiall + D g(xi)Ixi — Xiaa || = aLS™(f, P) + LS (g, P).
i=0 i=0
Thus
b b b
f (af +pg)d, = af fa, +ﬁf gdp. (2.11)
O

Definition 2.7. The function ¢ : P — E is called subadditive cone integrable function if and
only if forall a,b € P

J:+b¢dp < f:qsdp + f:gbdp. (2.12)

Example 2.8. Let E = X =R, d(x,y) = |x —y|, P = [0,+00), and ¢(t) = 1/(t + 1) for all t > 0.
Then forall a,b € P,

‘”b_ =In(a+b+1) “i =In(a+1) bi =In(b+1) (2.13)
o t+1 7 ’ of+1 ’ ot+1 7 ' '
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Since ab >0,thena+b+1<a+b+1+ab=(a+1)(b+1). Therefore

In(a+b+1)<In((a+1)(b+1)) =In(a+1) +In(b +1). (2.14)

This shows that ¢ is an example of subadditive cone integrable function.

Theorem 2.9. Let (X,d) be a complete cone metric space and P a normal cone. Suppose that ¢ :
P — P is anonvanishing map and a subadditive cone integrable on each [a, b] C P such that for each
e 0, [opd, > 0.If f : X — X is a map such that, for all x,y € X

d(f(x).f(y)) d(x,y)
f ¢d, < af ¢d,, (2.15)
0 0

for some a € (0,1), then f has a unique fixed point in X.

Proof. Let x; € P. Choose x,41 = f(x,). We have

d(Xns1,%n) d(f (xn), f(xn-1))
I ‘i’dp = J‘ ‘I’dp

0 0

d(xn/xn—l)
S “f $dp
0 (2.16)

Since a € (0,1) thus

d(xp+1,%n)

lim ¢d, = 0. (2.17)

n—oo 0

d(Xns1,%n)

If limy, _, oo d (X441, X)) #0 then lim,, o, [

¢dp #0 and this is a contradiction, so
lim d (o1, x0) = 0. (2.18)
We now show that (x,) is a Cauchy sequence. Due to this, we show that
Jm d(f (xm), f(xn)) = 0. (2.19)
By triangle inequality

dy, <

¢bdyp

d(f (xm), f(xn)) A(f (xu), f (en1))+A(f (Xns1), f (Xns2)) 4 +d(f (Xm-1), f (X))
I J' (2.20)

0 0
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and by sub-additivity of ¢ we get

A (o). f () A(f (n), f (xns)) A(f (Xmor), f ()
[ bep < | | o,
’ ‘ ’ 2.21)
., . - d(xz,x1) at (dxx)
§<a +a"l+ o ta >f0 ¢ dpsl_afo ¢ d, — 0.
Thus
im_ d(f (xn), f(xm)) = 0. (2.22)

This means that {x,},y is a Cauchy sequence and since X is a complete cone metric space,
thus {x,},cy is convergent to xo € X. Finally, since

d(xni1,f(x0)) a(f (xn), f(x0)) d(xn,X0)
f ¢ d, = f ¢d, < a f ¢ d, (2.23)
0 0 0

thus lim,, . d(xy41, f(x0)) = 0. This means that f(xo) = xo. If x0, Yo are two distinct fixed
points of f, then

d(xo0,y0) d(f(xo),f (o)) d(x0,40)
[ ga= by <af " gd, (224)
0 0 0
which is a contradiction. Thus f has a unique fixed point xp € X. O

Lemma 2.10. Let E = R?, P = {(x,y) € Ex,y >0}, and X = R. Suppose that d : X x X — E is
defined by d(x,y) = (|x — y|, a|x — y|), where a > 0 is a constant. Suppose that ¢ : [(0,0), (a,b)] —
P is defined by ¢(x,y) = ($1(x), p2(y)), where ¢1, ¢ : [0,+00) — [0,+00) are two Riemann-
integrable functions. Then

(a,b)

1(° 1(*
¢dp = Va2 + b2 <—f ¢1<t>dt,—f ¢z<t>dt>- (2.25)
a 0 b 0

(0,0)
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Proof. Let Q = {(x;, yi) } 1oy be a partition of set [(0,0), (a,b)] such that x; = (a/n)i and y; =
(b/n)i, then (by Definitions 2.4 and 2.5)

(ab) n1
¢pdp =lim L (¢, Q) = lim > (axi, yi) || (xier, yiur) = (xi, i) |
i=0

| n;o";(qsl( ) eGOIG)
i S (0 (4).02(2))

:,_.

1 1 (2.26)
a2+b2<nlgn 1Z¢1 ) lim 12(1)2( >>
n-1
a’+ b2<EnlglgonZ¢1 > E,}Eﬂozz¢2<‘l>>
a2+ b2< ¢1(t)dt ¢2(t)dt>.
Thus
(a,b)
f pdp = Va2 + b2 < f 1 (H)dt, bf ¢z(t)dt> (227)
(0,0)
O

Example 2.11. Let X = {1/n:n € N}U{0},E=R?*and P = {(x,y) € E: x >0,y > 0}. Suppose
d(x,y) = (|x - y|,a|x — y|), for some constant & > 0. Firstly, (X, d) is a complete cone metric
space. Secondly, if f : X — X and ¢ : P — E are defined by

1 1
 ifx=2=

) = —] if x n,neN,
0 if x=0,

(2.28)
ptg=d & A I@),TERA-IED), Ee) €PAO0)],
oo, (t;5) = (0,0),

respectively, then

d(fx,fy) 1 (4&y)
j delp < Ej $dp. (2.29)
0

0
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In order to obtain inequality (2.29), set x =1/n and y = 1/m, where m > n. Hence

- m-n a(m —n)
a(fx, fy) = ((m+1)(n+1)' (m+1)(n+1)>

d(x,y) = <MM>

mn mn

(2.30)

Suppose ¢1(t) = ¢o(t) = t/E2 (1 —In(t)) for all t > 0 and ¢1(0) = ¢»(0) = 0. Thus ¢(t,s) =
(¢1(t), P2(s)). By Lemma 2.10

d(fx,fy) ((m-n)/(m+1)(n+1),a(m-n)/(m+1)(n+1))
f p= I (¢1,¢2)dp
0 (0,0)
m-n
=(—————V1+a2
<(m+1)(n+l) T )
m+1(n+1 (m-n)/(m+1)(n+1) m+1(n+1 a(m-n)/(m+1)(n+1)
o Dlnx ) h(t)dt, mr1)(n+1) ¢ (t)dt
m-n 0 am-n) J,
(m-n)/(m+1)(n+1) 1 a(m-n)/(m+1)(n+1)
- (\/1 + (x2> <f $1(t)dt, ;J' ¢2(t)dt>.
0
(2.31)
Since [(#!/=2)(1 - In(t))dt = 7'/, thus
(m-n)/(m+1)(n+1) m-n (m+1)(n+1) / (m-n)
[ prvydt= [ ,
(m+1)(n+1)
(2.32)
a(m—n)

J-tx(m—n)/(m+1)(n+1) ] (m+1)(n+1) /a(m-n)

N T e

It means that

d(fx,fy) _ (m+1)(n+1) / (m-n) 1 _ (m+1)(n+1)/a(m-n)
J pdp =\ |—T= L[ a(m—n) .

0 (m+1)(n+1) al(m+1)(n+1)

(2.33)

On the other side, Branciari in [6] shows that

(n+1)(m+1)/(m-n) _ nm/(m-n)

< L|m=n ) (2.34)

(n+1)(m+l) 2| nm
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for all m,n € N. Therefore

(

m-n
(m+1)(n+1)

g 1 m-—n mn/(m-n) 1 a(m_n) mn/a(m-n)
-2 mn "a|l mn '

Thus inequalities (2.33) and (2.35) imply that

d(fx,fy) _ mn/(m-n) _ mn/a(m—n) d(x,y)
f pdp < %\/1 N a2<[m nn] ,l [M > = lf ddp, (2.36)

0 m a mn 2)o

a(m—n)

(m+1)(n+1) / (m-n) 1
] (m+1)(n+1)

(m+1)(n+1)/a(m-n)
7 ; >

(2.35)

or in other words

d(fx,fy) 1 (4xy)
J‘ ¢dp < —f ¢dp. (2.37)
0 2)o

Thus by Theorem 2.9, f has a fixed point. But, on the other hand,
d(fx, fy) <d(x,y), (2.38)

and this means that f does not satisfy in Theorem 1.12.

3. Extension of Meir-Keeler Contraction in Cone Metric Space

In 2006, Suzuki in [7] proved that the integral type contraction (see [6]) is a special case
of Meir-Keeler contraction (see [8]). Haghi and Rezapour in [5] extended Meir-Keeler
contraction in cone metric space as follows.

Theorem 3.1 (see[5]). Let (X,d) be a complete reqular cone metric space and f has the property
(KMC) on X; that is, for all 0 # € € P, there exists 6 > 0 such that

d(x,y) <e+6 implies d(fx, fy)<e (3.1)

forall x,y € X. Then f has a unique fixed point.
An extension of Theorem 3.1 is as follows.

Theorem 3.2. Let (X, d) be a complete regular cone metric space and f a mapping on X. Suppose
that there exists a function 0 from P into itself satisfying the following:

(B1) 6(0) =0and 6(t) > 0 forall t > 0,

(B2) 0 is nondecreasing and continuous function. Moreover, its inverse is continuous,
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(B3) for all 0# € € P, there exists 6 > 0 such that forall x,y € X

0(d(x,y)) <e+6 implies 0(d(fx, fy)) <e (3.2)

(B4) forall x,y € X

O(x+y) <O(x)+0(y). (3.3)

Then f has a unique fixed point.

Proof. First, note that 0(d(f(x), f(y))) < 0(d(x,y)) for all x, y € X with x # y. Since 67! exists,
thus d(f(x), f(y)) < d(x,y) for all x,y € X with x#y. Now Let xo € X. Set x,, = f(x,,-1) for
all n € N. If, there is a natural m € N such that d(x;;+1, x;n) = 0, then f(x,,) = x,, and so f
has a fixed point. If d(xp.1,x,) #0 for all n € N, then 0(d(xp+1, 1)) < 0(d(x, x,-1). Hence,
according to regularity of P, there exists a € P such that 0(d(x,+1,x,)) | a. We claim a = 0. If
a#0, then according to (B3), there is 0 « d such that 0(d(f(x), f(y)) < a for all x,y € X with
0(d(x,y)) < a +d. Choose r > 0 such that (d/2) + N,(0) C P and take the natural number N
such that ||60(d(xp+1, x,)) — a|| < 7, for all n > N. We obtain

Hg - (0(d(xps1 — xp)) — @) — g <r. (3.4)
Thus
; — (0(d(xps1 — X)) —a) € g + N,(0)C P, (3.5)

So, 0(d(xp+1,%,)) — a < d. Since f has the property (B3), 0(d(xp+2, Xn+1)) < a forallm > N.
This is a contradiction because a < 0(d(x;;1,x;)) for all i > 1. Thus

Jim 0(d(xn41, x4)) = 0. (3.6)

Now, we show that {x,};2, is a Cauchy sequence. If this is not, then there is a 0 < ¢ such
that for all natural number k, there are my, nx > k so that the relation d(x,,,, x,,) < ¢ does
not hold. Since 0 has continuous inverse thus there exists 0 < ¢ such that for all natural
number k, there are my, n, > k so that the relation 8(d(x,, x,,)) < ¢ does not hold. For
each 0 < e « ¢, there exists 0 < d such that 8(d(f(x), f(y))) < e, for all x,y € X with
0(d(x,y)) < e + d. Choose a natural number M such that 0(d(xj.1,x;)) < d/2 foralli > M.
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Also, take mpr > npr > M so that the relation 6(d(x,,,, Xu,,)) < ¢ does not hold. Then (B4)
yields

0(d(xnp-1, Xnp+1)) < 0(d(Xnp-1, Xny)) + 0(d Xy, Xnpg1))

d d
.= 3.7
<5+ (3.7)

<d-+e.

Hence, 0(d(xp,,, Xn,+2)) < e. Similarly, 0(d(xy,,, Xn,+3)) < e. Thus

0(d(xny,, Xmy,)) K e <Kc (3.8)

which is a contradiction. Therefore {x,},.; is a Cauchy sequence. Since (X, d) is a complete
cone metric space, there is u € X such that x, — u. Since d(fx, fy) <d(x,y), forallx,y € X
with x # y, thus for each € > 0, there is a natural number N > 0 such that for all # > N,
d(x,,x) < €. Since d(fxy,, fu) < d(x,,u) thus d(fx,, fu) < € for all n > N. It means that
fx, — fu.In the other side, f(x,) = x4,»1 — u and the limit point is unique in cone metric
spaces. Thus f has at least one fixed point. Now, if u, v are two distinct fixed points for f, then

d(u,v) =d(fu, fv) <d(u,v) (3.9)

which is a contradiction. Therefore f has a unique fixed point. O

Remark 3.3. (1) Set 8(x) = x, then Theorem 3.1 is a direct result of Theorem 3.2.

(2) Let ¢ : P — P be a nonvanishing map and a subadditive cone integrable on each
[a,b] C P such that for each € > 0, ff) $d, > 0.1 0(x) = fg ¢dp, then 6 satisfies all conditions
of Theorem 3.2. In other words, Theorem 2.9 is a direct result of Theorem 3.2.
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