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We prove a strong convergence theorem by using a hybrid method for finding a common element
of the set of solutions for generalized mixed equilibrium problems, the set of fixed points of a
family of quasi-¢-asymptotically nonexpansive mappings in strictly convex reflexive Banach space
with the Kadec-Klee property and, a Fréchet differentiable norm under weaker conditions. The
method of the proof is different from, S. Takahashi and W. Takahashi that by (2008) and that by
Takahashi and Zembayashi (2008) and see references. It also shows that the type of projection used
in the iterative method is independent of the properties of the mappings. The results presented in
the paper improve and extend some recent results.

1. Introduction

Let E be a Banach space and let C be a closed convex subsets of E. Let F be an equilibrium
bifunction from C x C into R, let ¢¢ : C — R be a real-valued function, and let A : C — E*
be a nonlinear mapping. The “so-called” generalized mixed equilibrium problem is to find
z € C such that

F(z,y)+(Az,y—-z)+¢(y) —¢(z) 20, YyeCs (1.1)
The set of solutions of (1.1) is denoted by GMEP, that is,

GMEP = {z € C: F(z,y) + (Az,y —z) +¢(y) —¢(2) >0, Vy € C}. (1.2)
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Sepecial Examples

(i) If A =0, then the problem (1.1) is equivalent to find z € C such that
F(zy) +¢(y) -¢(2) 20, VyeC. (1.3)

which is called the mixed equilibrium problem; see [1]. The set of solutions of (1.3)
is denoted by MEP.

(ii) If F = 0, then the problem (1.1) is equivalent to find z € C such that
(Azy-z)+¢(y) -¢(2) 20, VyeC (1.4)

which is called the mixed variational inequality of Browder type. The set of
solutions of (1.4) is denoted by VI(C, A, ).

(iii) If ¢ = 0, then the problem (1.1) is equivalent to find z € C such that
F(z,y) +(Az,y-z) >0, VyeC. (1.5)

which is called the generalized equilibrium problem; see [2]. The set of solutions of
(1.5) is denoted by EP.

(iv) If A =0, ¢ =0, then the problem (1.1) is equivalent to find z € C such that

F(z,y) >0, VyeC, (1.6)

which is called the equilibrium problem. The set of solutions of (1.6) is denoted by
EP(F).

Recently, Tada and Takahashi [3] and S. Takahashi and W. Takahashi [4] considered
iterative methods for finding an element of EP(F) N F(S) in Hilbert space. Very recently,
S.Takahashi and W.Takahashi [2] introduced an iterative method for finding an element
of EP N F(S), where A : C — H is an inverse-strongly monotone mapping and S is
nonexpansive mapping and then proved a strong convergence theorem in Hilbert space.
On the other hand, Takahashi and Zembayashi [5] prove a strong convergence theorem for
finding a common element of the set of solutions of an equilibrium problem and the set of
fixed points of a relatively nonexpansive mapping in a Banach space by using the shrinking
Projection method. Very recently, Kimura and Takahashi [6] prove a strong convergence
theorem for a family of relatively nonexpansive mapping in a Banach space by using a hybrid
method.

In this paper, motivated by Kimura and Takahashi [6], we prove a strong convergence
theorem for finding an element of GMEP N (., F(T)) in Banach space by using a hybrid
method, where A : C — E*is a continuous and monotone operator and T) (A € A) is a family
of quasi-¢-asymptotically nonexpansive mapping. Moreover, the method of proof adopted
in the paper is different from that of [2, 5].
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2. Preliminaries

Throughout this paper, we assume that all the Banach spaces are real. We denote by N and R
the sets of positive integers and real numbers, respectively. Let E be a Banach space and let
E* be the topological dual of E. For all x € E and x* € E*, we denote the value of x* at x by
(x,x*). The duality mapping J : E — 2F is defined by

J@) ={x €E': (xx) = Jalf = I, x€E. @1)

By Hahn-Banach theorem, J(x) is nonempty; see [7] for more details. We denote the weak
convergence and the strong convergence of a sequence {x,} to x in E by x, — x and x, — x,
respectively. A Banach space E is said to be strictly convex if ||x + y||/2 < 1 for x,y € S(E) =
{z € E:|z|]| =1} and x #y. It is also said to be uniformly convex if for each ¢ € (0,2] there
exists 6 > 0 such that ||x + y||/2 <1 -6 for x,y € S(E) and ||x — y|| > €. E is said to have the
Kadec-Klee property, that is, for any sequence {x,} C E, if x, — x € E and ||x,,|| — ||x||, then
X, — X.
Define f : S(E) x S(E) xR\ {0} — Rby

Flax,y,t) = w 2.2)

for x,y € S(E) and t € R\ {0}. A norm of E is said to be Gateaux differentiable if
lim; o f (x, y,t) has a limit for each x, y € S(E). In this case, E is said to be smooth. A norm of
E is said to be Fréchet differentiable if lim;_, f(x, y,t) is attained uniformly for y € S(E) for
each x € S(E). It is known that E* has a Fréchet differentiable norm if and only if E is strictly
convex and reflexive, and has the Kadec-Klee property. We know that if E is smooth, strictly
convex, and reflexive, then the duality mapping J is single valued, one to one, and onto. In
this case, the inverse mapping J ! coincides with the duality mapping J* on E*. See [8] for
more details.

Remark 2.1. If E is a reflexive and strictly convex Banach space, then J~! is hemicontinuous,
that is, J~! is norm-weak continuous.

Let E be a smooth, strictly convex and reflexive Banach space and let C be a closed
convex subset of E. Throughout this paper, we denote by ¢ the function defined by

¢ (v, x) = lyll> -2y, Jx) + x|’ Vx,y €E. 2.3)

Let {C,} be a sequence of nonempty closed convex subset of a reflexive Banach space E.
We define two subsets s — Li,C,, and w - Ls,C, as follows: x € s — Li,C, if and only if
there exists {x,} C E such that {x,} converges strongly to x and that x,, € C, foralln € N.
Similarly, y € w—-Ls,C, if and only if there exists a subsequence {C,,} of {C,} and a sequence
{yi} C E such that {y;} converges weakly to y and y; € C,, for all i € N. We define the Mosco
convergence [9] of {C,} as follows: if C satisfies that Cy = s — Li,,C,, = w — Ls,,C,, then it is
said that {C,} converges to Cy in the sense of Mosco and we write Cy = M —lim,,_, o, C,,. For
more details, see [10].
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Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Then, for arbitrarily fixed x € E, a function C > y — [[x - y||> € Rhas a
unique minimizer y, € C. Using such a point, we define the metric projection Pc by Pcx =
Yx = argminyec|lx — y||* for every x € E. In a similar fashion, we can see that a function
C 3 y+— ¢(x,y) € R has a unique minimizer z, € C. The generalized projection I'lc of E onto
C is defined by I'lc = z, = argmin,cc ¢(x, y) for every x € E; see [11].

The generalized projection I'lc from E onto C is well defined and single valued and
satisfies

(Ul = lyD* < ¢ (v, x) < Uxll + [ly])®, Vx,y € E- (24)

If E is a Hilbert space, then ¢(y, x) = ||y — x||> and Tl¢ is the metric projection Pc of E onto C.
It is well-known that the following conclusions hold.

Lemma 2.2 (see[11, 12]). Let C be a nonempty closed convex subsets of a smooth, strictly convex
and reflexive Banach spaces. Then

¢(x,Icy) + ¢(Tlcy,y) < p(x,y), V¥xeC, yeE. (2.5)

Lemma 2.3. Let C be a nonempty closed convex subsets of a smooth, strictly convex and reflexive
Banach spaces E, let x € E and let z € C. Then the following conclusions hold:

@z=Ilexe(y-z Jx—-Jz) <0, forall y € C.
(b) For x,y € E,¢p(x,y) =0 ifand only if x = y.

The following theorem proved by Tsukada [13] plays an important role in our results.

Theorem 2.4. Let E be a smooth, reflexive, and strictly convex Banach space having the Kadec-Klee
property. Let {K,} be a sequence of nonempty closed convex subset of E. If Ko = M —lim,, ., K,
exists and is nonempty, then { Pk, x} converges strongly to Pk, x for each x € C.

Theorem 2.4 is still valid if we replace the metric projections with the generalized
projections as follows:

Theorem 2.5. Let E be a smooth, reflexive, and strictly convex Banach spaces having the Kadec-Klee
property. Let { K} be a sequence of nonempty closed convex subsets of E. If Ko = M —1lim,,_, ., K,
exists and is nonempty, then {I1x,x} converges strongly to Ik, x for each x € C.

Let C be a nonempty closed convex subsets of E, and let T be a mapping from C
into itself. We denoted by F(T) the set of fixed points of T. T is said to be ¢-asymptotically
nonexpansive, if there exists some real sequence {k,} with k, > 1 and k, — 1 such that
¢(IT"x,T"y) < kup(x,y) foralln > 1 and x,y € C. T is said to be quasi-¢-asymptotically
nonexpansive [14], if there exists some real sequence {k,} with k, > 1 and k, — 1 and
F(T)#0 such that ¢(p, T"x) < kyp(p,x) foralln > 1, x € C,and p € F(T). T is said to be
uniformly Lipschitzian continuous if there exists some L > 0 such that | T"x-T"y|| < L|jx-yl||
forallm >1and x,y € C. A point p € C is said to be an asymptotic fixed point of T [15, 16]
if there exists {x,} in C which converges weakly to p and lim,, _, o ||x, — Tx,|| = 0. We denote
the set of all asymptotic fixed point of T by F(T). Following Matsushita and Takahashi [17],
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a mapping T : C — C is said to be relatively nonexpansive if the following conditions are
satisfied:

(1) F(T) is nonempty,
(2) ¢(u, Tx) < p(u,x), forallu € F(T), x € C,
(3) F(T) = F(T).

A mapping T : C — C is said to be quasi-¢-nonexpansive, if ¢(p,Tx) <
¢(p,x), for all x € C, for all p € F(T).

We remark that a quasi-¢-nonexpansive mapping with a nonempty fixed point set
F(T) is a quasi-¢-asymptotically nonexpansive mapping, but the converse may be not true.

A mapping T : C — C is said to be closed, if for any sequence {x,} C C with x, — x
and Tx, — y, Tx =y.

Lemma 2.6. Let E be a strictly convex reflexive Banach space having the Kadec-Klee property and
a Fréchet differentiable norm, C be a nonempty closed convex subset of E, and let T be a uniformly
Lipschitzian continuous and quasi-¢-asymptotically nonexpansive mapping from C into itself. Then
F(T) is closed and convex.

Proof. We first show that F(T) is closed. To see this, let {p,} be a sequence in F(T) with
pn — pasn — oo; we shall prove that p € F(T). In fact, from the definition of T, we have
¢(pn, Tp) < k1¢p(pn,p) — 0(n — o). Therefore we have

timn (I =205, 1T0) + [T I)

Pl - 2(p, JTp) + || Tp|* = $(p, Tp) =0,

Jlim ¢ (pn, Tp) 06

that is, p = Tp. We next show that F(T) is convex. To end this, for arbitrary p,q € F(T),t €
(0,1), by setting w = tp + (1 — t)g, it is sufficient to show that Tw = w. Indeed, by using (2.3)
we have

$(w, T"w) = |w| - 2(w, JT"w) + |T"w|?
= [lew||* - 2(p, IT"w) - 2(1 - £)(q, JT"w) + || T"w||*
= [l + td(p, T"w) + (1 = )p(q, T"w) ~t|lp||* - L= lall*  (27)
< w]? + kat (p, w0) + k(1 = Db (g, w) ~ t]|p|* - (1 = ) |1q]|*
= (ku = D (tllplI* + A= Dall* - 10lP),
which implies that ¢(w,T"w) — 0 asn — oo. From (2.4) we have ||[T"w| — |wl|.

Consequently [|JT"w|| — ||Jw]. This implies that {JT"w]} is bounded in E*. Since E is
reflexive, so is E*, we can assume that

JT"w — fo € E*. (2.8)
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In view of the reflexive of E, we see that J(E) = E*. Hence there exists p € E such that Jp = fo.
By virtue of the weak lower semicontinuity of norm || - ||, we have

0 = lim inf ¢ (w, T"w) = lirllllinf<||w||2 — 2w, [(T"w)) + ||T"w||2>
= lim inf(|[eo]* - 2(0, J (T"w)) + | ] (T"w)|")
> [[wll? - 2(w, fo) + || fol? 29)

=l - 2(w, Jp) + ||Jp|*

= wl* - 2(w, Jp) + |[p||* = ¢ (w, p),

that is, w = p. This implies that fy = Jw. Thus from (2.8) we have JT"w — Jw € E*. Since
IJT"w| — ||Jw]| and E* has the Kadec-Klee property, we have JT"w — Jw. Note that
J7' 1 E* — E is hemicontinuous, it yields that T"w — w. Again since |T"w| — |jw||, by
using the Kadec-Klee property of E, we have T"w — w. Hence TT"w = T"'w — w as
n — oo. Since T is uniformly Lipschitzian continuous, we have w = Tw. This completes the
proof. O

For solving the equilibrium problem for bifunction F : C x C — R, let us assume that
F satisfies the following conditions:
(A1) F(x,x) =0forall x € C,
(Ay) F is monotone, thatis, F(x,y) + F(y,x) <0Oforall x,y € C,
(A3) foreach x,y,z € C,
limsup F(tz+ (1-t)x,y) < F(x,y), (2.10)
£10

(A4) foreach x € C, y — F(x,y) is a convex and lower semicontinuous.

If an equilibrium bifunction F : C x C — R satisfies conditions (A1)—-(A4), then we

have the following two important results.

Lemma 2.7 (see[18]). Let C be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E, let F be an equilibrium bifunction from C x C to R satisfying conditions
(A1)-(Ay), let r > 0, and let x € E. Then, there exists z € C such that

F(Z,y)+%<y—z,]z—]x>zo, Yy € C. (2.11)

Lemma 2.8 (see[5]). Let C be a nonempty closed convex subset of a uniformly smooth, strictly
convex and reflexive Banach space E, and let F : C x C — R be an equilibrium bifunction satisfying
conditions (A1)—(As). For r > 0 and x € E, define a mapping T, : E — C as follows:

T, (x) = {z €eC:F(z,y)+ %(y—z,]z—]x} >0, Vy € C}, (2.12)
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forall x € E. Then, the following hold:

(1) T, is single-valued,
(2) T, is a firmly nonexpansive-type mapping, that is, for any x,y € E,

(Tyx - Tyy, JT,x — JT,y) < (Trx - Ty, Jx - Jy), (2.13)

(3) F(T,) = F(T,) = EP(F),
(4) EP(F) is a closed and convex set.
Lemma 2.9 (see[5]). Let C be a nonempty closed convex subset of a smooth, strictly convex and

reflexive Banach space E, and let F : C x C — R be an equilibrium bifunction satisfying conditions
(A1)—(A4). Forr>0,x € Eand q € F(T,),

¢(q,Trx) + (Trx, x) < (g, x). (2.14)

3. The Main Results

Lemma 3.1. Let E be a strictly convex reflexive Banach space having a Fréchet differentiable norm,
C a nonempty closed convex subset of E, and {S,} a sequence of mappings of C into itself. Let {x,}
be a strongly convergent sequence in C with a limit xg and {y,} a sequence in C defined by y, =
J*(an]xn + (1 —ay)JSyxy) for each n € N, where {a,} is a convergent sequence in [0,1] with a limit
ag € [0,1). Suppose that ¢(xo, Yn) < P(x0,Xn) + &n for all n € N and that {Jy,} converges weakly
to y; € E*, where lim,, , &, = 0. Then {Jx, — JSuxy} converges strongly to 0. Moreover, if E has
the Kadec-Klee property, then {S,x,} converges strongly to x.

Proof. Since ¢(x0, Yn) < P(x0, xn) + ¢, for n € N, we have that

0 < lim ¢(x0, ¥n) < im $(x0, x4) + & = 0. (3.1)

and hence lim,, -, o, ¢(x0, y») = 0. Since

(Ioll = lyall)* = lxol* = 2llxol |yl + llll” < (0, y) (32)
for n € N, we have that lim,, _, . ||yx[| = [|xo]| and that
. 1 2 2 2
Jim (xo, Jya) = lim = (5ol + [lyall” = ¢ (0, v)) = 1ol (33)

Using weak lower semicontinuity of the norm, we have that

Ixoll* = lim (xo, Jyn) = (x0, %) < lIxoll|y5]| < llxolllim inf| Ty |

n—oo

(3.4)
= llxoll lim [|Tynl = llxoll”.



8 Fixed Point Theory and Applications

Therefore, we have that ||y(’;||2 = (x0,y5) = l|lx0||?, and hence Y5 = Jxo. Thus we have

that { Jy, } converges weakly to Jxo. It also holds that

lim | Jya || = lim [[ya]| = llxoll = [ITxoll (3.5)

n—oo

Since E has a Fréchet differentiable norm, it follows that E* has the Kadec-Klee property, and
thus we have that {Jy,} converges strongly to Jxo. Then, we have that

”].X'o - ]yn” = |[Jxo = (anJxn + (1 — an) JSnxy)|l
> |[Jxo — anJxo — (1 = an) JSuxnull — an||Jxn = Jx0| (3.6)
= (1= an)llJxo = JSuxull = anllJxn = Jxo||

for n € N. Using norm-to-norm continuity of J, we get that

Tim (1= )]0 = ISyl = (1= o) lim [[]0 = J Sy = 0, (3.7)

and since ag < 1, we have that

im [[Jxo = JSuxall = 0. (3.8)

We also have that { ]S, x, } converges strongly to Jxp, and hence we obtain that { Jx, — JS,x,}
converges strongly to 0. Further, let us suppose that E has the Kadec-Klee property. Then, the
norm of E* is Fréchet differentiable and, therefore, J* is norm-to-norm continuous. Hence we
have that

1im [lxg — Sy = || Joxg = J* TSl = 0, (39)
which is the desired result. O

Theorem 3.2. Let E be a strictly convex reflexive Banach space having the Kadec-Klee property and
a Fréchet differentiable norm, C a nonempty closed convex subset of E,A : C — E* a continuous
and monotone mapping, ¢ : C — R a lower semicontinuous and convex function F a bifunction
from C x C to R which satisfies the conditions (A1)—(As), and {Ty}(X € A) : C — C a family
of uniformly Lipschitzian continuous and quasi-$-asymptotically nonexpansive mappings such that
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F = Nyep F(T)) N GMEP # (. Assume that R = sup{||u|| : u € F} < oo. Let {x,} be the sequence
generated by x1 =x € C, C; = C, and

Yn(L) = T (@] xn + (1= an)JT{xn) YA EA,
u,(A) € C such that

F(un (1), y) + (Aun(), y = un(D)) + ¢ (y) = ¢ (ua(1)) + %(y = un (1), Jun (1) = Jyn(A)) 2 0,

VyeC, LeA
Cpi1 = {z € Cp 1 sup @(z,u, (V) < P(z,x,) + gn},
AeA
Xn+1 = Pcn+1x, Vn >0,
(3.10)

where ] is the duality mapping on E and &, = (1-ay)(sup,, kn(X) —=1)sup,.p ¢(u, x,) for all x,, €
C, where lim,, o sup, ., kn(A) = 1. Let {a,} be a sequence in [0,1] such that liminf, _, a, <1
and {r,,} C [a, o) for some a > 0, then {x,} converge strongly to Prx, where Pr is the metric
projection of E onto F.

Proof. We define a bifunction G: C x C — Rby
G(z,y) =F(z,y) +(Az,y-z) +¢(y) - ¢(z), Vz,yeC. (3.11)

Next, we prove that the bifunction G satisfies conditions (A1)—(A4)as follows
(A1) G(x,x) =0forall x € C,
since G(x, x) = F(x,x) + (Ax,0) + ¢¢(x) — ¢p(x) = F(x,x) =0, forall x € C.
(Az) G is monotone, thatis, G(z,y) + G(y,z) <0forall y,z € C.

Since A is a continuous and monotone operator, hence from the definition of G we
have

G(z,y) +G(v,2) =F(z,y) +{(Azy - z) + ¢(y) - ¢(2) + F(y, 2)
+{Ay,z-y) +¢(2) —¢(y)
=F(z,y) +F(y.2) +{(Az,y - z) - (Ay,y - 2)
<0+ (Az-Ay,y-=z)

(3.12)

- ~(Ay-Azy-z)
<0.
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(A3) foreach x,y,z € C,

limsup G(tz + (1 -t)x,y) < G(x,y). (3.13)
i

Since A is continuous and ¢ is lower semicontinuous, we have
limsup G(tz + (1 -t)x,vy)
£0

=limsup F(tz + (1 - t)x,y) +limsup(A(tz + (1 - t)x),y — (tz+ (1 - t)x))
Ho Ho (3.14)
+limsup[¢(y) — ¢tz + (1-t)x)]
t0

<F(x,y) +(Ax,y - x) + ¢(y) - ¢(x) = G(x, y).

(A4) Foreach x € C, y— G(x,y) is a convex and lower semicontinuous.

For each x € C, for all t € (0,1) and for all y,z € C, since F satisfies (A4) and ¢ is convex,
we have

G(x,ty+(1-tz) =F(x,ty+ (1 -1)z) + (Ax, ty + 1 -t z—-x) + ¢ (ty + (1 - £)z) — ¢s(x)
<t[F(x,y) + (Ax,y - x) + ¢(y) —¢g()] + A=) [F(x,2) + (Ax,z - x) + ¢:(2) - ¢s(x)]
=tG(x,y) + (1 -1)G(x, z).

(3.15)

So, y — G(x,y) is convex.

Similarly, we can prove that y — G(x, y) is lower semi-continuous.

Therefore, the generalized mixed equilibrium problem (1.1) is equivalent to the
following equilibrium problem: find z € C such that

G(z,y) 20, VyeC, (3.16)

then, GMEP = EP(G). We have F = GMEP N (" cp F(Ty) = EP(G) NNea F(T)). So, (3.10) can
be written as

Yn(A) = T (anJxn + (1 —ay) JTVx,) VAEA,

(1) € C such that G(u,(\),y) + %(y —uy(A), Jua(L) = Jyn(A)) 20, YyeC, LeA,

Cpi1 = {Z €Cy: sup (i)(Z, uy (1)) < (i)(z,xn) + én}l

AeA

Xpa1 = Pc,,x, Yn>0.
(3.17)
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Since the bifunction G satisfies conditions (A;)—(A4), from Lemma 2.8, for given r > 0
and x € E, we can define a mapping W, : E — 2€ as follows:

W, (x) = {z €eC:G(z,y)+ %(y—z,]z—]x) >0, Yy € C}. (3.18)

Moreover, W, satisfies the conclusions in Lemma 2.8.

Putting u, (1) = W, Yy (L) for all n € N, we have from Lemma 2.8 and Lemma 2.9 that
, is relatively nonexpansive.

We divide the proof of Theorem 3.2 into five steps.

W,

n

Step 1. We first show that C, is closed and convex for every n € N. From the definition of ¢,
we may show that

Cus1 = {z € Cpy:sup ¢(z,us (L)) < Pz, xp) + §n}
AeA

= ({z € Cu: ¢(z,un(N)) < §(z, %) + &n} (3.19)
AeA

= {2 € C: 2z Jxu = Jua0)) + lta WP = 1l ~ & <0} N C,,
AeA

and thus C, is closed and convex for every n € N.

Step 2. Next we show that F € C, foreachn € Nand A € A.
for any u € F, since W,, is relatively nonexpansive and {T)\},A € A is quasi-¢-
asymptotically nonexpansive, we have

P, 1n (V) = ¢ (1, Wy, v (1))
<p(u, yu (V)
= ¢, J* (@n]xn + (1 - ) J T/ %))
= [lull® = 2t cp Ty + (1= 1) JT3 ) + [t T + (1= 1) J T, |
< llull® = 28 (1, o) = 21 = ) (1t, JT}200) + | Jxall® + (1 = aa) | J T} |
= @b (t, x) + (1~ ) (14, T)x,)
< uput, %) + (1= ) hen (V)b (11, 21)
= P, x0) + (1= 1) (kn (1) = 1)p(1t, x,)

< P(u, xp) + &5
(3.20)
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Hence, we have sup,, ¢(u, u, (1)) < ¢(u, x,) + &, thatis, u € C,,. This implies that

FcC, VYneN. (3.21)

Step 3. Now we prove that the limit lim,, _, ., x,, exists.Since F is nonempty, C, is a nonempty
closed convex subset of E, and, thus, Pc, exists for every n € N, hence {x,} is well defined.
Also, since {C,} is a decreasing sequence of closed convex subsets of E such that Cy = ;2; Cy,
is nonempty, it follows that

M- lim C, = Cp = (Cn#0. (3.22)
* n=1

By Theorem 2.4, {x,} = { Pc,x} converges strongly to xo = Pc,x. Therefore, we have

[%0e1 = Xnl| — 0. (3.23)

Step 4. Next we prove that xp € F.

(a) First, we prove that xg € (;cp F(Th).

Since xy € C, for every n € N, it follows that sup,_, ¢(xo, u»(1)) < P(x0, x,) + &y for
every n € N. Fix A € A arbitrarily. From the assumption that liminf, ., a, < 1, we may take
subsequences {ay, } of {a,} and {y,, (1)} of {y,(1)} such that lim;_, o, ap, = ap with0 < ap < 1
and {Jyy,, (1)} converges weakly to a point y; € E*. Then, by Lemma 3.1, we have that

.Lrg”xni - T;lixﬂi” = ili%||xo - T;lixﬂi” =0. (3.24)

1

From (3.23) and (3.24), we have

ni+1 N ni+1 ni+1
T)L’ X, — TA‘xni T)L’ Xn, — TA' Xn;+1

ni+1
+ T)ll x}’l,‘+1 - xni+1

<

+ ||xm+1 - xni” + ”xni - T)tlix"i ”

(3.25)
< (La+ D) lxn1 = x| + | T),lqi+1xni+1 — Xp1|| T ”xm - T),jixni II
— 0.
Observe that
T2, = 0| < (| T3 e, = T | + 170, = o] (3.26)

By using (3.24),(3.25), and (3.26), we have

T;’”lxni - xon — 0, asn— co. (3.27)
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Since T} is uniformly Lipschitzian continuous, from (3.24) and (3.27), we have xq = T)xo, that
is, xg € m)LeAF(TA)-

(b) Next we prove that xg € EP(G).
(1) In fact, since x, — xg, we have

$(xns1,%0) — 0. (3.28)

In view of x,41 € C,41, from the definition of C,,1, we have

sup P(xni1, un (L)) < P(Xpi1, Xn) + &n (3.29)

From (3.28) and ¢, — 0, we have

sup P(xns1, un(L)) — 0, VAEA. (3.30)
From (2.4), it yields sup, ., ([|xn41 ]l = lun(M)])*> — 0. Since [|xp1]| — [|xoll, we have
lun (W — [lxoll (1 — 00), VA €A. (3.31)
Hence we have
[Jun (DI — I xoll(n — o0), VA€ A. (3.32)

This implies that { Ju, ()} is bounded in E*. Since E is reflexive, and so is E*, we can assume
that Ju, (1) — fo € E*. In view of the reflexive of E, we see that J(E) = E*. Hence there exists
p € E such that Jp = f. Since

G (ns1, un (1) = [xna1 I = 2(xns1, Jutn (X)) + (W) |17

. . . (3.33)
= [|xnitll” = 2(xne1, Jun (L)) + [ Jun (L)%,

taking liminf, _, ., on the both sides of equality above and in view of the weak lower semi-
continuity of norm || - ||, it yields that

0> [laol = 2(x0, fo) + || fol|* = Ixol® = 2(x0, Jp) + || ||

(3.34)
= Ixol* = 2(x0, Jp) + [IpII* =  (xo, ),
that is, xo = p. This implies that fy = Jxo, and so Ju, (1) — Jxo, for all A € A. It follows from
(3.32) and the Kadec-Klee property of E* that Ju,(\) — Jxo(n — o). Note that J™' : E* —
E is hemicontinuous, it yields that u, (1) — xp. It follows from (3.31) and the Kadec-Klee
property of E that

Jim u, (1) = xo. (3.35)
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From (3.35), we have

lim [x, —u,(L)[| =0, VAEA, (3.36)
n—oo

Since | is norm-to-norm continuous, hence we have that

12w = Jun (V)| — 0, VA€ A (3.37)

(2) Next we prove that

¢(u,x,) —¢p(u,u,(A)) —0, VuekF (3.38)
From (3.36) and (3.37), we have

(1, %) = P11, (1)) = 2 l? = 1w VI = 2(1t, T — Jitn (1))
< [lleall? = st I | + 211, J2n = Tutn (1))
< all = et O nll + et O + 2lel - [T = Tun )] 339
< Nt = [l + ot ) + 2l1el] - |0 = Tt (-

— 0.

Since
$ (1a(1), Y (V) = p(Wr,, ya(1), ¥ (V) )
< (YD) = ¢ (1, Wr, v2 (1))

(3.40)
<, x0) + & = (0, Wi, (V)
= (1, %) + & = P, 1n (1)),
hence it follows from (3.38) and (3.40) that
Lm (1, (1), 12 (1)) = 0. (3.41)

From (2.3) and (3.41) it yields (||u, ()] - ||yn()t)||)2 — 0. Since ||lu, (L)|| — ||xoll, we have

lyx (V|| — llxoll (n — o). (3.42)

Hence we have

172 (V)| — [IJxoll(n — o0). (3.43)
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This implies that { Jy,(A)} is bounded in E*. Since E is reflexive, and so is E*, we can assume
that Jy, (1) — go € E*. In view of the reflexive of E, we see that J(E) = E*. Hence there exists
y € E such that Jy = go. Since

B (1n (1), Y (V) = a2 = 2(utn (L), Ty (V) + |y D]

= [|n (V)7 = 2¢un (1), Y (V) + [Ty (V)

. (3.44)

Taking liminf, ., ., on the both sides of equality above and in view of the weak lower semi-
continuity of norm || - ||, it yields that

0> |lxoll* - 2(x0, g0) + [|80]I” = lIxol* - 2(xo, ) + |||

= [Ixol* = 2(x0, Jy) + [|y||* = ¢ (x0, ¥),

(3.45)

that is, x9 = y. This implies that go = Jxo, and so Jy,(A) — Jxo. It follows from (3.43)
and the Kadec-Klee property of E* that Jy,(1) — Jxo(n — o). Note that ™! : E* — Eis
hemicontinuous; it yields that 17,(1) — xo. It follows from (3.42) and the Kadec-Klee property
of E that

lim v, (1) = xo. (3.46)

Since u, (1) — xp, from (3.46), we have

Tim [l (1) = ya (V) = 0. (3.47)

Since ] is uniformly norm-to-norm continuous on bounded sets, from (3.47), we have

Tim [ Jun(d) = Jyn (V)| =0. (3.48)

From r,, > a, we have

i ) = Ty _

n—oo

0. (3.49)

n,

By u,(1) = W, ya(1), we have
G a0, )+~ (y = V), Ju() = Ty(D)) 20, Wy €C. (350)

From (A;), we have

%(y —uy(N), Jun(X) = Jya(N)) > =G(u,(V), y) > G(y,u.(1)), VYyeC. (3.51)
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Since G(x, ) is convex and lower semicontinuous, it is also weakly lower semicontinuous. So,
letting n — oo, we have from (3.51) and (Ay) that

G(y,x0) <0, VyeC. (3.52)

Forany twithO <t <landy € C, let y; = ty + (1 —t)xo. Since y € C and, hence, G(y:, x9) <0,
from conditions (A7) and (Ay), we have

0=G(yr ) <tG(yr,y) + (1 -HG(yr, x0) < tG(yr,y), (3.53)

This implies that G(y;, ) > 0. Hence from condition (A3), we have G(xp,y) >0forall y € C,
and hence x( € EP(G).

Step 5. Finally we prove that x, — Prx.
Since xg = Pc,x € F and F is a nonempty closed convex subset of Cy = (;—; Cp,, we
conclude that

X0 = pr. (354)

This completes the proof of Theorem 3.2. 0

The proof of Theorem 3.2 shows that the properties of projections used in the iterative
scheme do not interact with the properties of mappings {1 }. Therefore, we may prove similar
results as follows by replacing Theorem 2.4 with Theorem 2.5 in the proof.

Theorem 3.3. Let E be a strictly convex reflexive Banach space having the Kadec-Klee property and
a Fréchet differentiable norm, C a nonempty closed convex subset of E, A : C — E* a continuous
and monotone mapping, ¢ : C — R a lower semicontinuous and convex function, F a bifunction
from C x C to R which satisfies the conditions (A1)—(A4) and let {T\}(A € A) : C — C a family
of uniformly Lipschitzian continuous and quasi-¢- asymptotically nonexpansive mappings such that
F = Nyep F(T)) NGMEP # (. Assume that R = sup{||u| : u € F} < oo. Let {x,} be the sequence
generated by x1 = x € C,Cy = C, and

Yn(\) = J*(anJxn + (1= an) JT}x,) VA EA,
Uy (A) € C such that
F(u,(\),y) + (Auy (L), v — ua (L)) + ¢ (y) — ¢g(un (1)) + %(y — 1, (), Jtn(X) = Jyu (L)) >0,

VyeC LeA
Cp = {z € Cp i sup @(z,u, (V) < P(z,x,) + §n},
AeA

Xy =1c,,,x, VYn>0.
(3.55)
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where ] is the duality mapping on E and &, = (1-ay)(sup,, kn(X) —=1)sup,,.p ¢(u, x,) for all x,, €
C, where limy, , o, sup, ., kn(A) = 1. Let {ay} be a sequence in [0,1] such that liminf, ,, a, <1
and {r,, } C [a, oo) for some a > 0, then {x,} converge strongly to I1rx, where If is the generalized
projection of E onto F.
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