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The viscosity approximation methods are employed to establish strong convergence theorems of
the modified Mann iteration scheme to \A-strict pseudocontractions in p-uniformly convex Banach

spaces with a uniformly Géateaux differentiable norm. The main result improves and extends many
nice results existing in the current literature.

1. Introduction

Let E be a real Banach space, and let C be a nonempty closed convex subset E. We denote by
J the normalized duality map from E to 2F" defined by

J(x) = {x* €E: (x,x%) = x| = |x*|]% Vx € E}. (1.1)

A mapping T : C — C is said to be a A-strictly pseudocontractive mapping (see, e.g.,
[1]) if there exists a constant 0 < A < 1 such that

|Tx = Ty||* < ||x - y||* + | (T - T)x - (I - T)y]?, (1.2)
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for all x, y € C. We note that the class of A-strict pseudocontractions strictly includes the class
of nonexpansive mappings which are mapping T on C such that

ITx =Tyl <llx -y

, (1.3)

for all x, y € C. Obviously, T is nonexpansive if and only if T is a O-strict pseudocontraction.
A mapping T : C — C is said to be a A-strictly pseudocontractive mapping with respect to
pif, for all x, y € C, there exists a constant 0 < A < 1 such that

T =Ty |l < [l =yl + M| - Ty - (1 =Ty " (14

A mapping f : C — C is called k-contraction if there exists a constant k € (0, 1) such that

1) = fFWIl < kllx -y

, VYx,yeC. (1.5)

We denote by Fix(T') the set of fixed point of T, that is, Fix(T) = {x € C: Tx = x}.
Recall the definition of Mann’s iteration; let C be a nonempty convex subset E, and let T
be a self-mapping of C. For any x1 € C, the sequence {x,} is defined by

X1 = (1—ap)xy +a,Tx,, n>1, (1.6)

where {a,} is a real sequence in (0, 1).

In the last ten years or so, there have been many nice papers in the literature
dealing with the iteration approximating fixed points of Lipschitz strongly pseudocontractive
mappings by utilizing the Mann iteration process. Results which had been known only for
Hilbert spaces and Lipschitz mappings have been extended to more general Banach spaces
and more general class of mappings; see, for example, [1-6] and the references therein for
more information about this problem.

In 2007, Marino and Xu [2] showed that the Mann iterative sequence converges
weakly to a fixed point of \A-strict pseudocontractions in Hilbert spaces. Meanwhile, they
have proposed an open question; that is, is the result of [2, Theorem 3.1] true in uniformly convex
Banach spaces with Fréchet differentiable norm? In other words, can Reich’s theorem [7, Theorem
2], with respect to nonexpansive mappings, be extended to A-strict pseudocontractions in
uniformly convex Banach spaces?

In 2008, using the Mann iteration and the modified Ishikawa iteration, Zhou [3]
obtained some weak and strong convergence theorems for A-strict pseudocontractions in
Hilbert spaces which extend the corresponding results in [2].

Recently, Hu and Wang [4] obtained that the Mann iterative sequence converges
weakly to a fixed point of A-strict pseudocontractions with respect to p in p-uniformly convex
Banach spaces.

In this paper, we first introduce the modified Mann iterative sequence. Let C be a
nonempty closed convex subset of E, and let f : C — C be a k-contraction. For any x1 € C, the
sequence {x,} is defined by

X1 = U Xn + (1= )T (Buf (x0) + (1= Bu)xn), n>1, (1.7)
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where Tpyx := (1 - pp)x + pu,Tx, forall x € C, {a,}, {Pn}, and {p,}in (0,1). The iterative sequence
(1.7) is a natural generalization of the Mann iterative sequences (1.6). If we take f3, = 0, for
alln >1,in (1.7), then (1.7) is reduced to the Mann iteration.

The purpose in this paper is to show strong convergence theorems of the modified
Mann iteration scheme for A-strict pseudocontractions with respect to p in p-uniformly
convex Banach spaces with uniformly Gateaux differentiable norm by using viscosity
approximation methods. Our theorems improve and extend the comparable results in
the following four aspects: (1) in contrast to weak convergence results in [2—4], strong
convergence theorems of the modified Mann iterative sequence are obtained in p-uniformly
convex Banach spaces; (2) in contrast to the results in [7, 8], these results with respect to
nonexpansive mappings are extended to A-strict pseudocontractions with respect to p; (3)
the restrictions 3,7 |@p41 — | < 0o and 37, |Bns1 — Pul < oo in [8, Theorem 3.1] are removed;
(4) our results partially answer the open question.

2. Preliminaries

The modulus of convexity of E is the function 6 : [0,2] — [0, 1] defined by
6 (€) = inf{l - “%H il =1, v =1 [lx -y 2 e}, 0<e<2. @2.1)

E is uniformly convex if and only if, for all 0 < e < 2 such that 6g(e) > 0. E is said to be
p-uniformly convex if there exists a constant a > 0 such that 6g(e) > ae?. Hilbert spaces, L (or
IP) spaces (1 < p < +o0) and Sobolev spaces W, (1 < p < +o0) are p-uniformly convex. Hilbert
spaces are 2-uniformly convex, while

2-uniformly convex if 1<p<2,
L?, 1P, W} are (2.2)
p-uniformly convex if p >2.

A Banach space E is said to have Gateaux differentiable norm if the limit

m ”x + ty” B ||.X'|| (23)
t—0 t

exists for each x,y € U, where U = {x € E : |[x|| = 1}. The norm of E is a uniformly Gateaux
differentiable if for each y € U, the limit is attained uniformly for x € U. It is well known that
if E is a uniformly Gateaux differentiable norm, then the duality mapping ] is single valued
and norm-to-weak® uniformly continuous on each bounded subset of E.

Lemma 2.1 (see [4]). Let E be a real p-uniformly convex Banach space, and let C be a nonempty
closed convex subset of E. Let T : C — C be a A-strict pseudocontraction with respect to p, and let
{&n} be a real sequence in [0,1]. If T,, : C — C is defined by T,,x := (1 - ¢&,)x + ¢, Tx, forall x € C,
then for all x,y € C, the inequality holds

T = Tuy " < llx = yI” = (wp(Gnep = &k | (1 = Tx = (1= Dyy]|", 24)
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where c,, is a constant in [9, Theorem 1]. In addition, if 0 < A < min { 1,2’(P*2)cp bE=1-(0-2P2) /cp,
and &, € [0,¢], then | Tyx — Tyy|| < ||x —y||, forall x,y € C.

Lemma 2.2 (see [10]). Let {x,} and {y,} be bounded sequences in a Banach space E such that
Xpi1 = ApXy + (1= ‘xn)yn/ n>0, (2.5)
where {a,} is a sequence in (0,1) such that 0 < liminf, ., a, <limsup,  _ a, < 1. Assuming

limsup(||yn+1 - yn" = l%ne1 = xn”) <0, (2.6)

then limy, -, »||x, — y|| = 0.
Lemma 2.3. Let E be a real Banach space. Then, for all x,y € E and j(x+y) € J(x+y), the following
inequality holds:

o+ y|)* < llxl? + 2(y, j(x + ). 2.7)

Lemma 2.4 (see [11]). Let {a,} be a sequence of nonnegative real number such that

ans1 < (1-6n)a, + 6717171/ Vn >0, (2.8)

where {6,} is a sequence in [0,1] and {n,} is a sequence in R satisfying the following conditions:
(i) 2521 6n = +oo; (ii) limsup, 1, <0o0r 377 6ul1n| < +o0. Then, lim,, _, o, a, = 0.

3. Main Results

Theorem 3.1. Let E be a real p-uniformly convex Banach space with a uniformly Gateaux
differentiable norm, and let C be a nonempty closed convex subset of E which has the fixed point
property for nonexpansive mappings. Let T : C — C be a A-strict pseudocontraction with respect to
p, A € (0,min{1, 2‘(P‘2)c,,}) and Fix(T) #0. Let f : C — C be a k-contraction with k € (0,1).
Assume that real sequences {a,}, {Pn}, and {&,} in (0, 1) satisfy the following conditions:
(i) 0 < liminf, ., a, <limsup, , a, <1,
(ii) imy o0 B = 0 and 307 Pu = +o0,
(iii) 0 < inf, &, < & and limy, _, o0 [én1 — éu| = 0, where § =1 - (- 2P2) /¢y

For any x1 € C, the sequence {x,} is generated by
X1 = UnXn + (1= )T (Buf (x0) + (1= Pu)xn), n>1, (3.1)

where Tyx := (1 = &,)x + &, Tx, for all x € C. Then, the sequence {x,} converges strongly to a fixed
point of T.
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Proof. Equation (3.1) can be expressed as follows:

Xni1 = Xy + (1= an) Toyn, (3.2)
where
Yn=Puf (xn) + (1= Bu)xn, Yn>1 (3.3)
Taking p € Fix(T), we obtain from Lemma 2.1

[l =pll < @l = pll + (1 = ) | Ty = |
< ayll2cn = pll + (1= an) (Bull f (en) = pll + (1= Bu) 12w = )

< @ul|xn =pll + (@ = an) (Buklxa = pll + Bl £ (P) =Pl + (1= ) [l2n = p]]) )

1
= (1= =)L = R) [lx = pl| + (1= @)~ )T £ ()

< max{ |1 - pll, ﬁ”f(P) -7l }

Therefore, the sequence {x,} is bounded, and so are the sequences { f(x,)}, {Tuyx}, and {y,}.
Since Tnyn = (1 — &,)yn + & Ty, and the condition (iii), we know that {Ty,} is bounded. We
estimate from (3.3) that

”yn+l - yn” < ﬁn+1||f(xn+l) _f(xn)” + (1 _ﬂn+1)||xn+1 - xn“
+ |Pusr = Pal [ £ (o) = x| (3.5)
< (1 _ﬁn+1(1 - k))||xn+l - xn” + |ﬁn+l _ﬁnl ”f(xn) - xn”-

Since Ty, := (1 = ¢,)I + &, T, where I is the identity mapping, we have

||Tn+1]/n+l - Tnyn" < ”(1_§n+1)yn+1+§n+1Ty"+1_(1_§”+1)yn_§"+1Tyn”
1 =&alllyn=Tya (3:6)

< “yn+1 - yn” + |§n+1 - §n|||]/n - T]/n”
limy, o Bn = 0 and lim,, ., o, |&ns1 — &n| = 0 imply from (3.5) and (3.6) that

lim sup (”Tnﬂynﬂ - Tnyn” = [|xns1 = xn“) <0. (3.7)

n—oo
Hence, by Lemma 2.2, we obtain

Jijr;o||Tnyn - x| =0. (3.8)
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From (3.3), we get

lim ”yn - xn” = nlglgo ﬂn”f(xn) - xn” =0, (39)

n— oo

and so it follows from (3.8) and (3.9) that lim,, . o, || yn—Tnyx|| = 0. Since y—Tnyn = & (Yn—TYn)
and inf, ¢, > 0, we have

|y _ngyn” -0. (3.10)

M [y =Tyl = lim ==

For any 6 € (0,¢], defining Ts := (1 — 6)I + 6T, we have
Jim ||y = Tsyn|| = lim 61|y» = Tya|| =0. (3.11)

Since Ts is a nonexpansive mapping, we have from [12, Theorem 4.1] that the net {x;}
generated by x; = tf(x;) + (1 — t)Tsx; converges strongly to q € Fix(Ts) = Fix(T), ast — 0.
Clearly,

xt—=Yn = (1= ) (Tsx; — yu) + E(f(x1) = Yn)- (3.12)
In view of Lemma 2.3, we find

e = yall® < (1= | Toxe = yall® + 26(F () =y, ] (31 = 7))

< (1=2t+ ) (|lxe = yull + | Toym = yull)® + 26(f (x0) = 0, T (i = ya)) ~ (313)

2

7

+2t||xt — Y

and hence

t 1+ ) ||yn — Tsyn
() =0T (v -0)) < =+ ST = T,

(3.14)

Since the sequences {y,}, {x:}, and {Tsy,} are bounded and lim, _, o, ||y — Tsyal| /2t = 0, we
obtain

tim sup (£ (x) = x1, ] (9 = 31)) < 5 M, (3.15)

n—oo
where M = sup, ., o)t = ynlI*}. We also know that

f@)=aT(yn—q)) = {(fxr) =xt, J(yn—x2)) + (f(q) = fx1) +x: = q, ] (Yn — x1))

(3.16)
+(f(@) =T (Yn=q) = T (Yn—x1)).
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From the facts that x; — g € Fix(T),ast — 0, {y,} is bounded, and the duality mapping J is
norm-to-weak* uniformly continuous on bounded subset of E, it follows that

(f(@)-aTWn—9) - J(Yn-x)) —0, ast—0,

(3.17)
(f(q)-fx)+x=q,J(Yn—x1)) — 0, ast—0.
Combining (3.15), (3.16), and the two results mentioned above, we get
limsup (f(q) -4, ] (y» —q)) <0. (3.18)

n— oo

From (3.9) and the fact that the duality mapping ] is norm-to-weak®* uniformly continuous
on bounded subset of E, it follows that

Tim [(f(xn) = £(9), T (Y =) = T (xu = q))| = 0. (3.19)
Writing
Xns1 =G = an(xy—q) + (1= a)Tu(yn — q), (3.20)
and from Lemma 2.3, we find

%01 = qll” < anllcn = qI” + (1= @) [|Ba (o) = @) + (1= ) (0 = )|
< alacn = qlI* + (1= @) (1= o) || — g
+2(1 = an) Bu(f (x0) = 4, J (Y — 9))
< ayllx = qll” + (1= @) (1= Ba)*[lx0 = ql|* + 21 = @) Bk ]| - 4|
+2(1 = an)fu(f(q) 4, T (yn = 9))
+2(1 = an)Bu{f (xn) = £(0), T (Yn—q) = T (xn = q))
< [1-2(1 - o) (1= k)] on = qI* +2(1 - @)y
*[Bullxn=qll+{f en) = £ (@), ] (yn=a) =T (cu=a)) | +(f (9) =4, ] (yn=1))]
= [1 = (1= k)61 [|n — q||” + Eutpn,
(3.21)

where

6n =2(1—ay,)Pn,

(3.22)
M = Bl xn = qll + [(f en) = £(q), T (Wn=q) =T (xa =) + (f (@) =, T (yn - q))-
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From (3.18), (3.19), and the conditions (i), (ii), it follows that >, 6, = +oco and
limsup, , 7. < 0. Consequently, applying Lemma2.4 to (3.21), we conclude that
limy, . o ||, —11” =0. U

Corollary 3.2. Let E, C, T, {ay}, {Pn}, and {&,} be as in Theorem 3.1. For any u,x; € C, the
sequence {x,} is generated by

X1 = AnXp + (1= an)Tn (Bt + (1= Pn)xn), n>1, (3.23)

where Tyx = (1 = ¢&,)x + &, Tx, for all x € C. Then the sequence {x,} converges strongly to a fixed
point of T.

Remark 3.3. Theorem 3.1 and Corollary 3.2 improve and extend the corresponding results in
[2-4, 7, 8] essentially since the following facts hold.

(1) Theorem 3.1 and Corollary 3.2 give strong convergence results in p-uniformly
convex Banach spaces for the modification of Mann iteration scheme in contrast
to the weak convergence result in [2, Theorem 3.1], [3, Theorem 3.1 and Corollary
3.3], and [4, Theorems 3.2 and 3.3].

(2) In contrast to the results in [7, Theorem 2], and [8, Theorem 3.1], these results with
respect to nonexpansive mappings are extended to A-strict pseudocontraction in
p-uniformly convex Banach spaces.

(3) In contrast to the results in [8, Theorem 3.1], the restrictions >,;7 4 |@y+1 — ay| < o0
and X7 |Bn+1 — Pul < oo are removed.
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