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1. Introduction

Let C be a nonempty closed convex subset of a Hilbert space H, T a self-mapping of C. Recall
that T is said to be nonexpansive if |[Tx - Ty| < ||lx - y||, forall x,y € C.

Construction of fixed points of nonexpansive mappings via Mann'’s iteration [1] has
extensively been investigated in literature (see, e.g., [2-5] and reference therein). But the
convergence about Mann’s iteration and Ishikawa’s iteration is in general not strong (see
the counterexample in [6]). In order to get strong convergence, one must modify them. In

2003, Nakajo and Takahashi [7] proposed such a modification for a nonexpansive mapping
T.
Consider the algorithm,

xo € C chosen arbitrarity,

Yn = anXp + (1 - an)Txy,
Co={veC:|lyn—2| <llxn—2l}, (1.1)
Qn={veC:(xy—0v,x,—x0) <0},

Xn+1 = PCnﬁQn (xO)/
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where Pc denotes the metric projection from H onto a closed convex subset C of H. They
prove the sequence {x,} generated by that algorithm (1.1) converges strongly to a fixed point
of T provided that the control sequence {a,} is chosen so that sup,_,a, < 1.

Let {T,};2, be a sequence of nonexpansive self-mappings of C, {1,}; a sequence of
nonnegative numbers in [0, 1]. For each n > 1, defined a mapping W,, of C into itself as
follows:

un,n+1 = I/
un,n = -)LnTnun,nH + (1 - -)Ln)I/
un,nfl = -)LnflTnflun,n + (1 - -)Lnfl)I/

Uk = MTilppean + (1= i), (1.2)
U1 = M1 TeeiUp e + (1= Aec) T,

un,z = )Lszunrg, + (1 — )LQ)I,
Wn = LI,,J = )L1T1Un2 + (1 - )Ll)I

Such a mapping W, is called the W-mapping generated by T, T),—1, ..., T1 and A, A1, ..., Ay
see [8].

In this paper, motivated by [9], for any given x; € C (i = 0,1,...,4,q € N is a fixed
number), we will propose the following iterative progress for two infinitely nonexpansive
mappings {T,(ll)} and {T,(,Z)} in a Hilbert space H:

Xo,X1,...,%q € C chosen arbitrarity,
Yn =Xy + (1 - an)W,gl)zn,q,
Zn = Tty + (1= T WP x,,
(1.3)
2 ) .
Co={oeK: |lya—ol* < llxu = ol + (1 = @) (nq =% = 1 = 2117 |
Qu={veK:(x,—v,x,—-x5) <0},

Xn+l = PCnﬁQ,, (xq)/n 2q

and prove, {x,} converges strongly to a fixed point of {T,gl) } and {T,§2) }.
We will use the notation:
— for weak convergence and — for strong convergence.
Wy (xn) = {x : Ix,, — x} denotes the weak w-limit set of x;,.
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2. Preliminaries
In this paper, we need some facts and tools which are listed as lemmas below.

Lemma 2.1 (see [10]). Let H be a Hilbert space, C a nonempty closed convex subset of H, and T
a nonexpansive mapping with Fix(T) # 0. If {x,} is a sequence in C weakly converging to x and if
{(I=T)x,} converges strongly to y, then (I - T)x = y.

Lemma 2.2 (see [11]). Let C be a nonempty bounded closed convex subset of a Hilbert space H.
Given also a real number a € Rand x,y,z € H. Then theset D := {v € C : |ly - v|* < |]x - v|* +
(z,v0) + a} is closed and convex.

Let {T,},2; be a sequence of nonexpansive self-mappings on C, where C is a nonempty closed
convex subset of a strictly convex Banach space E. Given a sequence {,},—; in [0,1], one defines a
sequence {W, ;=1 of self-mappings on C by (1.2). Then one has the following results.

Lemma 2.3 (see [8]). Let C be a nonempty closed convex subset of a strictly convex Banach space
E, {Tu )}, a sequence of nonexpansive self-mappings on C such that (\;, F(T,,) # 0 and let {A,,} be a
sequence in (0,b] for some b € (0,1). Then, for every x € C and k > 1 the limit lim,, _, .U, x exists.

Remark 2.4. It can be known from Lemma 2.3 that if D is a nonempty bounded subset of C,
then for € > 0 there exists ny > k such that sup _,[|[U,xx — Ukx|| < € for all n > ny.

Remark 2.5. Using Lemma 2.3, we can define a mapping W : C — C as follows:

Wx = lim Wyx = lim U, 1x (2.1)

n—oo

for all x € C. Such a W is called the W-mapping generated by T, T, ... and Ay, A, . ... Since
W, is nonexpansive mapping, W : C — C is also nonexpansive. Indeed, observe that for
eachx,y €C,

[Wox = Wyl| = lim [[Wox - Wayl| < [|lx - y]. (22)

If {x,} is a bounded sequence in C, then we put D = {x, : n > 0}. Hence, it is clear
from Remark 2.4 that for ¢ > 0 there exists Ny > 1 such that for all n > Ny, |[W,x, - Wx,|| =
(U1 — Uy xy|| < sup,pllUn1x — Ui x|| < €. This implies that

lim [Wyx,, — Wx,|| = 0. (2.3)

Lemma 2.6 (see [8]). Let C be a nonempty closed convex subset of a strictly convex Banach space E.
Let {T, },-q be a sequence of nonexpansive self-mappings on C such that ;1 F(T,) #0 and let {1, }
be a sequence in (0, b] for some b € (0,1). Then, F(W) = ;21 F(Ty).
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3. Strong Convergence Theorem

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H and let {W,(ll)} and {W,(zz)} be
defined as (1.2). Assume that a, < a for all n and for some 0 < a < 1, and {a,} € [b, c] for all n and
O<b<c<lIfF=N74 [F(T,Sl)) N F(T,SZ))] #0, then {x,} generated by (1.3) converges strongly
to Pr(xg).

Proof. Firstly, we observe that C, is convex by Lemma 2.2. Next, we show that F C C,, for all

n.
Indeed, for all x* € F,

lyn = || < @ullxn = 1P + (1 = @) | 20g = x|

= llw = 1P + (1= @) ([|20g = %[ = v = 1),

||zn-q — x* - | ApgXp-q+ (1 - Rn_q)W,iz_)qxn_q —x*
2
= Ap—g|Xn-qg — x* 2, (1-ang) ”W,(,z_)qxn_q —x*
2
— (1 - anyg) ”W,(lz_)qxn_q — Xnyg ' (3.1)
< Ty ll5ng 3+ (1= T [0y~ |
— — @ 2
= T g (1= Fng) Wi g = 2|
2
= [[0-g = % = Famg (1= Rorcg) | Wiy - = 2|
< g
Therefore,
”]/n - x*”2 < lxn = x*H2 +(1- “n)(”xn—q - x*”Z = |lxn = x*”z)' (3.2)

That is x* € C,, for all n > g. Next we show that F ¢ Q, forall n > g.
We prove this by induction. For n = q, we have F C C = Q,. Assume that F C Q, for
all n > g + 1, since x4 is the projection of x,; onto C,, () Qy, so

(Xn41 =2, = Xn41) 20, VzeC, ﬂ Qn. (3.3)

As F ¢ C,,(NQy by the induction assumption, the last inequality holds, in particular,
for all x* € F. This together with definition of Q,.; implies that F C Q1. Hence F C C,, (N Qx
foralln > g.

Notice that the definition of Q, implies x, = Pg,x,. This together with the fact F C Q,
further implies [|x, — x4|| < [|x* — x,]| for all x* € F.
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The fact x,,1 € Q, asserts that (x,41 — X, X, — x4) > 0 implies

%1 = Xnl2= || Gensr = 2x4) = (30 = %) |7

2 2
= [lxner = xg]|” = loen = 24| = 2(2ms1 = 20, 20 = x9) (3.4)
2 2
[t =5y = = x5 ]I2 — 0 (1 — c0).
We now claim that |[W®x, — x,|| — 0and |[W®x,, — x,|| — 0.Indeed,
x f—
[ | i |
-a,
(3.5)
”xn - xn+1|| + ||xn+1 - ]/n”
> 1- a, ’
since x,.1 € C,,, we have
2 12 «
”]/n - xn+1" < lxn = xn+1”2 +(1-ay) <”xn—q - X ” = [lxn —x ”2> — 0. (3.6)
Thus
|x —wilz |—>o (3.7)
n n “n-q . .
We now show limn_>oo||W,(lz)xn — xu|| = 0. Let {||W,§f)xnk — Xy, ||} be any subsequence of
{||W,52)xn — x,||}. Since C is a bounded subset of H, there exists a subsequence {xnk,- } of {xy, }
such that
lim ||x,, — x*” = limsup||x,, —x*|| := 7. (3.8)
j— ] k— oo
Since
* 1 1 "
Xy, =X ” < | Xy, = W,(,k;znkj_q” + ”W,Skankj_q -x
(3.9)
1 *
< | Xny, = Wr(lk;anj—q” + || Zmg-g = X7|/
it follows that r = limj—>oo“xnkj - x*|| £ lim inf]-_mIIznkj - x*||. By (3.1), we have
2
anj - x*” S | xnkj - x* (310)
Hence
limsup| Zn,. —x*” < lim ||x,, —x™|| =7 (3.11)
j j—oo i .

jooo
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Thus,

*

Zny, = X

=r = lim||x, -x"
7

jooo

lim

jooo

(3.12)

Using (3.1) again, we obtain that

2
Zn—q — x*“ — 0. (3.13)

L2
g =% - |

2
— — (2)
O | R

This imply that lim]-ﬁoollw,(ijxnk}_ = Xn, || = 0. For the arbitrariness of {x,,} C {x,}, we have

limn_>oo||W,(,2)xn —xu|| =0and

lzn = xall = (1= @) [ WP — x| — 0. (3.14)

Thus, by (3.4), (3.7) and (3.14), we have

”W,(ll)xn - Xy

< ||Wr(tl)xn - Wr(zl)zn—q

| + “W,(,l)zn_q - Xy

< Nzag = xall + Wi z0g 20

1 3.15
< Wi zg = ]|+ 120 = g+ ng = gl O
+ ”xn—q+1 - xn—q+2|| +oo |1 — x|
— 0.
Since limn_>oo||W,(ll)xn -W®x,|| =0and limn—>oo||W,(,2)xn - W®x,|| =0, we have
lim |W(1)xn -x,|l =0,
n—oo
(3.16)
lim ||W(2)x,1 —x,|l =0.
n—oo

Thus, using (3.16), Lemma 2.1, and the boundedness of {x,}, we get that @ #w,(x,) C F.
Since x,, = Py, (x4) and F C Q,, we have ||x, —x,[| < ||x* —x4|| where x* := Pr(x,). By the weak
lower semicontinuity of the norm, we have ||w — x| < [[x* —xg4|| for all w € wy, (x,). However,
since wy, (x,) C F, we must have w = x* for all w € wy(x,). Hence x, — x* = Pr(x,) and

[0 = %1% = || 260 — xq”2 +2(xp — xg, %5 — x*) + || x4 - x*||2
(3.17)
< 2<||x* - xq”2 + (X — Xg,xq — x*>> — 0.

That is, {x,} converges to Pr(x;).
This completes the proof. O
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