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1. Introduction

Let C be a nonempty closed convex subset of a Hilbert space H. A mapping T : C — Cis said
to be nonexpansive if for all x, y € C wehave [|[Tx-Ty| < |[x—y||. Itis said to be asymptotically
nonexpansive [1] if there exists a sequence {k,} with k, > 1 and lim,_, k, = 1 such that
|IT"x — T"y|| < ky||x — y|| for all integers n > 1 and for all x, y € C. The set of fixed points of T
is denoted by F(T).

Let ¢ : C x C — Rbe a bifunction, where R is the set of real number. The equilibrium
problem for the function ¢ is to find a point x € C such that

P(x,y) 20 VYyeC (1.1)
The set of solutions of (1.1) is denoted by EP(¢). In 2005, Combettes and Hirstoaga [2]

introduced an iterative scheme of finding the best approximation to the initial data when
EP(¢) is nonempty, and they also proved a strong convergence theorem.
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For a bifunction ¢ : C xC — R and a nonlinear mapping A : C — H, we consider the
following equilibrium problem:

Find z € C such that ¢(z,y) + (Az,y-z) >0, VyeC. (1.2)

The set of such that z € C is denoted by EP, that is,
EP={zeC:¢(z,y)+(Az,y-z)>0,Yy e C}. (1.3)

In the case of A = 0, EP = EP(¢). In the case of ¢ =0, EP is denoted by VI(C, A). The problem
(1.2) is very general in the sense that it includes, as special cases, some optimization problems,
variational inequalities, minimax problems, the Nash equilibrium problem in noncooperative
games, and others (see, e.g., [3, 4]).

Recall that a mapping A : C — H is called monotone if

(Au-Av,u-v)>0, VYu, veC (1.4)

A mapping A of C into H is called a-inverse strongly monotone, see [5-7], if there
exists a positive real number a such that

(x -y, Ax - Ay) > a|| Ax - Ay’ (1.5)

for all x, y € C. It is obvious that any a-inverse strongly monotone mapping A is monotone
and Lipschitz continuous.

Construction of fixed points of nonexpansive mappings and asymptotically nonexpan-
sive mappings is an important subject in nonlinear operator theory and its applications, in
particular, in image recovery and signal processing (see, e.g., [1, 8-10]). Fixed point iteration
processes for nonexpansive mappings and asymptotically nonexpansive mappings in Hilbert
spaces and Banach spaces including Mann [11] and Ishikawa [12] iteration processes have
been studied extensively by many authors to solve nonlinear operator equations as well as
variational inequalities; see, for example, [11-13]. However, Mann and Ishikawa iteration
processes have only weak convergence even in Hilbert spaces (see, e.g., [11, 12]).

Some attempts to modify the Mann iteration method so that strong convergence is
guaranteed have recently been made. In 2003, Nakajo and Takahashi [14] proposed the
following modification of the Mann iteration method for a nonexpansive mapping T in a
Hilbert space H:

xo € C chosen arbitrarily,
Yn = anXp + (1 - an)Txy,
Co={veC:|lyn—2| <llxn—2l}, (1.6)
Qun={veC:{x,—v,x0—x,) >0},

Xn+1 = Pc,no, X0,
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where Pc denotes the metric projection from H onto a closed convex subset C of H. They
proved that if the sequence {a,} bounded above from one, then {x,} defined by (1.6)
converges strongly to Prr)xo.

Recently, Kim and Xu [15] adapted the iteration (1.6) to an asymptotically nonexpan-
sive mapping in a Hilbert space H:

xo € C chosen arbitrarily,

Yn = anXp + (1= an)T"xy,
Co={veC: |lyn=ol* < llxa — oI + 6.}, (17)
Qun={veC:{(x,—v,x0—x4) >0},

Xns1 = Pc,no, X0,

where 0, = (1 - a,,) (k2 - 1)(diam C)? = 0,asn — co. They proved that if a,, < a for all
n and for some 0 < a < 1, then the sequence {x,} generated by (1.7) converges strongly to
P Fix(r) (x0).

Very recently, Inchan and Plubtieng [16] introduced the modified Ishikawa iteration
process by the shrinking hybrid method [17] for two asymptotically nonexpansive mappings
S and T, with C a closed convex bounded subset of a Hilbert space H. For C; = C and
x1 = Pc,x0, define {x,} as follows:

Yn = apXn + (1 —a,)T"z,,

Zn = Puxn + (1= Bn)S"xy,
(1.8)
Cunt = {0 €Cu: lyn—o|* < Ixw —0I” +6,},

Xus1 = Pc,.,x0, n€N,

n+1

where 0, = (1 - a,)[(2 = 1) + (1 = B)t2(s% = 1)](diam C)* — 0,asn — wand0<a, <a<1
and 0 <b < B, <c <1foralln € N. They proved that the sequence {x,} generated by (1.8)
converges strongly to a common fixed point of two asymptotically nonexpansive mappings
SandT.
Zegeye and Shahzad [18] established the following hybrid iteration process for a finite
family of asymptotically nonexpansive mappings in a Hilbert space H:
xp € C chosen arbitrarily,

Yn = AnoXy + 01 T1' X0 + a0 T3 X + 3T X + - + T Xy,
2 2
Co={v€Clyn—o|* <llxu —oIP +6.}, (1.9)
Qun={veC:{(x,—v,x0—x,) >0},

Xn+1 = PCnﬁQn (x0)/
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where 0, = [(kfl1 - Day + (kfl2 ~Dayp+---+ (K2, - 1)au,](diam C)> — 0,as n — oo. Under
suitable conditions strong convergence theorem is proved which extends and improves the
corresponding results of Nakajo and Takahashi [14] and Kim and Xu [15].

On the other hand, for finding a common element of EP(¢)NF(S), Tada and Takahashi
[19] introduced the following iterative scheme by the hybrid method in a Hilbert space: xo =
x € H and let

u, € C such that ¢(u,, y) + %(y —Up, Uy —Xn) 20, YyeC,

wy = (1—a,)x, +a,Suy,,

1.10
Co={z€H:|[w,—z| < xu - 2}, (1.10)
Qu=1{z€C: (xy—2z,x0-x4) >0},

Xns1 = Pc,ng, X0

for every n € N U {0}, where {a,} C [a,b] for some a,b € (0,1) and {r,} C (0,o0) satisfies
liminf,_, 7, > 0. Further, they proved that {x,} and {u,} converge strongly to z € EP(¢) N
F(S), where z = Pgp(g)nr(s)Xo-

Inspired and motivated by the above facts, it is the purpose of this paper to introduce
the Mann iteration process for finding a common element of the set of common fixed points
of an infinite family of asymptotically nonexpansive mappings and the set of solutions of an
equilibrium problem. Then we prove some strong convergence theorems which extend and
improve the corresponding results of Tada and Takahashi [19], Inchan and Plubtieng [16],
Zegeye and Shahazad [18], and many others.

2. Preliminaries

We will use the following notations:

(1) “—" for weak convergence and “ — " for strong convergence;
(2) we(xn) = {x : 3xy; — x} denotes the weak w-limit set of {x,}.

Let H be a real Hilbert space. It is well known that

= y|I* = lxI” = |yl|* - 2(x - v, ) 1)

forall x,y € H.
It is well known that H satisfies Opial’s condition [20], that is, for any sequence {x,}
with x,, — x, the inequality

lim inf ||x,, — x|| < liminf ||x, - y|| (2.2)
n—oo n—oo

holds for every y € H with y # x. Hilbert space H satisfies the Kadec-Klee property [21, 22],
that is, for any sequence {x,} with x, — x and ||x,,|| — ||x|| together imply ||x, — x|| — 0.
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We need some facts and tools in a real Hilbert space H which are listed as follows.

Lemma 2.1 ([23]). Let T be an asymptotically nonexpansive mapping defined on a nonempty
bounded closed convex subset C of a Hilbert space H. If {x,} is a sequence in C such that x, — z and
Tx, —x, — 0, then z € F(T).

Lemma 2.2 ([24]). Let C be a nonempty closed convex subset of H and also give a real number a € R.
Theset D :={veC:|y- o> < |lx = v|]* + (z,v) + a} is convex and closed.

Lemma 2.3 ([22]). Let C be a nonempty closed convex subset of H, and let Pc be the (metric or
nearest) projection from H onto C (i.e., Pcx is the only point in C such that ||x—Pcx|| = inf{||x—z|| :
Vz € C}). Given x € H and z € C. Then z = Pcx if and only if it holds the relation:

(x-z,y-2z)<0, VyeC. (2.3)
For solving the equilibrium problem, let us assume that the bifunction ¢ satisfies the

following conditions (see [3]):

(Al) ¢(x,x) =0forall x € C;
(A2) ¢ is monotone, thatis, ¢(x,v) + ¢(y,x) <0 for any x,y € C;

(A3) ¢ is upper-hemicontinuous, that is, for each x, v,z € C

limsup ¢(tz+ (1 -t)x,y) < p(x,y); (24)

t—0*

(A4) ¢(x,-) is convex and weakly lower semicontinuous for each x € C.
The following lemma appears implicity in [3].
Lemma 2.4 ([3]). Let C be a nonempty closed convex subset of H, and let ¢ be a bifunction of C x C
into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such that

¢(z,y)+%<y—z,z—x>20 Vy e C. (2.5)

The following lemma was also given in [2].

Lemma 2.5 ([2]). Assume that ¢ : C x C — R satisfies (A1)—(A4). For r > 0 and x € H, define a
mapping T, : H — C as follows:

T,(x):{zeC:¢(z,y)+%(y—z,z—x)ZOVyEC} (2.6)
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forall x € H. Then, the following holds

(1) T, is single-valued;

(2) T, is firmly nonexpansive, that is, for any x,y € H, |T,x - T,y||* < (T,x - T,y, x — y).
This implies that || T,x — T,y|| < ||lx — yl||,Yx,y € H, that is, T, is a nonexpansive mapping:

(3) F(Ty) = EP(¢),Vr > 0;

(4) EP(¢) is a closed and convex set.

Definition 2.6 (see [25]). Let C be anonempty closed convex subset of H. Let {S,, } be a family
of asymptotically nonexpansive mappings of C into itself, and let {f,x : n,k € N, 1 <k < n}
be a sequence of real numbers such that 0 < f;; <1 for everyi,j € N withi > j. Foranyn > 1
define a mapping W,, : C — C as follows:

un,n = ﬁn,nsz + (1 - ﬁn,n)I/
un,n—l = ﬁn,n—lsz_lun,n + (1 - ﬁn,n—l)I/

un,k = ﬂn,kszun,kﬂ + (1 - ﬁn,k)I/ (2-7)

un,2 = ﬁn,ZSgun,S + (1 - ﬂn,Z)Ir
Wn = un,l = ﬂn,lsilun,Z + (1 - ﬂn,l)I-

Such a mapping W, is called the modified W-mapping generated by S,, Sy-1,...,51 and
ﬂn,n/ ﬂn,n—lr ceey ﬁn,2/ ﬂn,l-

Lemma 2.7 ([10, Lemma 4.1]). Let C be a nonempty closed convex subset of H. Let {S,,} be a
family of asymptotically nonexpansive mappings of C into itself with Lipschitz constants {t,,,}, that
is, |Spx = Shyll < twallx = yll (forallm,n € N, forallx,y € C) such that F := N2, F(S;) #0,
and let {Pni : n,k € N, 1 < k < n} be a sequence of real numbers with 0 < a < p,1 < 1 for
alln € Nand 0 <b < f,; < c <1foreveryn € Nandi = 2,...,n for some a,b,c € (0,1).
Let Wy, be the modified W-mapping generated by Sy, Sy-1,...,51 and Bun, Bun-1,-- -, Pn2, Pui. Let
Tnk = {ﬂ"'k (ti,n N 1) + ﬁnrkﬂ”'kﬂti,n(tiﬂ,n - 1) Tt ﬂ"'kﬁ"'k” a 'ﬂ"'nflti,ntiﬂ,n o ti—Z,n (tft—l,n -
1) + BuxBujs1 - ~-ﬁn,nti/nt,2(+1,n . ti—l,n(t%,‘ﬂ —- 1)} for everyn € N and k = 1,2,...,n. Then, the
followings hold:

() IWax=z|P < @ +7y1)llx - 2|’ foralln € N, x € C and z € N F(S;);

(ii) if C is bounded and lim,, _, ,1,,1 = 0, for every sequence {z,} in C,

lim ||zps1 — 24| =0,  lim z, - Wyz, =0 imply w,(z,) CF; (2.8)

(iii) if limy . oo7y1 =0, F = N2, F(W,) and F is closed convex.
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Lemma 2.8 ([10, Lemma 4.4]). Let C be a nonempty closed convex subset of H. Let {S,,} be a
family of asymptotically nonexpansive mappings of C into itself with Lipschitz constants {t,, ,}, that
is, ISy, x = Spyll < tmullx — yll (forallm,n € N, forallx,y € C) such that F := N (51)76(2).
Let T, = X PuiS} for every n € N, where 0 < Bpx < 1 for every n = 1,2,3,. and k =
1,2,...,n with 3} Pui = 1 for every n € N and lim,_, ,fnx > 0 for every k € N, and let
Tn = Dy ﬂ”/k(ti,n — 1) for every n € N. Then, the following holds:

(i) ITux - 2> < (L + 1) ||x - 2|’ foralln € N, x € C and z € " F(S;);

(ii) if C is bounded and lim,, _, .1, = 0, for every sequence {z,} in C,

lim [|zps1 =zl =0,  lim ||z, = Tuznl| =0 imply we(zn) C F; (2.9)
n— oo n— oo
(iii) if lim, o7 = 0, F = N2, F(T},) and F is closed convex.

3. Main Results

In this section, we will introduce two iterative schemes by using hybrid approximation
method for finding a common element of the set of common fixed points for a family of
infinitely asymptotically nonexpansive mappings and the set of solutions of an equilibrium
problem in Hilbert space. Then we show that the sequences converge strongly to a common
element of the two sets.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a real Hilbert space H, let ¢ : Cx
C — R be a bifunction satisfying the conditions (A1)-(A4), let A be an a-inverse strongly monotone
mapping of C into H, let {S,,} be a family of asymptotically nonexpansive mappings of C into itself
with Lipschitz constants {ty, , }, that is, ||Stx=Shy|| < tma|lx—y| (forallm,n € N, forallx,y € C)
such that FNEP#0, where F := N2 F(Si), and let {Bnx : n,k € N, 1 < k < n} be a sequence of
real numbers with 0 < a < Pp1 < 1foralln € Nand 0 <b < B,; < c < 1 foreveryn € N and
i=2,...,nforsomea,b,c € (0,1). Let W, be the modified W-mapping generated by S,,, Sy, . .., 51
and Bun, Pun-t, - - B2, P1- Assume that 1o = {ﬁn,k(tim — 1) + BuiPn, k+1tin(ti+1n 1) + -
ﬂn,kﬂn,k+1"'ﬂn,n 1tinti+1n n Zn(tn 1n 1) + ﬂn,kﬂn,k+1 ﬂ"" kntiﬂn ti 171 2 1) fOT
everyn € Nand k =1,2,...,nsuch that lim, _, 1,1 = 0. Let {x,} and {u,} be sequences generated
by the following algorithm:

xo € C chosen arbitrarily,
uy € C such that ¢(un, y) + (Axp, Yy — Uy) + %(y —Up, Uy —Xp) 20, Yy eC,
Yn = oy + (1 — a,) Wy, 3.1)
Cu = {0.€ Cut lyn —oII" < xu — 0l +64,
xo, neNU{0},

Xns1 = Pc

n+l

where Cy = C and 0, = (1 — a,) 1,1 (diam C)2 and0<a, <d<1land0<e<r, < f <2a. Then
{xn} and {u,} converge strongly to Prngp(xo).
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Proof. We show first that the sequences {x,} and {u,} are well defined.

We observe that C,, is closed and convex by Lemma 2.2. Next we show that FNEP C C,
for all n. we prove first that (I — r,A) is nonexpansive. Let x,y € C. Since A is a-inverse

strongly monotone and r, <2a Vn € N, we have

[|(I-rA)x—(I —rnA)y”2 =|lx -y - ra(Ax - Ay)||2

= |l = y||* - 2ru(x — y, Ax - Ay) + 72| Ax - Ay||?

< lx = ylI” - 2ar || Ax - Ay||” + 7| Ax - Ay||"

= lx = ylI” + ru(ru = 20)[| Ax — Ay

<llx-yll*

Thus (I — r,)A is nonexpansive.
Since

¢ (un, v) + (Axp, y — ) + %(y —Up,Up—Xy) 20, VyeC,
n
we obtain

¢ (un,y) + rl(y = Up, Uy — (I =1, A)x,) 20, VyeC.

By Lemma 2.5, we have u,, = T, (x, — ,Axy), foralln € N.
Let p € F N EP, it follows the definition of EP that

¢ y) +(y-p,Ap)20, YyeC
So,

1
o(p.y) + ;(y—m’— (p-mAp)) 20, YyeC

Again by Lemma 2.5, we have p = T;, (p — r, Ap), foralln € N.
Since I — r, A and T, are nonexpansive, one has

it =l < 1T, G = 14 A%0) =T, (p = AP < [l = pll, V> 1.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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Then using the convexity of | - |> and Lemma 2.7 we obtain that

lyn =PI = llan(un = p) + (1 = n) (Wi = p) ||
< ayflun = || + (1= @) [Wen = pl|*
< anlitn =l + (1~ @) (1 + 7)1~ p|
= [lun = p||* + (1 = @) [|en = p|*
< |l = pl|* + 6

<[l = plf +0..

(3.8)

So p € C, for all n and hence F N EP C C, for all n. This implies that {x,} is well defined.

From Lemma 2.4, we know that {u,} is also well defined.

Next, we prove that ||x,1—x,|| = 0, [[x,—usl| — O, [|[Ups1—un|| — O, [tt,—Wyu,l| — 0,

asn — oo.
It follows from x, = Pc,x, that

(xg = xp,xp—v) >0, foreachve FNEPCC,, ne N.
So, for p € FN EP, we have

0 < (x0 = Xn, Xy —p) = —(Xn — X0, Xn — X0) + (X0 — X, X0 — P)

< =l = x0l* + I = x0ll]| 20 = .
This implies that
1% = x0[1* < ll2c = xoll]| 0 = p|,
and hence
ll¢n = xoll < [|x0 = p]|-

Since C is bounded, then {x,} and {u,} are bounded.
From x,, = Pc,xo and x,,.1 = Pc,,,x0 € Cpi1 C C,, we have

n+1
(x0 = Xp, Xp—xps1) >0 Vne N.
So,

0 < (X0 = Xp, Xn — Xpa1) = —(Xp — X0, X — X0) + (X0 = Xp, X0 = Xps1)

2
< =llxn = xoll” + [l2¢n = x0llllx0 = Xnsa -

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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This implies that
[y = xoll < ||xps1 — X0l - V€ N. (3.15)
Hence, {||x, — xo||} is nodecreasing, and so lim,, _, o, ||x, — xo]| exists.
Next, we can show that lim,_, o ||x;, — X,41]] = 0. Indeed, From (2.1) and (3.13), we
obtain
%ne1 = xull” = [|(ne1 = x0) = (20 = x0) I
= [|2tna1 = xol|* = [l26n = x0lI* = 2(Xns1 — X, X — X0) (3.16)
< lxner = xol* = 120 = oI
Since lim,, _, . ||x; — x¢]| exists, we have
lim [|x, — xu41]| = 0. (3.17)
n—oo
On the other hand, it follows from x,,.1 € C,,1 that
2
v = %nit||” < 1% = X1 > + 6, — 0, as n— oo. (3.18)
It follows that
lyn = x|l < |yn = %nsa ]| + X0 = xall — 0, as n — co. (3.19)

Next, we claim that lim,, _, o, ||x, — 1, || = 0. Let p € F N EP, it follows from (3.8) that

2 2
lyn = plI” < llun = pl|” + 6n
= ||T, (I = 1w A)x, = Ty, (I = 1, A)p||* + 6,

< |xn - p||2 + 1y (1 — 2a) || Ax, — A;o”2 +0,.
This implies that

e(2a = f) || Ax = Ap||* < llxu = pII” = llyn = plI* + 04

< |lxn = yul[ (% = 2l + [y = PII) + 6

It follows from (3.19) that

lim || Ax, - Ap|| = 0.

(3.20)

(3.21)

(3.22)
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From Lemma 2.5, one has
0 = pII* = | T (I = 7w A) % = T, (1 = 1 AYp||?
< ((xn — 10 Axy) — (P — TwApP), Un — p)
1
= Il = raAxa— (o= rap) | + e plP
_”xn — 1 Ax, — (P - rnAP) - (un _P)Hz}

< {1 =PI+l = pI* = 1 = 100 = ru( A = AP)|}

Nl —= N -

[ R R o
421 (3 = thy, Ay — Ap) - 72| Ax, = Ap|1*}.
This implies that

||zt —p”2 < |xn - p||2 || 21y (Xp = Up, Axy — Ap) — rﬁ”Axn - Ap”2
< ”x” - p”2 = [lxn = unllz + 2rn<xn = Un, AXp - AP>

< N =PI = 1120 = wal? + 27120 = || A — Ap|-
By (3.8), we have
lyn = pII” < llen = pII* + 65
Substituting (3.24) into (3.25), we obtain
1y =PI < e =PI = Il = 10al* + 2l = sl [| A = Ap| + 61,
which implies that

e =l < [l = pI* = [lyn = pII* + 2rll0 = all]| Ax = Ap|| + 6,

< 12w = yull llxen =PIl + v =PI + 270120 = wall]| Axn = Ap| + 5.
Noticing that lim,, _, »||Ax,, — Ap|| = 0 and (3.19), it follows from (3.27) that

lim |lu, — x,] = 0.
n—oo

11

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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From (3.17) and (3.28), we have
et — tpsa || < Nt — Xull + |0 — Xps1 || + || Xne1 — Unsa|| — 0, as n — co. (3.29)
Similarly, from (3.19) and (3.28), one has
|y = tnl| < ||yn = Xu|| + 10 — unll — 0, as n — oo. (3.30)
Noticing that the condition 0 < a,, < d < 1, it follows that
(1= &) [Watty = tal| = ||y = wal, (3.31)
which implies that

[yn = snll _ Nyn —reall

1—a, 14 0, asn — oo. (3.32)

Wattn — un|| =

Next, we prove that there exists a subsequence {x,,} of {x,} which converges weakly to z,
where z € FN EP.

Since {x,} is bounded and C is closed, there exists a subsequence {x,,} of {x,} which
converges weakly to z, where z € C. From (3.28), we have u,, — z. Noticing (3.29) and (3.32),
it follows from Lemma 2.7 that z € F. Next we prove that z € EP. Since u, = T}, (x,, — s Axy),
for any y € C, we have

¢ (un, y) + (Axn, y — ) + %(y — Uy, Uy — X)) > 0. (3.33)
From (A2), one has
(Axp,y —un) + rl<y = Un, Un — Xn) 2 P (Y, Un). (3.34)

Replacing n by n;, we obtain

(Axn, Yy — up,) + <y — Uny, > > ¢ (Y, un,)- (3.35)

Uy, — X,
1

Putz; =ty + (1 -t)zforallt € (0,1] and y € C. Then, we have z; € C. So we have

Up

(Zt = Un, Azy) 2 (24 — Uy, AZy) — (AXpy, 20 — Up,) — <Zt — Uy,

) 4 g )

ni

= (z¢ — Up, Azt — Ay, ) + (24 — Up,, Ally, — AXy,) (3.36)

Uy — Xy,
—<Zt_un,-/ "’r "‘>+¢(zt,un,-).

ni
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Since ||uy,, — xp,|| — 0, we have ||Au,, — Ax,,|| — 0. Further, from monotonicity of A, we have
(2t — Uy, Azy — Auy,) > 0. So, from (A4) we have

(zt —z,Azt) 2 §(zt, 2), (3.37)

asi — oo. From (A1) and (A4), we also have
0=¢(zt,z0) <tP(z1,y) + (1 - )P(z1, 2)
<tdp(ze,y) + (1 -1)(z — 2z, Az) (3.38)

=tdp(zr,y) + 1 -y -z, Az),
and hence
0< ¢z, y) + (1-t)(y -z, Az). (3.39)
Letting t — 0, we have, for each y € C,
0<P(zy) +(y -2z Az). (3.40)

This implies that z € EP. Therefore z € F N EP.

Finally we show that x, — z, u, — z, where z = Prrpp(¢) (x0)-

Putting z' = Prngp(x0) and consider the sequence {xg — x,,}. Then we have xy — x,,, —
X0 — z and by the weak lower semicontinuity of the norm and by the fact that |[xp — x4 <
|lxo — Z'|| for all n > 0 which is implied by the fact that x,,.1 = Pc,,, (x0) , we obtain

n+l

[|2c0 = 2'|| < llx0 - =l

< lim inf [xo - %y,
1— 00

(3.41)
< limsup ||xg — xp, ||
i— oo
<Jlxo -7
This implies that ||xo — 2'|| = |lxo — z|| (hence z' = z by the uniqueness of the nearest point
projection of xy onto F N EP) and that
llx0 = x|l — [|x0 = 2'||- (3.42)

It follows that xo — x,, — xo — 2, and hence x,, — z'. Since {x,,} is an arbitrary (weakly
convergent) subsequence of {x,}, we conclude that x, — z'. From (3.28), we know that
u, — 2z’ also. This completes the proof of Theorem 3.1. O

Theorem 3.2. Let C be a nonempty bounded closed convex subset of a real Hilbert space H, let
¢ : C xC — R be a bifunction satisfying the conditions (A1)—(A4), let A be an a-inverse strongly
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monotone mapping of C into H, and let {S,,} be a family of asymptotically nonexpansive mappings
of C into itself with Lipschitz constants {t,, ,}, that is, ||Si,x — Styll < tmallx — yl|| (forallm,n €
N, forallx,y € C) such that F N EP#0 , where F := N, F(S;). Let T, = ¢, PuxSy for every
n € N, where 0 < B < 1foreveryn =1,2,3,...and k =1,2,...,nwith 3} _, Pnx = 1 for each

n € N and lim,_, o fnx > 0 for every k € N, and assume that y, = 3p_; Pu (7, — 1) for every
n € N such that lim,_, y, = 0. Let {x,} and {u,} be sequences generated by

xo € C chosen arbitrarily,
1
u, € C such that ¢(un, y) + (Axy, Y — ) + r—(y —Up,Up—Xy) 20, VyeC,

Yn = antty + (1 = ) Tytd, (3.43)

C,= {v €C: |lyn —v||2 < |lxn — o)) +9n},

Qn={veC:(xg—xux,-v) >0},

Xns1 = Pc,ng,x0, 1 € N U {0},

where 8, = (1 - a,)y(diam C)? and 0< a, < d <1and 0 < e < r, < f <2a. Then {x,} and {u,}
converge strongly to Prrpp(xo).

Proof. We divide the proof of Theorem 3.2 into four steps.
(i) We show first that the sequences {x,} and {u,} are well defined.

From the definition of C,, and Q,,, it is obvious that C,, is closed and Q,, is closed and convex
for each n € N U 0. We prove that C,, is convex. Since

lyn =0 [1* < llxa = 0P + 6, (3.44)
is equivalent to
2(%n = Y, 0) < [12all® = |y ]| + On, (3.45)

it follows that C,, is convex. So, C,, N Q, is a closed convex subset of H for any n.
Next, we show that FNEP C C,. Indeed, let p € F N EP, and let {T}, } be a sequence of
mappings defined as in Lemma 2.5. Similar to the proof of Theorem 3.1, we have

llun = pll < [|x0 = pl|- (3.46)
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By virtue of the convexity of norm || - I?, (3.46), and Lemma 2.8, we have

yn = PI* = lltn(n = p) + (1 = @) (T = p) ||
< ayf|un = p||* + (1 - @) | Turen = p||?
<yl = || + (1= @) (1 +7) [Juen — |
. . (3.47)
= [|un = p||” + (1 = an)yal|un - pl|
< Jlun = pl|* + 6,
< |lxn = p|I* + 65
Therefore, p € C, for all n.
Next, we prove that FNEP C Q,, foralln > 0. For n = 0, we have FNEP C C = Qq.

Assume that FN EP C Q,_. Since x, is the projection of xy onto C,-1 N Q,-1, by Lemma 2.3,
we have

(xg—xp,xp—0) >0, YveCu1NQpyi. (3.48)

In particular, we have

X0 — Xp, Xn—p) >0 (3.49)
p

for eachp € FNEP and hence p € Q,,. Hence FNEP C Q,, foralln > 0. Therefore, we obtain
that

FNEPCC,NQ,, VYn>0. (3.50)
This implies that {x,} is well defined. From Lemma 2.4, we know that {u,} is also well
defined.

(ii) We prove that [|x,1 — xull — 0, [lxy = unll — 0, |[ttps1 — unll — 0, ||y — Tyuyl| — 0,
asn — oo.

Since F N EP is a nonempty closed convex subset of H, there exists a unique z’ € FNEP such
that Z, = PFnEPXO-
From x,.+1 = Pc,ng, X0, we have

ne1 — X0l < lo = x0ll Yo € CuNQp, ¥ € N U(0}. (3.51)

Since z' € FNEP c C,, N Q,, we have

I%ne1 = x0l| < ||2' = x0]| VY e NU{0}. (3.52)
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Since C is bounded, we have {x,}, {u,}, and {y,} are bounded. From the definition of Q,,
we have x,, = Py, xo, which together with the fact that x,.1 € C, N Q, C Q, implies that

llxo = xull < llx0 = Xus1ll, (X0 = Xn, Xns1 = Xn) < 0. (3.53)

This shows that the sequence {||x, — x¢l|} is nondecreasing. So, lim,, _, o ||x,, — xo|| exists.
It follows from (2.1) and (3.53) that

21 = Xnll* = [|(ne1 = Xo) = (30 = x0) ||
= || %1 = %0l = |20 = Xo|* = 2(Xns1 = Xn, X — X0) (3.54)

< [l2ner = x0]1* = flacn = o]
Noticing that lim,, _, o-||x,, — Xol| exists, this implies that
Jim [l = xpia|| = 0. (3.55)
Since x,.1 € C,, we have
9 = et ||* < [ = xia|* + 6. (3.56)
So, we have lim,, _, || — x44+1]| = 0. It follows that
lyn = xa|| < |yn = xnsa || + 1201 = 2]l — 0, as n — oo. (3.57)
Similar to the proof of Theorem 3.1, we have
im [l = u[| = 0. (3.58)
From (3.55) and (3.58), we have
lun = unall < Nl = xull + %0 = Xpsa | + | Xn41 = thnial] — 0, asn — oo. (3.59)
Similarly, from (3.57) and (3.58), one has
Nyn = wnll < |yn = 2ull + %0 = ttall — 0, as n— co. (3.60)

Noticing the condition 0 < a, < d < 1, it follows that

(1= an) | Trun — un|| = “yn - un”/ (3.61)
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which implies that

lyn = wall _ Ny =l

1-a, 14 0, asn— co. (3.62)

| Tnttn — unl| =

(iii) We prove that there exists a subsequence {x,,} of {x,} which converges weakly to
z, where z € FNEP.

Since {x,} is bounded and C is closed, there exists a subsequence {x,} of {x,} which
converges weakly to z, where z € C. From (3.58), we have u,, — z. Noticing (3.59) and
(3.62), it follows from Lemma 2.8 that z € F. By using the same method as in the proof of
Theorem 3.1, we easily obtain that z € EP.

(iv) Finally we show that x, — z, u, — z, where z = Prngp(xo).

Since x,, = Pg,x0 and z € FNEP C Q,, we have

[l = Xoll < [z = xoll (3.63)

It follows from z' = Prrppxg and the weak lower-semicontinuity of the norm that

||z = xo]| < llz = x0l| < lim inf||x,, — x| < lim sup||x,, — xol| < ||z = x0]|- (3.64)
1= i— oo
Thus, we obtain that lim; _, o, [|x,, — X0 = ||z — x0| = ||z’ — x0||. Using the Kadec-Klee property

of H, we obtain that

limx,, =z=1z2. (3.65)

i— oo

Since {xy,,} is an arbitrary subsequence of {x,}, we conclude that {x,} converges strongly
to z = Prrepxo. By (3.58), we have u, — z = Prnppxp also. This completes the proof of
Theorem 3.2. O

Corollary 3.3. Let C be a nonempty bounded closed convex subset of a real Hilbert space H, let ¢ :
CxC — Rbea bifunction satisfying the conditions (A1)—(A4), let {S,,} be a family of asymptotically
nonexpansive mappings of C into itself with Lipschitz constants {t,, .}, that is, ||Skx — Shy| <
tmullx = yll (forallm,n € N, forallx,y € C) such that F 0 EP(¢) #0 , where F := N2, F(S;),
and let {Pnx : n,k € N, 1 < k < n} be a sequence of real numbers with 0 < a < f,1 < 1 for all
ne Nand0<b< p,i<c<lforeveryne Nandi=2,...,nforsomea,b,ce(0,1). Let W,
be the modified W-mapping generated by Sy, Sy—1, ..., 51 and Pun, Pun-1, - - -, Pn2, Pni. Assume that



18 Fixed Point Theory and Applications

Tnk = {ﬂn,k (ti,n - 1) + ﬂ"/kﬂ"rk*'lti,n(tiﬂ,n - 1) Tt ﬂn,kﬂn,kﬂ a 'ﬂn,n—l ti,ntiﬂ,n o ti—z,n (tifl,n -
1) + BuiPuiet - Punts fruy - toy (5, — 1)) for every n € N and k = 1,2,...,n such that
limy, o 71 = 0. Let {x,,} and {u,} be sequences generated by the following algorithm:

xo € C chosen arbitrarily,
uy € C such that ¢(un,y) + %(y —Up, Un—Xn) 20, YyeC,
Yn = antty + (1 = an) Wity (3.66)
Con = {0 €Cut [lyn — o] < o = l* + 6, },

Xp1 = Pc,.,x9, me€ NU{0},

n+l

where Cop = C and 0, = (1 — a,)r,1(diam C)zand 0<a,<d<1land {r,} C (0,00) such that
liminf, 7, > 0. Then {x,} and {u,} converge strongly to Prnpp(g)(X0)-

Proof. Putting A = 0, the conclusion of Corollary 3.3 can be obtained as in the proof of
Theorem 3.1. O

Remark 3.4. Corollary 3.3 extends the Theorem of Tada and Takahashi [19] in the following
senses:

(1) from one nonexpansive mapping to a family of infinitely asymptotically nonexpan-
sive mappings;

(2) from computation point of view, the algorithm in Corollary 3.3 is also simpler and,
more convenient to compute than the one given in [19].

Corollary 3.5. Let C be a nonempty bounded closed convex subset of a real Hilbert space H, let {S,, }
be a family of asymptotically nonexpansive mappings of C into itself with Lipschitz constants {t,, ,},
that is, ||Sp,x — Shyll < tmullx =yl (forallm,n € N, forallx,y € C) such that F := N2, F(S;) #0,
and let {Bnx : n,k € N, 1 < k < n} be a sequence of real numbers with 0 < a < f,1 < 1 for all
neNand0<b< f,i<c<lforeveryne Nandi=2,...,nforsomea,b,ce(0,1). Let W,
be the modified W-mapping generated by S,, Sy-1,...,S1 and Bun, Pun-1,- - -, Pn2, Pui. Assume that
Tnk = {,Bn,k (ti,n - 1) + ﬁn,kﬂn,kﬂ ti,n(ti+1,n - 1) +eoe 4+ ﬂn,kﬁn,kﬂ o 'ﬂ"f"_lti,ntiﬁ,n te ti*Z,n (ti—l,n -
1) + BuiPui+1- "ﬂn,nti,ntiﬂm . "ti-l,n(ti,n — 1)} for every n € N and k = 1,2,...,n such that
limy, o 7n1 = 0. Let {x,,} be a sequence generated by the following algorithm:

xo € C chosen arbitrarily,

Yn = annr

(3.67)
Crr = {v € Cut [lyn—o|” < lxu =0l + 6.},

Xps1 = Pc . x9, n€ N U {0},

n+l

where Cy = C and 0,, = 1,1 (diam C)z. Then {x,} converges strongly to Pr(xo).
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Proof. Putting ¢(x,y) = O, forallx,y € C,r, =1, A =0and a, = 0, foralln € N in
Theorem 3.1, we have u, = Pcx, = x,, therefore v, = W,u, = W,x,. The conclusion of
Corollary 3.5 can be obtained from Theorem 3.1 immediately. O

Remark 3.6. Corollary 3.5 extends Theorem 3.1 of Inchan and Plubtieng [16] from two
asymptotically nonexpansive mappings to an infinite family of asymptotically nonexpansive

mappings.

Corollary 3.7. Let C be a nonempty bounded closed convex subset of a real Hilbert space H, and let
{Sim} be a family of asymptotically nonexpansive mappings of C into itself with Lipschitz constants
{tmn}, that is, |Shx — Shyll < tmallx — y|| (forallm,n € N, forallx,y € C) such that F :=
N2 F(Si) #0. Let T, = Sk P xSy for every n € N, where 0 < B < 1 for everyn =1,2,3,...
and k = 1,2,...,nwith 3¢, i = 1 for each n € N and lim,_, o B > 0 for every k € N, and
assume that y, = ¢4 ﬁ":k(ti,n —1) for every n € N such that lim,,_, o v, = 0. Let {x,,} be a sequence
generated by

xo € C chosen arbitrarily,
Yn = Tn-xn/
Co={v€C:lyn—o|* <llxu—oIP +6.}, (3.68)

Qn={veC:{(xg—xy,x,—v) >0},

Xns1 = Pc,ng,x0, me NU{0},

where Cy = C and 0,, = y,(diam C)2. Then {x,) converges strongly to Pr(xo).

Proof. Putting ¢(x,y) = 0, forallx,y € C,r, =1, A =0and a, = 0, forallm € N in
Theorem 3.2, we have u, = Pcx, = x,, therefore y, = T,u, = T,x,. The conclusion of
Corollary 3.7 can be obtained from Theorem 3.2. O

Remark 3.8. Corollary 3.7 extends Theorem 3.1 of Zegeye and Shahzad [18] from a finite
family of asymptotically nonexpansive mappings to an infinite family of asymptotically
nonexpansive mappings.
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