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1. Introduction

Let H be a real Hilbert space with inner product ( -, - ) and induced norm || - ||, and let C be
a nonempty-closed convex subset of H. Let ¢ : H — RU {+o0} be a function and let F be
a bifunction from C x C to R such that C N dom ¢ # @, where R is the set of real numbers
and dom¢ = {x € H : ¢(x) < +oo}. Flores-Bazan [1] introduced the following generalized
equilibrium problem:

Find x € C such that F(x,y) + ¢(y) > ¢(x), Yy eC. (1.1)

The set of solutions of (1.1) is denoted by GEP (F,¢). Flores-Bazdn [1] provided some
characterizations of the nonemptiness of the solution set for problem (1.1) in reflexive Banach

spaces in the quasiconvex case. Bigi et al. [2] studied a dual problem associated with the
problem (1.1) with C = H = R™.
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Let ¢p(x) = 6¢c(x), Vx € H. Here 6¢ denotes the indicator function of the set C; that is,
Oc(x) = 0if x € C and 6¢(x) = +oo otherwise. Then the problem (1.1) becomes the following
equilibrium problem:

Finding x € C such that F(x,y) >0, VYyeC. (1.2)

The set of solutions of (1.2) is denoted by EP(F). The problem (1.2) includes, as special
cases, the optimization problem, the variational inequality problem, the fixed point problem,
the nonlinear complementarity problem, the Nash equilibrium problem in noncooperative
games, and the vector optimization problem. For more detail, please see [3-5] and the
references therein.

If F(x,y) = g(y)-g(x) forall x,y € C,where g : C — Risa function, then the problem
(1.1) becomes a problem of finding x € C which is a solution of the following minimization
problem:

min{o(y) +8(y)}- (1.3)
ye

The set of solutions of (1.3) is denoted by Argmin(g, ¢).
If o : H — RU {+o0o} is replaced by a real-valued function ¢ : C — R, the problem
(1.1) reduces to the following mixed equilibrium problem introduced by Ceng and Yao [6]:

Find x € C such that F(x,y) + ¢(y) - p(x) >0, VyeC. (1.4)

Recall that a mapping T : C — C is said to be a x-strict pseudocontraction [7] if there
exists 0 < k < 1, such that

ITx =Tyl < llx -yl + x||(I - T)x - (I - T)y||2, Vx,y €C, (1.5)

where I denotes the identity operator on C. When « = 0, T is said to be nonexpansive. Note
that the class of strict pseudocontraction mappings strictly includes the class of nonexpansive
mappings. We denote the set of fixed points of S by Fix(S).

Ceng and Yao [6], Yao et al. [8], and Peng and Yao [9, 10] introduced some iterative
schemes for finding a common element of the set of solutions of the mixed equilibrium
problem (1.4) and the set of common fixed points of a family of finitely (infinitely)
nonexpansive mappings (strict pseudocontractions) in a Hilbert space and obtained some
strong convergence theorems(weak convergence theorems). Some methods have been
proposed to solve the problem (1.2); see, for instance, [3-5, 11-18] and the references
therein. Recently, S. Takahashi and W. Takahashi [12] introduced an iterative scheme by
the viscosity approximation method for finding a common element of the set of solutions
of problem (1.2) and the set of fixed points of a nonexpansive mapping in a Hilbert space
and proved a strong convergence theorem. Su et al. [13] introduced an iterative scheme by
the viscosity approximation method for finding a common element of the set of solutions
of problem (1.2) and the set of fixed points of a nonexpansive mapping and the set of
solutions of the variational inequality problem for an a-inverse strongly monotone mapping
in a Hilbert space. Tada and Takahashi [14] introduced two iterative schemes for finding
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a common element of the set of solutions of problem (1.2) and the set of fixed points of
a nonexpansive mapping in a Hilbert space and obtained both strong convergence theorem
and weak convergence theorem. Ceng et al. [15] introduced an iterative algorithm for finding
a common element of the set of solutions of problem (1.2) and the set of fixed points of a strict
pseudocontraction mapping. Chang et al. [16] introduced some iterative processes based on
the extragradient method for finding the common element of the set of fixed points of a family
of infinitely nonexpansive mappings, the set of problem (1.2), and the set of solutions of
a variational inequality problem for an a-inverse strongly monotone mapping. Colao et al.
[17] introduced an iterative method for finding a common element of the set of solutions
of problem (1.2) and the set of fixed points of a finite family of nonexpansive mappings
in a Hilbert space and proved the strong convergence of the proposed iterative algorithm
to the unique solution of a variational inequality, which is the optimality condition for a
minimization problem. To the best of our knowledge, there is not any algorithms for solving
problem (1.1).

On the other hand, Marino and Xu [19] and Zhou [20] introduced and researched
some iterative scheme for finding a fixed point of a strict pseudocontraction mapping. Acedo
and Xu [21] introduced some parallel and cyclic algorithms for finding a common fixed point
of a family of finite strict pseudocontraction mappings and obtained both weak and strong
convergence theorems for the sequences generated by the iterative schemes.

In the present paper, we introduce a new approximation scheme combining the
viscosity method with parallel method for finding a common element of the set of solutions
of the generalized equilibrium problem and the set of fixed points of a family of finitely strict
pseudocontractions. We obtain a strong convergence theorem for the sequences generated by
these processes. Based on this result, we also get some new and interesting results. The results
in this paper extend and improve some well-known results in the literature.

2. Preliminaries

Let H be a real Hilbert space with inner product ( -, - ) and norm || - ||. Let C be a nonempty-
closed convex subset of H. Let symbols — and — denote strong and weak convergences,
respectively. In a real Hilbert space H, it is well known that

[[Ax + (1 = Ly ||* = Al + (4 = Vw2 = A1 = )l - y[]? 2.1)

forall x,y € H and X € [0,1].

For any x € H, there exists a unique nearest point in C, denoted by Pc(x), such that
lx = Pc(x)|| < |lx — y|l for all y € C. The mapping Pc is called the metric projection of H onto
C. We know that P is a nonexpansive mapping from H onto C. It is also known that Pcx € C
and

(x = Pc(x),Pc(x) —y) >0 (2.2)

forallx e Hand y € C.

For each B C H, we denote by conv(B) the convex hull of B. A multivalued mapping
G : B — 2H is said to be a KKM map if, for every finite subset {xi,x,,...,x,} C B,
conv({x1,x2,...,%n}) C Uy G(x3).
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We will use the following results in the sequel.

Lemma 2.1 (see [22]). Let B be a nonempty subset of a Hausdor{f topological vector space X and let
G : B — 2% bea KKM map. If G(x) is closed for all x € B and is compact for at least one x € B, then

ﬂxeBG(x) # g.

For solving the generalized equilibrium problem, let us give the following assump-
tions for the bifunction F, ¢, and the set C:

(A1) F(x,x) =0forall x € C;

(A2) F is monotone, that is, F(x, y) + F(y,x) <0 for any x,y € C;
(A3) for each y € C, x — F(x,y) is weakly upper semicontinuous;
(A4) for each x € C, y — F(x,y) is convex;

(A5) for each x € C, y — F(x,y) is lower semicontinuous;

(B1) For each x € H and r > 0, there exist a bounded subset D, C C and y, € CNdom ¢
such that forany z € C \ Dy,

F(z,yx) +¢(yx) + %(yx -z,z-x) < @(z); (2.3)

(B2) Cis a bounded set.

Lemma 2.2. Let C be a nonempty-closed convex subset of H. Let F be a bifunction from C x C to
R satisfying (A1)—(A4) and let ¢ : H — RU {+oo} be a proper lower semicontinuous and convex
function such that CNdom ¢ # @. For r > 0 and x € H, define a mapping S, : H — C as follows:

S, (x) = {z €eC:F(z,y)+o(y) + %(y—z,z—x) >¢(z), Yy € C} (2.4)

forall x € H. Assume that either (B1) or (B2) holds. Then, the following conclusions hold:

(1) for each x € H, S,(x) #2;
(2) S, is single-valued;
(3) S, is firmly nonexpansive, that is, for any x,y € H,

[1S:(x) = S, (W)||” < (Sr(x) = Se(y), x - ) (2.5)

(4) Fix(S,) = GEP(F, ¢);
(5) GEP(F, ) is closed and convex.

Proof. Let xg be any given point in E. For each y € C, we define

G(y) = {z €C:F(z,y) +o(y) + %(y—z,z—x@ > (p(z)}. (2.6)
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Note that for each y € Cndom ¢, G(y) is nonempty since y € G(y) and for each y € C\dom ¢,
G(y) = C. We will prove that G is a KKM map on CNdom ¢. Suppose that there exists a finite
subset {y1,Y2,...,yn} of CNdome and p; > 0 foralli =1,2,...,nwith X/, 4; = 1 such that
z = > niyitG(y;) foreachi=1,2,...,n. Then we have

~ 1 P
FZyi) + o) —9(2) + —(yi 2,2 -x0) <0 (2.7)
foreachi=1,2,...,n. By (A4) and the convexity of ¢, we have

0=F(z,2)+p(z) —p(z) + %(2—2,2—x0>
. T 2.8)
< SulrG) o) -9+ Sutu-22- ) <o
i= i=1

which is a contradiction. Hence, G is a KKM map on C N dom ¢. Note that G(y)w (the weak
closure of G(v)) is a weakly closed subset of C for each y € C. Moreover, if (B2) holds, then

G(y)w is also weakly compact for each y € C. If (B1) holds, then for xy € E, there exists a
bounded subset D,, C C and y», € C N dom ¢ such that for any z € C \ Dy,

1
F(2 ¥x) + 9 (yx) + ~(¥m = 2,2 = %0) < 9(2). (2.9)
This shows that

G(Yx) = {z €C:F(z,yx) +9(yx,) + %(yxo -z,z2-X) > (p(z)} C Dy,. (2.10)

Hence, G(ny)w is weakly compact. Thus, in both cases, we can use Lemma 2.1 and have

ﬂyeCﬁdom(pG(y) 79.
Next, we will prove that G(y)w = G(y) for each y € C; that is, G(y) is weakly closed.

Letz e G(y)w and let z,, be a sequence in G(y) such that z,, — z. Then,
1
F(zm, y) +@(y) + (Y = Zm, Zm = X0) 2 (2m)- (2.11)

Since || - || is weakly lower semicontinuous, we can show that

lm sup(y — zZm, zm — x0) < (z — Y, %0 — 2). (2.12)

m— oo



6 Fixed Point Theory and Applications

It follows from (A3) and the weak lower semicontinuity of ¢ that

¢(z) < liminfy(z,) <limsup |F(zm, y) + @(y) + %(y — Zm, Zm — X0)
<limsup[F(zm,y) +@(y)] + %lim sup(y — Zm, Zm — Xo) (2.13)

<F(z,y)+o(y) + %(z—y,xo—z>.

This implies that z € G(y). Hence, G(y) is weakly closed. Hence, S,(xg) = ﬂyGCG(y) =

Nyecndom G (Y) = Nyecndom wTy)w # @. Hence, from the arbitrariness of xy, we conclude that
S;(x)#2, VYx € H.

We observe that S,(x) C domg. So by similar argument with that in the proof of
Lemma 2.3 in [9], we can easily show that S, is single-valued and S, is a firmly nonexpansive-
type map. Next, we claim that Fix(S,) = GEP(F, ¢). Indeed, we have the following:

u € Fix(S;) & u = S,(u)
1
<=>F(u,y)+(p(y)+;<y—u,u—u)th(u), VyeC (2.14)
S Fuy) +9y) 29m), VyeC
& u € GEP(F, p).

At last, we claim that GEP(F, ¢) is a closed convex. Indeed, Since S, is firmly nonexpansive,
S, is also nonexpansive. By [23, Proposition 5.3], we know that GEP(F, ¢) = Fix(S,) is closed
and convex. O

Remark 2.3. 1t is easy to see that Lemma 2.2 is a generalization of [9, Lemma 2.3].

Lemma 2.4 (see [24, 25]). Assume that {a,} is a sequence of nonnegative real numbers such that

Ape1 < (1 - Yn)an + 571/ (215)

where y, is a sequence in (0,1) and {6,} is a sequence such that

(i) Drm=oo
n=1

s - (2.16)
(i) limsup—" <0 or D |64 <oo.
n—co n n=1
Then, lim,, _, o, = 0.
Lemma 2.5. In a real Hilbert space H, there holds the following inequality:
llx + Yl < llxll? +2(y, x + y) (2.17)

orall x,y € H.
f y
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3. Strong Convergence Theorems

In this section, we show a strong convergence of an iterative algorithm based on both
viscosity approximation method and parallel method which solves the problem of finding
a common element of the set of solutions of a generalized equilibrium problem and the set of
fixed points of a family of finitely strict pseudocontractions in a Hilbert space.

We need the following assumptions for the parameters {y,}, {r.}, {an}, { Y‘)},
(¢2”), -, 1N}, and (B ):

(C1) limy -, oty = 0 and >,77 &y = o0;
(C2) 1> limsup,,_,  pn 2 liminf, B, > 0;

)
)
(C3) {yn} C [c,d] for some ¢, d € (&,1) and limy,_, 5 |Yns1 — Y| = 0;
(C4) iminf,, , 7, > 0 and lim,, _, & |[7ys1 — 7| = 0;

)

(C5 hm,,w@;"”) - g;">| =0Oforallj=1,2,...,N.

Theorem 3.1. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(A5), and let ¢ : C — R U {+oo} be a proper
lower semicontinuous and convex function such that C N dom¢# @. Let N > 1 be an integer.
Foreach1 < j < N,let Tj : C — C be an gj-strict pseudocontraction for some 0 < g; < 1

N
such that Q = ﬂjlilFix(T]-) N GEP(F, ¢) # @. Assume for each n, {g](.")}]_:1 is a finite sequence of

positive numbers such that z}ilgj.") = 1 for all n and infnzlgj(.") > 0 forall0 < j < N. Let
€ = max{gj : 1 < j < N}. Assume that either (B1) or (B2) holds. Let f be a contraction of C
into itself and let {x,}, {u,}, and {y,} be sequences generated by

x1=x€C,

1
F 1) +90) + S0y~ 30} 2 9n), Wy €,
N (3.1)
Yn = Ynln + (1 - }%)ZQ Tjun/
j=1

Xnt+1 = anf(xn) +ﬂnxn + (1 -y _ﬁn)]/n
for every n = 1,2,..., where {y,}, {rn}, {an}, { i")},{ (")},...,{ ](\r;)}, and {p,} are sequences of

numbers satisfying the conditions (C1)—(C5). Then, {x,}, {u,}, and {y,} converge strongly to w =
Pof(w).

Proof. We show that P, f is a contraction of C into itself. In fact, there exists a € [0,1) such
that || f(x) — f(y)|l < allx — y|| for all x,y € C. So, we have

[Paf(x) = Paf )| < || f(x) = f)]| < allx -yl (3.2)

for all x,y € C. Since H is complete, there exists a unique element uy € C such that uy =
Po f (up).
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Let u € Q and let {S,,} be a sequence of mappings defined as in Lemma 2.2. From
u, =Sy, (x,) € C, we have

lfsn =l = 11Sr, () = S5 W] < |00 = - (3:3)
We define a mapping W, by
N
Wyx = 3¢ Tix, VxeC. (3.4)

j=1

By [21, Proposition 2.6], we know that W, is an e-strict pseudocontraction and F(W,) =
ﬂj]\ilFix(Tj). It follows from (3.3), v, = ynttn + (1 — v) Wy, and u = W,u such that

Y= 2ll” = yillttw = l|* + (1= y2) Wit = ]| =y (1 = y) [0 = Wt ||
< Youlltn = ul|* + (1= 1) [t = 24| + |1t = Watta '] = 1 (1 = ) |14 = W ||*
= et = wll* + (1= 1) (& = ¥o) [l 00 = Wortau||*
< = u]

(3.5)

Put My = max{||x1—ul|, (1/(1-a))||f () —ul|}. Itis obvious that ||x; —u|| < My. Suppose
|2, — u|l £ My. From (3.3), (3.5), and x,41 = a, f (x,) + Puxn + (1 — ay — Pu)Yn, we have

ll2na = el = llewnf () + Pt + (1= @ = )y = |
< [ f (n) = f @] + anl f () = ]| + Pul| 20 = uel] + (1= @t = P) |y = |

< tuas = ) + L ) = ]+ Bull e = ] + (1= @ = B,) 1t ]

< apa| s — ] + | £(0) = ul| + (1= ) || — ] (3.6)

=(1- a)anw +[1- 1 -a)an]||xn—u

7

<(1-a)a,Mo+ [1-(1-a)a,] Mo =M,

for every n = 1,2,.... Therefore, {x,} is bounded. From (3.3) and (3.5), we also obtain that
{yn} and {u,} are bounded.
Following [26], define B, : C — C by

By =yul + (1—yu)Wp. (3.7)
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As shown in [26], each B, is a nonexpansive mapping on C. Set My = sup, ., {[[un — Whunll},

we have

[y = yall = [ Bust (sns1) = Bu(un) |
< ”Bn+1 (un+1) - Bn+1 (un) ” + ||Bn+1 (un> - Bn (un) ”

< ”un+1 - un” + MllYn+1 - Yn| + (1 - Yn+1)”wn+1 (un) - Wn(un)”

N
< Nt = all + Ml =yl + (1 = ) 21 = &[Ty
j=1

On the other hand, from u, = T, (x,) and 1,41 = Ty, (xn11), we have

1
F(un,y) +9(y) + —(y =t ten = ) 2 p(ttn), Yy €C,
n

1
Tnsl

F(tns1,¥) + 0(y) + —(Y = a1, Uns1 = Xns1) 2 @(Uns1), Yy €C.
Putting v = 1,41 in (3.9) and v = u, in (3.10), we have

1
F(tn, tns1) + @ (tns1) + r—<un+1 — Up, Un — Xn) 2 (),
n

1
F(ups1, un) + (uy) + — (Un = Uns1, Uns1 — Xns1) > @ (Upsr).
n+

So, from the monotonicity of F, we get

Up —Xn  Unsl — Xntl
Ups1 — Uy, - > 0/
Tn Tn+1

hence

Tn
<un+1 —Up, Up — Ups1 + Upyl — Xp — T_ (un+1 - xn+l)> > 0.
n+1

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Without loss of generality, let us assume that there exists a real number b such that r, > b > 0

for all n € N. Then,

||un+1 - un”2 < <un+1 — Up, Xpy1 — Xp + <1 - I )(un+l - xn+1)>

Tn+1

1-In

||un+1 — Xn+1 ” ’

< e =l { s =] +
Tn+l

(3.14)
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hence

1
”um—l - un" < ”xn+1 - xn” + _lrn+l - rn|||un+1 - xn+1”
T+l

) (3.15)
< ”xn+1 - xn” + E|rn+1 - rnlMZ/
where M; = sup{||u, — x,| : n>1}.
It follows from (3.8) and (3.15) that
1
||]/n+1 - ]/n” < ”xn+1 - xn” + E|rn+1 - rnlMZ + MlerHl - Yn|
N o (3.16)
n+ n
(L= yw) 208" = &7 [ Tyl
=1
Define a sequence {v,} such that
Xne1 = Puxn+ (1= Pn)on, Yn2>1. (3.17)
Then, we have
_ Xn+2 — ﬁn+1xn+1 _ Xn+l — ﬁnxn
B [y
_ “n+1f(xn+1) +(1-apa - ﬂn+1)yn+1 _ “nf(xn) +(1-a,- ﬁn)]/n (3.18)
1- pn+1 1- ﬂn
ay, [24%) L
= 1= giﬁf(xnﬂ) - mf(xn) tYni1 —Ynt ﬁ Yn — 1= ,giﬂ Yn+l.
From (3.18) and (3.16), we have
|91 = Onll = [|2ns1 = %]
an
<9T ﬁ” (f Gene) [T+ Nlymen ) + ﬂn (f Gea) Il + [y
Nyt =l = e =5 o)
an
<TE o (G 1+ gl + =51 ) [+ D)

1 N
+ gl =l Mo+ Mi |y =yl + (1= 1) 3167 = &7 [ T
j=1
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It follows from (C1)—(C5) that

tim sup([|on1 = on| - flanea 2]} < 0.
Hence, by [27, Lemma 2.2], we have lim,, _, .||, — x,|| = 0. Consequently,
Tim |1 = x| = lim (1= B,) [|on = ]| = 0.
Since X1 = A f (Xn) + Puxn + (1 = ay — Pn)yn, we have

[l = all < flxner = 2al + |1 = wa|

< [lxner = all + anl| £ Gen) =yl + Pl =y

7

thus
1
[|%n = yml| < m(llxnu = X | + etul| £ Cen) = yu])-

It follows from (C1) and (C2) that lim, _, o||x,, — yull = 0.

11

(3.20)

(3.21)

(3.22)

(3.23)

Since Xy41 = An f (X4) + Puxn + (1 — &y — Bn) Y, for u € Q, it follows from (3.5) and (3.3)

that

2ner = ul|* = [l f (xu) + Budtn + (1=t = Pu) yu — ]|
< an| £ (k) = ull” + Bullen = 1]* + (1= @ = f) [l = ]
< a | £ (xn) = ul|” + Ballocn = ]|
+ (1= an = B [[ln = u]l” + (1= 1) (€ = yu) ||t = Wataa||*]
< a | £ () = ])” + (1= ) [0 = ]|

+ (1= = Pu) (1= 1) (& = 1) [t = Wata||*,

from which it follows that

an
(1 =an = Bn) (1= yn) (Yn
+ﬂ—mrﬁ0é—hﬂw—d
S T g e I ) =l = =l
+ﬂ—mrﬁaa—wﬂw

1w~ Wate|* <

— (1 Gon) =l = = )

2 2
(e = 2ell” = Nlemer = 2e]|%).

—y Ul = ull + flcm = wl] ) flemss = ]l

(3.24)

(3.25)
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It follows from (C1)-(C3) and ||x,41 — x,,|| — 0 that

||24n = Wittn || — O. (3.26)
For u € Q, we have from Lemma 2.2,

|2 < (S, xn = Sy, Xy — 1)

1t = ull? = 11555, - o
) E . . . (3.27)
= (= 0,20 = 0) = 2 ([t~ + [ =l s ]2}

Hence,
i =l < =l 1 = ] (3.28)
By (3.24) and (3.28), we have

s = 2ll* < atal £ () = all” + Bullocn = ull” + (1 = = o) | —

2 2 2 2
< || f () = 2el|” + Pulln = 2]+ (1 =t = ) [l = ™ = [l =2 [I°]-

(3.29)
Hence,
(1= = Bo) 00 = tea1” < | f () = ul|” = @alloen = well* + [| 20 = ]| = [l 2001 = ]
< an| f () = ul|” = |00 — ] (3.30)
+ ([l = 2| + [[oxner = ]| ) |20 = 2msa |-
It follows from (C1), (C2), and ||x,, — x,41|| — 0 that lim,, _, o ||x, — u,|| = 0.
Next, we show that
lim sup( f (o) — 1o, X — tp) <0, (3.31)

n—oo

where 1y = Pg f (19). To show this inequality, we can choose a subsequence {x,,} of {x,} such
that

lim (f (uo) — o, xn, — ttg) = im sup( f (uo) — o, xn — o). (3.32)

n—oo

Since {x,,} is bounded, there exists a subsequence { x””i} of {x,,} which converges
weakly to w. Without loss of generality, we can assume that {x,,} — w. From ||x,, — u,|| — 0,
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we obtain that u,, — w. From ||x, — y,|| — 0, we also obtain that y,, — w. Since {u,,} C C
and C is closed and convex, we obtain w € C.
We first show that w € N, Fix(Tx). To see this, we observe that we may assume (by

passing to a further subsequence if necessary) QI(C"") — (x(asi — oo) fork =1,2,...,N.Itis
easy to see that ¢ > 0and X1 ¢k = 1. We also have

Wyx — Wx (asi— o0) Vxe(C, (3.33)

where W = 3V ¢« Tx. Note that by [21, Proposition 2.6], W is an e-strict pseudocontraction
and Fix(W) = ﬂglFix(Ti). Since

””ni - W”"z‘” = ””m - Wniuni” + ”Wfli”ni - W”"i”

N ) (3.34)
< ”u"i_Wniuni” +Z|§k1 _ék“lTkuni”/
k=1
it follows from (3.26) and gf(”” — ¢ that
||tn, = Wy, || — 0. (3.35)

So by the demiclosedness principle [21, Proposition 2.6(ii)], it follows that w € Fix(W) =
NN, Fix(T;).
We now show w € GEP(F, ¢). By u,, = T;, x,,, we know that

1
F(un, y) +¢W) + —(y = thn thn = Xn) 2 9(ttn), Vy €C. (3.36)
It follows from (A2) that
1
o(y) + r—(y — Un, Un — Xn) 2 F(y,un) +@(un), VyeC. (3.37)

Hence,

Un, — X,
oY) + <y U, —— > > F(y,un) +¢(u,), VyeC. (3.38)

ni
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It follows from (A4), (A5) and the weakly lower semicontinuity of ¢, (un, —xp,) /70, —
0, and u,, — w that

Fly,w)+p(w) <p(y), YyeC. (3.39)

Fortwith0 <t <1landy € Cndomy, let y; = ty + (1 — t)w. Since y € CNdom ¢ and
w € CNdom ¢, we obtain y; € CNdom ¢, and hence F(y;, w) + p(w) < ¢(y:). So by (A4) and
the convexity of ¢, we have

0=F(y,ye) +o(w) - o(y1)
<tF(y,y) + (1 - F (yr,w) +to(y) + (1 - )p(w) - () (3.40)
<t[F(yry) + o) - o(w)]-

Dividing by t, we get
F(yoy) +o(y) —¢(y:) 20. (3.41)
Letting t — 0, it follows from (A3) and the weakly lower semicontinuity of ¢ that
Fw,y) +¢(y) 2 ¢(w) (3.42)

for all y € C N dom¢. Observe that if y € C \ domg, then F(w,y) + ¢(y) > ¢(w) holds.
Moreover, hence w € GEP(F, ¢). This implies w € Q. Therefore, we have

lim sup( f (o) — 1o, Xy — Ug) = ilin&(f(uo) — g, Xn, — o) = (f (Ug) — ug,w —up) <0. (3.43)

n— oo

Finally, we show that x, — 19, where uy = Po f (uo).
From Lemma 2.5, we have

|1 = o |” = [Jan (f (xn) = th0) + B (200 = 110) + (1 = & = ) (¥ — 110) ||
< 1B (3w = 10) + (1= @ = B) (v = w0) | + 2 f () = tt0, X1 = 1)
< [(1 = an = Bu) lyn = uoll + Bullxn = uoll]” + 2au(f (%) = w0, Xns1 = 0)
< (1 ) = 0+ 2 () = f (), e~ )
+ 20, f (uo) — uo, Xps1 — o)
< (1= )l ol + 2l — s — oll + 2 ) = 500 - )
< (1= )l =l + ana(ln = ol s - w0l

+ 200, ( f (1) — 1o, Xpa1 — o),
(3.44)
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thus
2(1 -
et =l < (1= 2225 Y,
(3.45)
2(1-a)ay,

ay 2 1
o {2(1_a)||xn—uo|| +1_a<2f(u0)—2uo,xn+1—uo>}.

It follows from (C1), (3.43), (3.45), and Lemma 2.4 that lim,,_, .. ||x,, — ug]| = 0. From
lxn — un|| — 0 and ||y, — x4|| — O, we have u,, — up and vy, — up. The proof is now
complete. O

Theorem 3.2. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(A5), and let ¢ : H — R U {+oo} be a proper
lower semicontinuous and convex function such that C N dom¢# @. Let N > 1 be an integer.
Foreach1 < j < N,let Tj : C — C be an gj-strict pseudocontraction for some 0 < g; < 1

N
such that = ()..;Fix(T;) N L) # . Assume for each n, -} 1S a finite sequence o
h that Q = (L,Fix(Tj) N GEP(F,¢) #2. A hon, (&) s a finite seq

positive numbers such that z}‘ilgl@ = 1 for all n and infnzlgl(.") > 0forall 0 < j < N. Let
€ = max{gj : 1 < j < NY}. Assume that either (B1) or (B2) holds. Let v be an arbitrary point in
Cand let {x,}, {u,}, and {y,} be sequences generated by

x1=x€C,

1
F(un, y) +9(y) + (Y =, tn = xu) 2 9(un), Yy €C,
" (3.46)

N
Yn = YnlUn + (1 - Yn)Z§](~n)T]-un,
=
Xnil = Qp0 + Py + (1 —an — ﬁn)yn

for every n = 1,2,..., where {yn},{rn},{an},{gin)},{ é")},...,{ ;Q’)}, and {p,} are sequences of
numbers satisfying the conditions (C1)-(C5). Then, {x,}, {u,}, and {y,} converge strongly to w =

PQU.

Proof. Let f(x) = v for all x € C, by Theorem 3.1, we obtain the desired result. O

4. Applications

By Theorems 3.1 and 3.2, we can obtain many new and interesting strong convergence
theorems. Now, give some examples as follows: for j =1,2,...,N,letT1 =T, =---=Tn =T,
by Theorems 3.1 and 3.2, respectively, we have the following results.

Theorem 4.1. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(A5), and let ¢ : H — R U {+oo} be a proper lower
semicontinuous and convex function such that C N dome#@. Let T : C — C be an e-strict
pseudocontraction for some 0 < € < 1 such that Fix(T) N GEP(F, ¢) # @. Assume that either (B1) or
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(B2) holds. Let f be a contraction of C into itself and let {x,}, {u,}, and {y,} be sequences generated
by

x1=x€C,

1
F nrs + + — “HUn,Un T An 2 n)rs v EC’/
(i ) + 000 Gy =t = 30) 2 ), -

Yn = YnlUn + (1 - Yn)Tun/
Xnt+1 = anf(xn) +ﬂnxn + (1 —ay _ﬂn)yn
forevery n = 1,2,..., where {y,}, {rn}, {an}, and {p,} are sequences of numbers satisfying the
conditions (C1)~(C4). Then, {x,}, {u,}, and {y,} converge strongly to w = Prix(r)nGeP(Ep) f (W).

Theorem 4.2. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(A5), and let ¢ : H — R U {+oo} be a proper lower
semicontinuous and convex function such that C N dome#@. Let T : C — C be an e-strict
pseudocontraction for some 0 < € < 1 such that Fix(T) N GEP(F, ¢) # @. Assume that either (B1)
or (B2) holds. Let v be an arbitrary point in C, and let {x,}, {u,}, and {y,} be sequences generated

by

x1=x€C,

1
F ns + + — - Un, 71_712 n)s V EC,
(n, y) + () + -y — iy ten = X 2 9(un), - Vy 42)
Yn = YnlUn + (1 - Yn)Tun/

Xn+1 = A0 + ,ann + (1 —Q&p — ,ﬁn)]/n

forevery n = 1,2,..., where {y,}, {rn}, {an}, and {p,} are sequences of numbers satisfying the
conditions (C1)-(C4). Then, {x,}, {un}, and {y,} converge strongly to w = Prix(T)nGEP(F,p) ©-

We need the following two assumptions.
(B3) For each x € H and r > 0, there exist a bounded subset D, C C and y, € C such
that for any z € C \ Dy,

F(z,yx) +%<yx—z,z—x> <0. (4.3)

(B4) For each x € H and r > 0, there exist a bounded subset D, € C and y, € CNdom ¢
such that forany z € C \ Dy,

g(yx) +9(yx) + %(yx —2,2-x) <) +8(2). (44)

Let ¢(x) = 6c(x), Vx € H, by Theorems 3.1 and 3.2, respectively, we obtain the
following results.
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Theorem 4.3. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let F be a

bifunction from C x C to R satisfying (A1)—(A5). Let N > 1 be an integer. Foreach 1 <j < N, let T; :

C — C bean gj-strict pseudocontraction for some 0 < €; < 1 such that T’ = ﬂj]\ilFix(T]-) NEP(F) # 2.
N

Assume for each n, {g}’” }]_:1 is a finite sequence of positive numbers such that Z}\i 1§](.") =1foralln

and infn21g§”> >0 forall0 <j< N.Lete=max{e: 1< j< N}. Assume that either (B3) or (B2)

holds. Let f be a contraction of H into itself, and let {x,}, {u,}, and {y,} be sequences generated by

x1=x€C,

F(un,y) + %(y— U, U —Xn) >0, VyeC,
! (4.5)

N
]/n = Ynun + (1 - Yn)zgjgn)Tjun/
j=1

Xn+l = “nf(xn) +ﬂnxn + (1 —an _ﬁn)yn

for every n = 1,2,..., where {y,}, {ra}, {an}, { i")},{ Wy AW, and (B} are sequences of
numbers satisfying the conditions (C1)—(C5). Then, {x,}, {u,}, and {y,} converge strongly to w =

Prf (w).

Theorem 4.4. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)~(A5). Let N > 1 be an integer. Foreach 1 <j < N, let T; :
C — C bean gj-strict pseudocontraction for some 0 < €; < 1 such that T’ = ﬂj]\ilFix(T]-) NEP(F) # 2.

m N . N »(m) _
Assume for each n, {{; }]_:1 is a finite sequence of positive numbers such that 32,6 =1 for all n

and infn21§;") >0 forall0 <j< N.Lete=max{e:1<j< N}. Assume that either (B3) or (B2)
holds. Let v be an arbitrary point in C, and let {x,}, {u,}, and {y,} be sequences generated by

x1=x€C,

F(un,y) + %(y— U, U —Xn) >0, VyeC,
N (4.6)
Yn = Ynln + (1 - Y")Zgj Tju,,,
=1

Xn+1 = A0 + ,ann + (1 —Qp — ,ﬁn)yn

for every n = 1,2,..., where {y), {ra), {an}, (&1 AE7), .. (&), and (B,) are sequences of
numbers satisfying the conditions (C1)-(C5). Then, {x,}, {u,}, and {y,} converge strongly to w =
PrU.

Let F(x,y) = g(y) — g(x) for all x,y € C, by Theorems 3.1 and 3.2, respectively, we
obtain the following results.

Theorem 4.5. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let g : C — R
be a lower semicontinuous and convex function, and let ¢ : H — R U {+oco} be a proper lower
semicontinuous and convex function such that C Ndom ¢ # @. Let N > 1 be an integer. For each
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1<j<N,letT;: C — C bean gj-strict pseudocontraction for some 0 < &; < 1 such that © =
N

ﬂfilFix(T]-) NArgmin(g, ¢) # . Assume for each n, {g}W } . is a finite sequence of positive numbers
j=

such that ijilgj(.m =1 for all n and infnzlgj(.") >0forall0<j<N.Lete=max{eg:1<j< NJ.

Assume that either (B4) or (B2) holds. Let f be a contraction of H into itself, and let {x,}, {u,} and

{yn} be sequences generated by

x1=x€C,

1
gy) +o(y) + r—(y —Un, Un — Xn) 2 g(tn) +9(un), Yy €C,
N (4.7)
Yn = Ynln + (1 - Y")Zgj Tjun,
j=1

Xn+l = “nf(xn) + ﬂnxn + (1 —n — ﬂn)yn

for every n = 1,2,..., where {y,}, {rn}, {an}, { i”)},{ é")},...,{ 1(\'})}, and {pB,} are sequences of

numbers satisfying the conditions (C1)—(C5). Then, {x,}, {u,}, and {y,} converge strongly to w =
Pof(w).

Theorem 4.6. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let g : C — R

be a lower semicontinuous and convex function, and let ¢ : H — R U {+oco} be a proper lower

semicontinuous and convex function such that C N"dom ¢ # @. Let N > 1 be an integer. For each

1<j<N,letT;: C — C bean gj-strict pseudocontraction for some 0 < &; < 1 such that © =
N

ﬂ}ilFix(T]-) NArgmin(g, ¢) # @. Assume for each n, {§](.") ) . is a finite sequence of positive numbers
j=

such that zjfﬁlg](.'” =1 for all n and infnzlgj(.") >0forall0<j<N.Lete=max{e:1<j< N}

Assume that either (B4) or (B2) holds. Let v be an arbitrary point in C, and let {x,}, {u,}, and {y,}

be sequences generated by

x1=x€C,

1
gy) +o(y) + r—(y —Un, U — Xn) 2 () + g(un), YyeC,
N (4.8)
Yn = Ynln + (1 - Yn)ZC] Tjunr
j=1

Xp+1 = A0 + ﬂnxn + (1 —0p — ﬁn)yn

for every n = 1,2,..., where {y,}, {rn}, {an}, { §n>},{ é")},...,{ ") and {B,) are sequences of
numbers satisfying the conditions (C1)-(C5). Then, {x,}, {u,}, and {y,} converge strongly to w =
P@‘(J.

Let ¢(x) = 6c(x), Vx € H, and let F(x,y) =0 for all x,y € C. Then u,, = Pcx,, = x,,. By
Theorems 3.1 and 3.2, we obtain the following results.

Theorem 4.7. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let N > 1 be an
integer. For each 1 < j < N, let Tj : C — C be an gj-strict pseudocontraction for some 0 < g; < 1
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N
such that ﬂﬁlFix(Tj) #@. Assume for each n, {g](.") }j:1 is a finite sequence of positive numbers such

that z]ﬁlg](.”) =1 for all n and inf@lg](.") >0forall 0<j<N.Lete=max{ej:1<j< N} Let f
be a contraction of H into itself, and let {x,} and {y,} be sequences generated by

X1 =X € C,
< (n)
Yn = Yuxn + (1= 1) D" Tjxn, (4.9)
j=1

Xnt+1 = anf(xn) +ﬂnxn + (1 —ay _ﬁn)]/n

for everyn =1,2,..., where {y,}, {an}, { i") LACMY, (N")}, and {B,} are sequences of numbers

satisfying the conditions (C1)-(C3) and (C5). Then, {x,}, and {y,} converge strongly to w =
Pn].ilFix(T]-)f(w)~

Theorem 4.8. Let C be a nonempty-closed convex subset of a real Hilbert space H. Let N > 1 be an

integer. For each 1 < j < N, let T : C — Cbean gl-—strict pseudocontraction for some 0 < gi <1
N

such that ﬂj]\ilFix(Tj) #@. Assume for each n, {g](.”’ }j_1 is a finite sequence of positive numbers such

that S8 =1 for all nand infz1 ¢ > 0 forall 0 < j < N. Let & = max{e; : 1< j < NJ. Let v

be an arbitrary point in C, and let {x,} and {y,} be sequences generated by

x1=x€C,
(1)
Yn = Yaxn + (1= 1) D" Tjxn, (4.10)
j=1

Xn+l = A0 + ,ann + (1 —Qp — ,ﬁn)yn

foreveryn =1,2,..., where {y,}, {a,}, { in) } A §">},...,{ (N”>}, and {p,} are sequences of numbers
satisfying the conditions (C1)—(C3) and (C5). Then, {x,} and {y,} converge strongly to w =

Pnjfleix(T,-)U-

Remark 4.9. (1) Since the nonexpansive mappings have been replaced by the strict
pseudocontractions, Theorems 3.1, 3.2, 4.1 and 4.2 extend and improve [6, Theorem 3.1], [8,
Theorem 3.5], [9, Theorems 4.1 and 4.2], [18, Theorem 4.1], and the main results in [9-11, 13—
16].

(2) Since the weak convergence has been replaced by strong convergence, Theorems
3.1,3.2,4.1-4.4 extend and improve [12, Theorem 3.1], [10, Corollary 4.1].

(3) Theorems 4.7 and 4.8 are strong convergence theorems for strict pseudocontrac-
tions without CQ constraints and hence they improve the corresponding results in [19, 21].
Theorems 3.1 and 3.2 also improve [10, Corollary 3.1].
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