Hindawi Publishing Corporation

Fixed Point Theory and Applications
Volume 2009, Article ID 609353, 9 pages
doi:10.1155/2009/609353

Research Article

The Solvability of a New System of Nonlinear
Variational-Like Inclusions

Zeqing Liu," Min Liu," Jeong Sheok Ume,? and Shin Min Kang?

I Department of Mathematics, Liaoning Normal University, P.O. Box 200, Dalian Liaoning 116029, China

2 Department of Applied Mathematics, Changwon National University, Changwon 641-773, South Korea

3 Department of Mathematics and Research Institute of Natural Science, Gyeongsang National University,
Jinju 660-701, South Korea

Correspondence should be addressed to Jeong Sheok Ume, jsume@changwon.ac.kr
Received 23 November 2008; Accepted 1 April 2009
Recommended by Marlene Frigon

We introduce and study a new system of nonlinear variational-like inclusions involving s-(G, 1)-
maximal monotone operators, strongly monotone operators, 7-strongly monotone operators,
relaxed monotone operators, cocoercive operators, (., ¢)-relaxed cocoercive operators, (¢, ¢, 0)-
g-relaxed cocoercive operators and relaxed Lipschitz operators in Hilbert spaces. By using the
resolvent operator technique associated with s-(G, 77)-maximal monotone operators and Banach
contraction principle, we demonstrate the existence and uniqueness of solution for the system of
nonlinear variational-like inclusions. The results presented in the paper improve and extend some
known results in the literature.
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1. Introduction

It is well known that the resolvent operator technique is an important method for solving
various variational inequalities and inclusions [1-20]. In particular, the generalized resolvent
operator technique has been applied more and more and has also been improved intensively.
For instance, Fang and Huang [5] introduced the class of H-monotone operators and defined
the associated resolvent operators, which extended the resolvent operators associated with #-
subdifferential operators of Ding and Luo [3] and maximal 7-monotone operators of Huang
and Fang [6], respectively. Later, Liu et al. [17] researched a class of general nonlinear
implicit variational inequalities including the H-monotone operators. Fang and Huang [4]
created a class of (H,7)-monotone operators, which offered a unifying framework for the
classes of maximal monotone operators, maximal #-monotone operators and H-monotone
operators. Recently, Lan [8] introduced a class of (A, 77)-accretive operators which further
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enriched and improved the class of generalized resolvent operators. Lan [10] studied a
system of general mixed quasivariational inclusions involving (A, 77)-accretive mappings in
g-uniformly smooth Banach spaces. Lan et al. [14] constructed some iterative algorithms
for solving a class of nonlinear (A,7)-monotone operator inclusion systems involving
nonmonotone set-valued mappings in Hilbert spaces. Lan [9] investigated the existence of
solutions for a class of (A, 7)-accretive variational inclusion problems with nonaccretive set-
valued mappings. Lan [11] analyzed and established an existence theorem for nonlinear
parametric multivalued variational inclusion systems involving (A, 77)-accretive mappings
in Banach spaces. By using the random resolvent operator technique associated with (A, 7)-
accretive mappings, Lan [13] established an existence result for nonlinear random multi-
valued variational inclusion systems involving (A, 17)-accretive mappings in Banach spaces.
Lan and Verma [15] studied a class of nonlinear Fuzzy variational inclusion systems with
(A, n)-accretive mappings in Banach spaces. On the other hand, some interesting and classical
techniques such as the Banach contraction principle and Nalder’s fixed point theorems have
been considered by many researchers in studying variational inclusions.

Inspired and motivated by the above achievements, we introduce a new system
of nonlinear variational-like inclusions involving s-(G, 77)-maximal monotone operators in
Hilbert spaces and a class of (¢, ¢, 0)-g-relaxed cocoercive operators. By virtue of the Banach’s
fixed point theorem and the resolvent operator technique, we prove the existence and
uniqueness of solution for the system of nonlinear variational-like inclusions. The results
presented in the paper generalize some known results in the field.

2. Preliminaries

In what follows, unless otherwise specified, we assume that H; is a real Hilbert space
endowed with norm || - ||; and inner product (-, -);, and 21 denotes the family of all nonempty
subsets of H; fori € {1,2}. Now let’s recall some concepts.

Definition 2.1. Let A: Hy — H», f,g: Hi — Hi,n: Hy x Hi — H; be mappings.

(1) A is said to be Lipschitz continuous, if there exists a constant & > 0 such that

[ 4x - Ay|l, < af|x -y

1 Vx,y € Hy; (2.1)

(2) A is said to be r-expanding, if there exists a constant r > 0 such that

Jax - Ayl > rllx-yll, vy e H; 22)

(3) f is said to be &-strongly monotone, if there exists a constant 6 > 0 such that

i, Vx,y € Hy; (2.3)

(fx=fyx-y) 26llx-y
(4) f is said to be 6-n-strongly monotone, if there exists a constant 6 > 0 such that

(fx-fynxy)), >6||lx-yl;, VxyeH; (2.4)
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(5) f is said to be (¢, ¢, ¢)-g-relaxed cocoercive, if there exist nonnegtive constants ¢, ¢
and ¢ such that

2 Vx,yeH; (25

(fx—fy, gx—gy), 2 ~¢|fx— fylls - ollgx - gyl> +ollx - v

(6) g is said to be ¢-relaxed Lipschitz, if there exists a constant ¢ > 0 such that

?/ Vx/y S Hl- (26)

(gx—gy,x~y), < ~¢|lx -y

Definition 2.2. Let N : Hy x Hy x H, — Hy,A,C: Hy — H»,B: H, — Hj be mappings. N
is called

(1) (A, &)-relaxed cocoercive with respect to A in the first argument, if there exist
nonnegative constants A, ¢ such that

(N(Au,x,y) - N(Av,x,y),u—-v),
2.7)
> -MAu- Aol +¢lu-o|}, VYu,v,x € Hi,y € Hy;

(2) B-cocoercive with respect to B in the second argument, if there exists a constant 6 > 0
such that

(N (x,Bu,y) = N(x,Bv,y),u- v)l > 0||Bu - Bv||%, Yu,v,x,y € Hy; (2.8)

(3) T-relaxed Lipschitz with respect to C in the third argument, if there exists a constant
7 > 0 such that

N(x,y,Cu) — N(x,y,Cv),u—o S—T||u—v||2, Yu,v,y € Hy, x € Hy; (2.9)
y y 1 1 y

(4) T-relaxed monotone with respect to C in the third argument, if there exists a constant
T > 0 such that

(N(x,y,Cu) - N(x,y,Cv),u-v), > ~7llu-v|3, Yu,v,y€Hy,xe€Hy (2.10)
(5) Lipschitz continuous in the first argument, if there exists a constant y > 0 such that
IN(u,x,y) - N(v,x,y)|, <pllu-ol,, VYuov,yeH,xeH. (2.11)

Similarly, we can define the Lipschitz continuity of N in the second and third
arguments, respectively.
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Definition 2.3. Fori € {1,2},j € {1,2} \ {i}, let M; : H; x H; — 2Hi 3 H; x H; — H; be
mappings. For each given (x;,x1) € Hy x Hy and i € {1,2}, M;(x;,-) : H; — 2Hi is said to be
si-ti-relaxed monotone, if there exists a constant s; > 0 such that

(x" - y*,mi(x,y)), > =sil|lx = |}, V(x,x"), (y,y") € graph(Mi(x;, ). (2.12)

Definition 2.4. Fori € {1,2},j € {1,2}\{i}, let M; : H;xH; — 2H: G;: H; — H;be mappings.
For any given (xy,x1) € H; x Hy and i € {1,2}, M;(x;,-) : H; — 2Hi is said to be si-(Gi, 1i)-
maximal monotone, if (B1) M;(x;,-) is s;-1;-relaxed monotone; (B2) (G; + piM;(x;,-))H; = H;
for p; > 0.

Lemma 2.5 (see [8]). Let H be a real Hilbert space, 1 : HxH — H beamapping, G: H — H bea
d-n-strongly monotone mapping and M : H — 2H be a s-(G, 7)-maximal monotone mapping. Then

the generalized resolvent operator R(Iffp = (G+pM)': H — H is singled-valued for d > ps > 0.

Lemma 2.6 (see [8]). Let H be a real Hilbert space, 1 : H x H — H be a o-Lipschitz continuous
mapping, G : H — H be a d-n-strongly monotone mapping, and M : H — 2H be a s-(G, 7)-
maximal monotone mapping. Then the generalized resolvent operator Rffp :H — Hiso/(d-ps)-
Lipschitz continuous for d > ps > 0.

Fori € {1,2} and j € {1,2} \ {i}, assume that A;,C; : H; — H;,B; : H; — H;,n; :
H;x H; — H;,N;: H; x H;x Hi — H;, fi,8 : Hi — H; are single-valued mappings, M; :
HjxH; — 2Hi gatisfies that for each given x; € H;, M;(x;,-) is s;-(G;, 17;)-maximal monotone,
where G; : H; — H; is d;-n;-strongly monotone and Range(f; — gi) () domM;(x;, -) #0. We
consider the following problem of finding (x,y) € H; x H, such that

x € Ny (Alx,Bly, Clx) + M, (]/, (f1 - gl)x),

(2.13)
¥ € Na(Azy, Box, Coy) + Ma(x, (f2 - $2)y),

where (f; — gi)x = fi(x) — gi(x) for x € H; and i € {1,2}. The problem (2.13) is called the
system of nonlinear variational-like inclusions problem.

Special cases of the problem (2.13) are as follows.

If A1 = B] = Bz = C2 = f1 -&1 = f2 - = I, Nl(x,y,z) = Nl(x,y) + X, Nz(u,U,ZU) =
No(v,w) +w, M1(x,y) = M1(y), Ma(u,v) = Ma(v) for each x,z,v € Hy, y,u,w € Hy, then
the problem (2.13) collapses to finding (x,y) € Hy x H; such that

0€ Ni(x,y) + Mi(x),

(2.14)
0€ Na(x,y) + Ma(y),

which was studied by Fang and Huang [4] with the assumption that M; is (G;j, #;)-monotone
fori € {1,2}.
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IfH;=H,Ai=ABi=B,Ci=C,M; =M, f; = f,g =g and N;(u,v,w) = N(u,v), for
allu,v,w € H fori € {1,2}, then the problem (2.13) reduces to finding x € H such that

0 € N(Ax,Bx) + M(x,(f - g)x), (2.15)

which was studied in Shim et al. [19].

It is easy to see that the problem (2.13) includes a number of variational and
variational-like inclusions as special cases for appropriate and suitable choice of the
mappings N;, A;, Bi, Ci, M, fi, gi fori € {1,2}.

3. Existence and Uniqueness Theorems

In this section, we will prove the existence and uniqueness of solution of the problem (2.13).

Lemma 3.1. Let py and p; be two positive constants. Then (x,y) € Hy x Hy is a solution of the
problem (2.13) if and only if (x,y) € Hy x H> satisfies that

fi(x) = gi(x) + RNL}E; o [x+Gi((fr - g1)x) - p1N1(A1x, B1y, Cix)],

hy) =) + Ry [y +Ga((f2 - 2)y) - p2Na(Azy, Box, Coy)],

(3.1)

where RG] '11 e = (G +lel(y/'))_1(u)rR§,;;Z;,)/P2 (©) = (G2 +paMa(x,) ' (v), for all
(u,v) € H1 X Hz.

Theorem 3.2. For i € {1,2},j € {1,2} \ (i}, let n; : H; x H; — H; be Lipschitz continuous
with constant o;, A;,C; : H; — H;,B; : Hi — H;, f;,g : Hi — H; be Lipschitz continuous
with constants a;, i, Bi, 81, Oy, respectively, N; : H; x H; x H; — H; be Lipschitz continuous in
the first, second and third arguments with constants p;, vi, w; respectively, let N; be (A;, &;)-relaxed
cocoercive with respect to A; in the first arqument, and T;-relaxed Lipschitz with respect to C; in the
third argument, f; be ({i, @i, Qi)-gi-relaxed cocoercive, f; — g; be Oy, o-strongly monotone, G; : H; —
H be t;-Lipschitz continuous and d;-n;-strongly monotone, and G;(f; — gi) be {;-relaxed Lipschitz,
M;:HjxH; — 2Hi satisfy that for each fixed x; € Hj, M;(x;,") : H; — 2Hi is 5;-(Gy, m;)-maximal
monotone, Range(f; — gi) N dom M;(x;,-) # 0 and

‘ ;’é‘%) (O)-Ryt () <rllvi-zil, VxeHi yizeH; i€ (1L2), j € (L2)\ ).
(3.2)

If there exist positive constants p1, pa, and k such that
di > pisi, i€{1,2}, (3.3)
k=max{m1+d1 (c1+p111)+ﬁxz m2+dz—(cz+pzlz) +ﬁx }+r<1,

(3.4)
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where

m; = \/1 —20f,¢ + [19%_ +2(8i0y, + pidg, — i) + 1%.],

2
¢ = \/1 - 20 + tf (ﬂﬁ. + ﬂgi) : .
I = \///‘126!1-2 +2(Na; = &) + 1+ \/wizyl? o741,

xi =pivifi, i€({1,2},

then the problem (2.13) possesses a unique solution in Hy x Hy.

Proof. For any (x,y) € H; x H», define

G1,1m
Fp (x,y) = x~ (fi-g)x+Ry(, ) [x+Gi((fi - g1)x) - p1N1(Aix, Biy, Cix)],

(3.6)
G212
Fp(x,y) =y~ (f2= &)y + Rip (o) o [V + G2((f2 = £2)y) = p2N2(Azy, Bax, Coy) .
For each (u1,v1), (uz,v2) € Hy x Hy, it follows from Lemma 2.6 that
”FPl (u1,01) - FP] (u2,02) ”1
< Jur = w2 = [(f1 = g)wa = (fi = g)wa] || + d_o_—l
1~ pP151 (3.7)

< {1 = w2 + Gi((f1 = g1)m1) = Gi((f1 - g)w2) |,
+p1||N1(A1u1, Bivy, Ciur) — N1(Aquz, Bivo, Crun)||; } + r|lo1 — v2lf,.

Because f1—g1is 0, ¢ -strongly monotone, f1, g1 and G; are Lipschitz continuous, and G (f1—
g1) is §1-relaxed Lipschitz, we deduce that

w1 =12 = [(f1 = g1)ur = (fr - g1)wa] |

(3.8)
< (1-267,6 + (82 +2(0187, + 918 — 01) + 82, ) ) s w0,
lir — 12 + G ((f1 — g1)u1) = Gi ((f1 - 81)“2>”§
(3.9)

< <1 =201 + £ (0, + ’931)2> 1 = wa 17
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Since Ay, By, C; are all Lipschitz continuous, N is (1, ¢1)-relaxed cocoercive with respect to

A1, T1-relaxed Lipschitz with respect to Cq, and is Lipschitz continuous in the first, second
and third arguments, respectively, we infer that

IN1(A1u1, Bior, Ciup) — Ny (A, Bioy, Ciug) — (11 — ) |17

(3.10)
< (y%a% +2(har —é1) + 1) i = 103,
IN1(A1uz, Biva, Cur) = N1(Aqua, Bioa, Crup) + 1y — u2||%
< (Wi -2m +1) llur - o}, o
[IN1(Avuz, Bioy, Ciun) = N1(Aruz, Biog, Crun )| (3.12)

<vipi|lor — o2l
In terms of (3.7)—(3.12), we obtain that

||FP1 (ul - Ul) - P,Dl (u2/ UZ)”

[(61 + P111)||u1 =l + yallor - Uz||z] +1(v1 = vaf,.

(3.13)

o1
<myllur - wuolly + ——
dq —pP151

Similarly, we deduce that

|| Fo, (1, 01) = Fp, (12, 02) ||
02

———[(c2+ paba) lv1 = 2l + y2llur = wally] + rlls = w2l
dy — p2sy

(3.14)

< myl|vy = va|, +

Define || - ||, on Hy x H by |[(u, v)||, = ||ull; + ||v|l; for any (u,v) € Hy x Hy. It is easy to see
that (Hy x Hy, || - ||,) is a Banach space. Define L, ,, : H1 x Hy — Hj x H, by

Ly, p,(u,0) = (Fp, (u,0),Fp,(u,0)), V(u,v) € Hi x Hy. (3.15)

By virtue of (3.3),(3.4),(3.13) and (3.14), we achieve that 0 < k < 1 and

| Lp1 2 (11, 01) = Lpy o (2, 02) ||, < Kl (11, 01) = (a2, 02) ., (3.16)

which means that L,, ,, : H1 x H, — Hj x H» is a contractive mapping. Hence, there exists a
unique (x,y) € Hy x Hy such that L,, ,,(x,y) = (x,y). That is,

fi(x) = g1(x) + Ri,}'ql yo [+ Gi((f1 — g1)x) — p1N1(A1x, Biy, Cix)],
1(y).p

G,
f2(y) = 2) + Ry ) o [V + G2((f2 - 82)y) = p2N2(Azy, Box, Cay) .

(3.17)
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By Lemma 3.1, we derive that (x, v) is a unique solution of the problem (2.13). This completes
the proof. O

Theorem 3.3. Forie {1,2},j € {1,2}\ {i}, let ni, Ai, Ci, M, fi, &, fi — i, Gi be all the same as in
Theorem 3.2, B; : Hj — H; be ri-expanding, N; : H; x H; x H; — H; be Lipschitz continuous in
the first, second and third arguments with constants p;, v;, w; respectively, and N; be (A;, &;)-relaxed
cocoercive with respect to A; in the first argument, be 6;-cocoercive with respect to B; in the second
argument, be T;-relaxed Lipschtz with respect to C; in the third arqument. If there exist constants
p1, p2 and k such that (3.3) and (3.4), but

G =t 0% +2(60y + gidg — ) + 0%, xi = \[PVIF - 2p0mi+1, i€ (1,2},  (318)

then the problem (2.13) possesses a unique solution in Hy x Hj.

Theorem 3.4. Fori e {1,2},j € {1,2}\ {i}, let n;, Ai, Bi, Ci, M, fi, i, fi — i, Gi, Gi(fi — &i) be all
the same as in Theorem 3.2, N; : H; x H; x H; — H; be Lipschitz continuous in the first, second
and third arguments with constants p;, v, w; respectively, and N; be (\;, &;)-relaxed cocoercive with
respect to A; in the first argument, be 0;-relaxed Lipschitz with respect to B; in the second argument,
be Ti-relaxed monotone with respect to C; in the third arqument. If there exist constants py, p, and k
such that (3.3) and (3.4), but

li:\/(.ui‘xi+ini)2+2()Liai_§i+Ti)+1/ Xi=pi\[Vipr-20;+1, i€{l2}, (3.19)

then the problem (2.13) possesses a unique solution in Hy x Hj.
Remark 3.5. In this paper, there are three aspects which are worth of being mentioned as

follows:

(1) Theorem 3.2 extends and improves in [4, Theorem 3.1] and in [19, Theorem 4.1];

(2) the class of (¢, ¢, 0)-g-relaxed cocoercive operators includes the class of (a,¢)-
relaxed cocoercive operators in [8] as a special case;

(3) the class of s-(G, 7)-maximal monotone operators is a generalization of the classes
of n-subdifferential operators in [3], maximal 7-monotone operators in [6], H-
monotone operators in [5] and (H, 77)-monotone operators in [4].
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