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1. Introduction and Preliminaries

Browder [1] and Kirk [2] established that a nonexpansive mapping T which maps a
closed bounded convex subset C of a uniformly convex Banach space into itself has a
fixed point in C. Since then, many researchers have studied, under various conditions, the
convergence of the Mann and Ishikawa iteration methods dealing with nonexpansive and
quasi-nonexpansive mappings (see [3-11] and the references therein). Rhoades [9] pointed
out that the Picard iteration schemes for nonexpansive mappings need not converge. Senter
and Dotson [10] obtained conditions under which the Mann iteration schemes generated
by nonexpansive and quasi-nonexpansiv mappings in uniformly convex Banach spaces,
converge to fixed points of these mappings, respectively. Ishikawa [7] established that the
Mann iteration methods can be used to approximate fixed points of nonexpansive mappings
in Banach spaces. Deng [3] obtained similar results for Ishikawa iteration processes in
normed linear spaces and Banach spaces.

Our aim is to prove several convergence theorems of the Ishikawa iteration sequence
with errors for nonexpansive and quasi-nonexpansive mappings in hyperspaces. Our results
presented in this paper extend substantially the results due to Deng [3], Ishikawa [7], and
Senter and Dotson [10].
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Assume that X is a nonempty subset of a normed linear space (E, || - ||) and CC(X)
denotes the family of all nonempty convex compact subsets of X, and H is the Hausdorff

metric induced by the norm || - ||. Forx e E, X CE, A,Be CC(X),JCCC(X), T:(3,H) —
(CC(X),H),and t € R = (—o0, 0), let
d(x,,A) =inf{||x —al| : a € A}, D(A,J) =inf{H(A,C) : C €7},

Jx = {{x} :x € X}, A+B={a+b:ac A, beBj}, tA={ta:a€ A}, (L1)

n n
co(J) = {ZtiA,- 4>0,dt=1, A€l n> 1}, F(T)={A€J:TA=A}.
i=1 i=1

It is easy to see that tA + (1 -t)A = Aand tA+ (1 -t)B € CC(E) for all t € [0,1] and
A,B € CC(E). Hence CC(E) is convex. Hu and Huang [12] proved that if (E, | -||) is a Banach
space, then (CC(X), H) is a complete metric space. Now we introduce the following concepts
in hyperspaces.

Definition 1.1. Let J be a nonempty subset of CC(E) and let T : (J,H) — (CC(E), H) be a
mapping. Assume that {t,},50, {£,},50 {Sn}us0 and {s;},5o are arbitrary real sequences in
[0,1] satisfying t, +t;, <1and s, + s, < 1forn >1and {P,},5 and {Q,},, are any bounded
sequences of the elements in CC(E).

(i) For Ag € J, the sequence { A, },, defined by

By=(1-sn—5,)An+5.TA, +5,Dy,
(1.2)
Api1= (1=t —t,) Ay + t,TB, +,Q,, n>0

is called the Ishikawa iteration sequence with errors provided that {A,, B, : n >
0} C3.
(i) If s;, = t;, = 0 for all n > 0 in (1.2), the sequence {A,},5, defined by

B,=1-s,)An+5,TA,, Ap1=0-t)A,+t,TB,, n>0, (1.3)

is called the Ishikawa iteration sequence provided that {A,, B, : n >0} CJ.
(iii) If s, = s, = 0 for all n > 0 in (1.2), the sequence {A,},,, defined by

Apii= (1-ty—t)Ap+t,TA, +,Q,, 120, (1.4)

is called the Mann iteration sequence with errors provided that {A, : n >0} C J.
(iv) If s;, = t,, = s, = 0 for all n > 0 in (1.2), the sequence { A, },, defined by

Apa = (1-t)A+t,TA,, n2>0, (1.5)

is called the Mann iteration sequence provided that {A, : n >0} C J.
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Definition 1.2. Let J be a nonempty subset of CC(E). A mapping T : (J,H) — (CC(E), H) is
said to be

(i) nonexpansive if H(T'A,TB) < H(A,B) forall A,B € J;

(ii) quasi-nonexpansiveif F(T) #@and H(TA,P) < H(A,P) forall A € Jand P € F(T).

Definition 1.3. Let J be a nonempty subset of CC(E). A mapping T : (J,H) — (CC(E),H)
with F(T) #0 is said to be satisfy the following.

(i) Condition A if there is a continuous function f : [0,00) — [0, 00) with f(0) = 0 and
f(t) >0fort e (0,00), such that H(A,TA) > f(D(A,F(T))) forall A € 7.

(ii) Condition B if there is a nondecreasing function f : [0,00) — [0, o0) with f(0) =0
and f(t) > 0 for t € (0, 0), such that H(A,TA) > f(D(A,F(T))) forall A € J.

Remark 1.4. In case J = Jx, where X is a nonempty subset of E, and T : Jx — Jg C CC(E) is
a mapping, then Definitions 1.1, 1.2, and 1.3(ii) reduce to the corresponding concepts in [1-
11, 13]. It is well known that every nonexpansive mapping with nonempty fixed point set is
quasi-nonexpansive, but the converse is not true; see [8]. Examples 3.1 and 3.4 in this paper
reveal that the class of nonexpansive mappings with nonempty fixed point set is a proper
subclass of quasi-nonexpansive mappings with both Condition A and Condition B.

The following lemmas play important roles in this paper.

Lemma 1.5 (see [12]). Let (E, || - ||) be a Banach space and 3 a compact subset of (CC(E), H). Then
(co(3), H) is compact, where co(J) stands for the closure of co(J).

Lemma 1.6 (see [4]). Suppose that {ay,},5o, {bn} 50, and {c,} 0 are three sequences of nonnegative
numbers such that apsy < (14 by)an + ¢y forall n > 0. If 377 by, and 3,7 ¢, converge, then
lim,, , . a, exists.

Lemma 1.7 (see [14]). Let (X, d) be a metric space. Let A and B be compact subsets of X. Then for
any a € A, there exists b € B such that d(a,b) < H(A, B), where H is the Hausdor{f metric induced
by d.

Lemma 1.8. Let (E, || - ||) be a normed linear space. Then

H((1-t-s)A+tB+sC, (1 -t —s)L +tM +sN) < (1—t-s)H(A,L) + tH(B, M) + sH(C, N)
(1.6)

forall A,B,C,L,M,N € CC(E)and t,s € [0,1] with s+t < 1.
Proof. Set

r=(1-t-s)H(A,L)+tH(B, M) +sH(C,N). (1.7)

Forany a € A, b € B, c € C,by Lemma 1.7 we infer that there exist/ € L, m € M, n € N such
that

la-1l<H(AL), |b-m|<H(B,M), |c-n|<H(CN), (1.8)



4 Fixed Point Theory and Applications

which imply that

lA-t-s)ya+tb+sc—(1-t-s)l-tm—-sn||<(1-t-s)|la=I||+t|b-m|+s|c—n|<r
(1.9)

That is,

sup{d((1-t—-s)a+tb+sc,(1-t-s)L+tM+sN):a€ A, beB, ceC}<r. (1.10)

Similarly we have

sup{d((1-t-s)l+tm+sn,(1-t—-s)A+tB+sC):l€L, me M, ne N} <r. (1.11)

Thus (1.6) follows from (1.10) and (1.11). This completes the proof. O

Lemma 1.9. Let (E, || - ||) be a normed linear space and J a nonempty closed subset of (CC(E), H).
IfT: (3,H) — (CC(E), H) is quasi-nonexpansive, then F(T) is closed.

Proof. Let {P,},5 be in F(T) with lim, _,,H(P,, P) = 0. Since T is quasi-nonexpansive, it
follows that

H(P,TP) < H(P,, P) + H(P,,TP) < 2H(P,,P) — 0 (1.12)

asn — oo. Hence P € F(T). Thatis, F(T) is closed. This completes the proof. O

2. Main Results
Our results are as follows.

Theorem 2.1. Let (E, ||-||) be a normed linear space and let J be a nonempty subset of CC(E). Assume
that T : (3,H) — (CC(E), H) is nonexpansive and Ao € J. Suppose that there exists a constant t

satisfying

O<t,+t,<t<1, n>0, (2.1)
[0} [0} jee] jee] jee] 1
Ztn = oo, an < oo, Zs'n < oo, Zt'n < oo, Zt'n (th +1t,) <oo. (2.2)
n=0 n=0 n=0 n=0 n=0

If the Ishikawa iteration sequence with errors { Ay, },s is bounded, then lim,, _, . H(A,,TA;) = 0.

Proof. Since T is nonexpansive, { Ay },50, { P} 50, and {Qy},,50 are bounded, it follows that

a:=sup{H(A,B): A€ {An, By Py Qn:n>0},B€{AyBy,TA,TB,:n>0}} <oo. (23)
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Let n and k be arbitrary nonnegative integers. In view of (1.2), (2.3), Lemma 1.8, and the

nonexpansiveness of T, we conclude that
H(By, An) < saH(Ay, TAy) + as,,
H(TB,, A,) <H(TB,,TA,) + H(TA,, A,) < (1+s,)H(A,, TA,) +as,,
H(Ann, An) < t,H(TBy, Ap) + at), <ty (1 + s,) H(An, TAy) + a(tys, +t,),
H(Aua, TAx) < (1-t,—t,)H(A,, TAx) + t,H(TB,, T Ax) + at,,

< (1-t,—t,)H(A,, TAk) + t,H(By,, Ak) + at),
which yields that
H(An, TAg) > (1-t, — )" (H(Ap1, TAx) - t,H (B, Ay) — at)).

Using (1.2), (2.3)—(2.6), Lemma 1.8, and the nonexpansiveness of T, we have
k
H(Bn/ An+k+1) < H(Bn/ An+1) + ZH(AnH‘/ An+i+1)
i=1

< (1=sp—5s,)H(Ay Api1) + saH(T Ay, Ayia) + as,,

n+i

1

k
+ [(1 + Spai) tnaiH (Ansi, TApsi) + a(tnﬂ's/ + t:ﬁ.i)]
-1

< (1=sp=5) [ta(1 + $a) H(T Ay, An) + a(tus, + £,)]

+ 8, [(1 -ty —t,)H(T Ay, Ay) + t,H(TB,, TA,) + at,] + as,

k k
+ Z(l + Spsi)turiH (Apsi, T Api) + aZ(th‘S:H.,' + t;1+i)
i=1 i=1

< <tn + 8y — Suty — S2ty — Sty — Sptl, — s;tnsn>H(An,TAn)

+a(1-s,—s),)(tas, +1,) + Sutu(snH (An, TA,) + as),)

k k
+asyt, + as), + Z(l + Spi) i H (Apyi, TApyi) + az (bn+iS)y; +

i=1 i=1

k k
< Z(trz+i + Susi) H(Anyi, TApyi) + a I:Sln + Z(tﬂﬂ's:ﬁ-i + t;1+i):| ’
i=0 i=0

(2.4)
(2.5)

(2.6)

2.7)

(2.8)

)

(2.9)
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H(TAp, A1) < (1 -ty -t ) H(Ap, TAps1) + t, H(TB,, TAyir) + £, H(Qp, TApi1)
< (1 -ty —t,)(H(An1, TApn) + H(An, Api1)) + t,H(By, Apy1) + aty,
< (A -ty—t,)H(Apa, TApi1)
+ (1 -ty —t,) [(L+ sp)tnH(An, TAp) + a(tes, +1t,)]
+ by [(tn + Sn) H(An, TAy) + a(s), + tys,, + 1,)] + at),
<(1-t,—t,)H(Ap1, TApi1) + ta(1 + 25,) H(A,, TA,) +2a(tys), + t,)
(2.10)

which implies that

H(Ant, TAp1) < (ta +£,) 7 [ta(1 +25,) H(Ay, TA,) + 2a(ty), +1,)]
(211)
< (1+25,) H(Ay TAy) +2a(s), + ta(t, +£,) 7).

Lemma 1.6, (2.2), and (2.11) yield that there exists a nonnegative constant r satisfying

lim H(A,, TA,) =1, (2.12)

n—oo
which implies that for any € > 0 there exists a positive integer N such that

r—e<H(A, TA,) <r+¢ forn>N. (2.13)

Now we prove by induction that the following inequality holds for all n > 1:

n-1 n-1 =]
H(Ap, TApn) > (r+e)<1+th+,-> 2e ( bpsi — pﬂ.)

i=0 i=0

(T+5)Z[p+l<zsp+1> i ( tP+k_t;9+k>_1]

k=0

n-1 n— 1
’
- aZ tpi p+l + Z p+i® P+] P+f> + tP+i
i=0 j=i

i

X (1 — g — tp+k>_1}, p>N.
k=

(2.14)

o
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According to (1.2), (2.8), (2.9), and (2.13), we derive that
H (A, TAp)
N\ ]
> (1=t~ 1) (H(Apa, TApa) ~ t,H(By, Ap) - at)
-1
> <1 —t, - t;) <r —e— (r+et,(t, +s,) —aty <s;, +tps), + t;,) - at%)
-1
= (1-ty=ty) [r-e=G+o)(1-200-1,) + (1-1)" +t,5,) —a(t(s) +tps + £,) +1,) ]
-1 -1
>(r+e)(1+ty) - 25(1 ~tp — t;) —(r+ s)tpsp<1 ~t, - t;,)

-1
alty (s, +tps, ) + 1| (1=t —1,) , P2 N.

(2.15)
Hence (2.14) holds for n = 1. Suppose that (2.14) holds for n = m > 1. That is,
m-1 1
H(Ay, TApw) > (r +¢) <1 + 3t 2 bpei = ;)
i=0
m-1 m-1 i 1
- (r+ E)Z Ep+i Zspﬂ H( fpik — tp+k>
i=0 I:l k=0
(2.16)

m—1 m— 1
!
- aZ P“ p+z + Z P+]5p+; p+j> + tp+i
i=0 j=i

i

-1
x k=t } p>N.
k:()

In view of (1.2), (2.8), (2.9), and (2.16), we infer that

H (Apr TAp+m+1)

-1
> (1=t~ 1) (H(Apot, TApomsr) = tyH(By, Ay ) - atl,)

1 m-1
> <1 —tp - t;) {(T‘ +¢€) <1 + Zotp+1+i> 2€H< bpr1+i — p+1+i)
P
m-1 m-1 i 1
—(r+ E)Z Epit+i Zsp+1+]’ <1 — 14k — t;+1+k>
i=0 = k=0
m-1 m-1
!
- az tprisi p+1+1 + < p+1+jS p+1+] + tp+1+]> + tp+l+i
i=0 j=i
-1 m-1
XH<1 tpr1ek = p+1+k> - pr (tpsi + Sp+i) (r + )
i=0
—at, <s;, + Z <t,,+,~s;ﬂ. + t;ﬂ.)> - at, }
i=0

-1
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-1 -1
= —25H< tpsi — pﬂ') + <1 —t, - t;) (r+e)
m 5 m m
x [1 + Dty — L +2(1—ty) = (1= ty)" =ty D tpui - t,,Zspﬂ]
i=1 i=0

i=0

—(r+ E)Z [ p+1+i <ZSP+1+]> ﬁ( tp+k - t;+k>_1]
- a{ [tp <s;7 + i (tpﬂ-s;,” + t;ﬂ.)) + t;] (1 —t, — t;>—1

i=0

m-1 m-1
/ ]
+ Z tl‘“'l‘*'i Sp+1+z Z < P+1+]Sp+1+] + tp+1+;> + tp+1+i
i=0 j=i
i+1 1
X ( P+k p+k>
k=0

- _251_[( i — p+l.)_1 +r+e)(1-t,)(1-t,- t;,>_1 <1 + it””>
_(r+£){t (1-1 —t) Zsp+,+z [mlﬂ(ZspHﬂ)ﬁ( tp+k_t;+k>—1]}

m m i -1
- QZ{ [tp+i <S;+i + Z( p+iS p+] p+j>> + t;ﬁ—i] H(l — tpek = t;+k> }
i=0

j= k=0

> (r+e) (1 + itr’+i> 251_[( i - p+i>—1

~.

i=0
m m i 71-
+(r+ E)Z tpsi ZSP+]' (1 —tpek — t;;+k>
i=0 =i k=0 ]
m m i -1
- CLZ{ [tp‘*'i <S;7+i + Z( p+jS p+] p+j>> + t;7+i <1 - tlf“'k - t;a+k> }' p=N.
i=0 j=i k=0

That is, (2.14) holds for n = m + 1. Hence (2.14) holds for all n > 1.
We now assert that r = 0. If not, then r > 0. Let m be an arbitrary positive integer and

€= min{r, 27t@2r +a) 1 - )™, r(1 - t)m<2 + at*1>_l } (2.18)
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According to (2.1), (2.2), and (2.12), we know that there exists a positive integer N = N(¢)
satisfying (2.13) and

n+p 7l+p
max{Zsk,s; + Z(tks;( + t’k)} <e¢ form, i>N, p>1 (2.19)
k=n k=n

It follows from (2.1), (2.2), (2.13), (2.14), and (2.19) that

m-1 m-1
H(AN, TANm) > (1 +¢) <1 + th) —2e[ J(1 = tnai = i)™
i=0 i=0

m-1 m-1 i
—(r+ E)Z [tN+i <ZSN+j> H(l —IN+k — tQ\Hk)_l]
i=0 j=i k=0

m-1 m-1
- “Z { [tN+i <53\I+i + Z <tN+fS/Z\T+j + th+;‘>> + th+1’]
i=0 =i
L -1
TI0-tx o)
k=0

m-1
> (r+¢) <1 + ZtN+i> -2e(1-t)™"

i=0
m-1 ) m-1 )
—(r+e)ed tnn(l-H7 T —ay [(tN+ig +th,) (- t)’H]
i=0 iz0

> (r+e¢) <1 + EtMi) —2e(1—t)" = (r+ g)gnf [tNH-i(l - t)—H]

i20 i=0 =0
i

- aEmZ_ltN+iZ(1 -7 - amz_l [(1 - t)ilit,]\]+j]
i=0 =0

i=0 =0

m-1 m-1
>(r+e) <1 + ZtN”) —2e(1-t)" - (r+e)et (1 - t)_mZtNH-

i=0 i=0

—aet™1(1 - t)""mz_lt S (1
N+i asz (1-1)
i=0 i=0

m-1
> <r +e—(r+e+a)et(1- t)””) ZtN“'
i=0
+ <r +e-2e(1-t)"—aet™ (1 - t)_m>

m-1
_ -1 _\—m . _ -1 _4\—m
> <r 2r+a)et (1 -1t) );tl\m + (r (2 + at >£(1 t) )

> 2_1r7§t ;i —
2 N+i oo
i=0
(2.20)



10 Fixed Point Theory and Applications

as m — oo. Thus (2.3) and (2.20) yield that a = oo, which is absurd. Hence r = 0. This
completes the proof. O

Theorem 2.2. Let (E, ||||) be a Banach space and J a nonempty closed subset of CC(E). Assume that
T:(J,H) — (CC(E), H) is nonexpansive and there exists a compact subset Q of CC(E) such that
T(O)U{P,,Q,:n>0} CQ.If (21) and (2.2) hold, then T has a fixed point in J. Moreover, given
Ao € 7, the Ishikawa iteration sequence with errors { A, },,5 converges to a fixed point of T.

Proof. Setting Jy = co({ Ao} UQ), by Lemma 1.5 and the compactness Q we conclude that J
is compact. It is evident that {A,},, € Jo, which yields that { A}, is bounded. Since J is

closed and {A,},5 € J, we conclude that there exist a subsequence { Ay, };5o of {Ay},5 and
A € J such that

lim H(A,,, A) = 0. (2.21)

It follows from (2.21), Theorem 2.1, and the nonexpansiveness of T that

H(A,TA) < H(A, Ay) + H(A,, TA,) + H(TA,, TA)

(2.22)
<2H(A, Ap) + H(Ay, TA,) — 0
asi — oo. Thatis, A = TA. Put
b =sup{H(P,, A), H(Q,, A) : n>0}. (2.23)
In view of (1.2), Lemma 1.8 and the nonexpansiveness of T, we derive that
H(Ap1,A) < (1-t,—t,)H(An, A) + t,H(TB,, A) + bt,,
<(1-t,—t,)H(An A) (2.24)

+1,((1 =5, =8, )H(An, A) + s, H(TA,, A) + bs,,) + bt,,

for n > 0. It follows from Lemma 1.6, (2.2), (2.23), and (2.24) that lim;_,,,H(A,, A) exists.
Using (2.21) we get that lim; _, . H (A,, A) = 0. This completes the proof. O

Theorem 2.3. Let (E,|| - ||) be a Banach space and J a nonempty closed subset of CC(E). Suppose
that T : (J,H) — (CC(E), H) is a qusi-nonexpansive mapping and satisfies Condition A. Assume
that (2.1) and (2.2) hold and Ay is in 3. If F(T') is bounded, then the Ishikawa iteration sequence with
errors { Ap} 5 converges to a fixed point of T in J.

Proof. Let b = sup{H(P,, A), H(Qn,A) : n >0 and A € F(T)}. Then b < oo. As in the
proof of Theorem 2.2, we get that (2.24) holds and lim;_, . H (A, A) exists, where A € F(T).
Consequently, { Ay}, is bounded and

D(Aya1, F(T)) < D(A,, F(T)) +b(s, +1,) ¥n>0. (2.25)
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It follows from Lemma 1.6, (2.2), and (2.25) that lim,_,,D(A,, F(T)) = s > 0. In view of
Theorem 2.1 and Condition A, we have

lim H(A,, TAy) =0, f(D(Ay, F(T))) < H(An, TAn) Vn20. (2.26)

n— oo
Using the continuity of f, we know that f(s) = 0. Thatis, s = 0 and

lim D(A,, F(T)) = 0. (2.27)

Clearly (2.27) ensures that for any i > 0 there exist N; > 1and P; € F(T) such that H(An;,, P;) <
271, which implies from (2.24) that

n-1
H(An,P)<2"+b> (si+t) forn>Ni. (2.28)
k=N

We require Nj.; > N for all i > 0. Notice that forany j >i >0

j-1

H(P, Pj) < > (H(Py, An,..) + H(ANy., Pin))
k=i

1 Ni1-1
<2-’< +b D (sh +t,) + 2—’<-1> (2.29)

j-
<
k=i m:Nk

' . N;-1
=3(27-27)+ bl§v (s)+1).

Thus (2.2) and (2.29) yield that {P;};,, is a Cauchy sequence in F(T). It follows from
Lemma 1.9 that there exists P € F(T) satistfying lim;_...P; = P. For any € > 0 there exists
ip > 0 such that

n-1
max{Z‘i”,H(PiO,P),b > (s + t;)} <3¢ forn>N;. (2.30)
k:NiO

Using (2.28) and (2.30) we have

H(An, P) < H(A,,P,) + H(P,,P)
) n-1

<27 +4b > (s +t) +H(P,P) (2.31)
k:NiU

<e¢

for n > Nj,. That is, { A, },5o converges to P € F(T). This completes the proof. O
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A proof similar to that of Theorem 2.3 gives the following result and is thus omitted.

Theorem 2.4. Let (E,|| - ||) be a Banach space and let J be a nonempty closed subset of CC(E).
Suppose that T : (3, H) — (CC(E), H) is a qusi-nonexpansive mapping and satisfies Condition B.
Assume that A is in J and there exists a constant t satisfying

O<t,<t<l, n>0, Dt,=oo, D sy<oo. (2.32)
n=0 n=0

Then the Ishikawa iteration sequence { A, },5 converges to a fixed point of T in J.

Let X be a nonempty subset of (E, || - ||). It is easy to see that (Jx, H) is isometric to
(X, 1l - II)- Thus Theorems 2.1-2.4 yield the following results.

Corollary 2.5. Let X be a nonempty subset of a normed linear space (E, || - ||). Assume that T :
(X N1 — (E, |- 1l) is nonexpansive and Ay € X. Suppose that (2.1) and (2.2) hold. If the Ishikawa
iteration sequence with errors { A, },5q is bounded, then lim,, _, || A, — T A,|| = 0.

Remark 2.6. Corollary 2.5 extends Theorem 1 in [3] and Lemma?2 in [7] from the Ishikawa
iteration scheme and Mann iteration scheme into the Ishikawa iteration scheme with errors,
respectively.

Corollary 2.7. Let X be a nonempty closed subset of a Banach space (E,|| - ||). Assume that T :
X1 — (E, |- 1) is nonexpansive and there exists a compact subset Y of E with T(X) U {P,, Qy, :
n > 0} C Y. Suppose that (2.1) and (2.2) hold. Then T has a fixed point in X. Moreover for any
Ag € X, the Ishikawa iteration sequence with errors { Ay}, converges to a fixed point of T.

Remark 2.8. Theorem 3 in [3] and Theorem 1 in [7] and [8] are special cases of Corollary 2.7.

Corollary 2.9. Let X be a nonempty closed subset of a Banach space (E, || - ||) and let T : (X, || -]|) —
(E, I 1) be quasi-nonexpansive. Assume that (2.1) and (2.2) hold and T satisfies Condition A. If F(T)
is bounded, then for any Ay € X, the Ishikawa iteration sequence with errors { Ay}, converges to a
fixed point of T in X.

Corollary 2.10. Let X be a nonempty closed subset of a Banach space (E, ||-||) and let T : (X, ||-]|) —
(E, |l - II) be quasi-nonexpansive. Assume that (2.32) holds and Ay is in X. If T satisfies Condition B,
then the Ishikawa iteration sequence { Ay}, converges to a fixed point of T in X.

Remark 2.11. Corollary 2.10 extends, improves, and unifies Theorem 4 in [3], Theorem 2 in [7]

and [8] in the following ways:

(i) the Mann iteration method in [7, 8], and Ishikawa iteration method in [3] are
replaced by the more general Ishikawa iteration method with errors;

(ii) the nonexpansive mappings in [3, 7, 8] are replaced by the more general quasi-
nonexpansive mappings.
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3. Examples and Problems

Now we construct a few nontrivial examples to illustrate the results in Section 2. The
following example reveals that Corollary 2.10 extends properly Theorem 4 in [3], Theorem 2
in [7] and [8].

Example 3.1. Let E = R with the usual norm | - | and let X = [0,1]. Define T : X — E and
f:[0,00) — [0,0) by

3 1
Zx, for x € [0, E] ,
Tx

(3.1)
1 1
Ex, for x € (5,1],

and f(t) = (1/4)t for t > 0.Sett, = (2+/n) " and s, = (1+n?)" forn>0and A € X. Then
F(T) = {0} and

|Tx-0| < Z|x— 0, |x-Tx|> }I|x| = f(d(x,F(T))) for xe€X. (3.2)

Thus the assumptions of Corollary 2.10 are satisfied. However, Theorem 4 in [3], Theorem 2
in [7] and [8] are not applicable since

1 17 7 1 1 17
| = > = | ’, (3.3)

2 32

that is, T is not nonexpansive.

The examples below show that Theorems 2.1-2.4 extend substantially Corollaries 2.5-
2.10, respectively.

Example 3.2. Let E = R* with the usual norm | - | and let X = [0,1]?. For any (a,b) €
X, A(0,0)(a,0)(0,b) stands for the triangle with vertices (0,0), (a,0), and (0,b). Let J =
{A(0,0)(a,0)(0,b) : (a,b) € X} and {P,},50 and {Qn},5 be in J. Define T : 7 — CC(E)
by

TA(0,0)(a,0)(0,b) = A(0,0) (2*1(11 + b),0> (o, 471 |b2 - a2|) for (a,b) € X. (3.4)
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Putt, = 2+vn) £, = Q+n”/%) ", s, =5, = 3+n32) " forn > 0and Ag € X. It follows
that J is a compact subset of CC(E), F(T) = {A(0,0)(0,0)(0,0)} and

H(TA(0,0)(a,0)(0,b), TA(0,0)(c,0)(0,d))

- H(A(0,0) <2’1(a + b),0> (o, 471 |b2 &

), 80,0(27 (c+d),0)(0,47|d* - 2]))
= max{2‘1|a +b-c- (1|,41‘1H'b2 - az' - 'dz - CZH)} (3.5)
<max{la-c|,|b-d|}

= H(A(0,0)(a,0)(0,b), A(0,0)(c,0)(0,d))

for (a,b), (c,d) € X. That is, the conditions of Theorems 2.1 and 2.2 are fulfilled. Hence we
can invoke our Theorems 2.1 and 2.2 show that the Ishikawa iteration sequence with errors
{An} 50 converges to A(0,0)(0,0)(0,0) and lim, . . H(A,,TA,) = 0.

Example 3.3. Let E, X, T, {Pn},50, 1Qn}ns0r {Sutnsor {80} us0r {tn)usor {th)as0, and Ag be as in
Example 3.2. Define T : 3 — CC(E) and f : [0,00) — [0,00) by

TA(0,0)(a,0)(0,b) = A(0,0) <a3(1 + az)'l,o> <o, b3<1 + bz)_l) for (a,b) € X,
(3.6)

f(t) = t<1 + t2>_1 for t € [0, 00).
Obviously, F(T) = {A(0,0)(0,0)(0,0)},

H(TA(0,0)(a,0)(0,b), A(0,0)(0,0)(0,0))

_ H(A(O, 0) <a3(1 + a2>_1,0> <0, v (1+ b2>_1>, A(0,0)(0,0)(0,0)>
= max{a3 (1 + az>71,b3 (1 + b2>71}

< max{a, b}

H(A(0,0)(a,0)(0,b), TA(0,0)(a,0)(b,0))

= H(A(O, 0)(a,0)(b,0), A(0,0) <a3(1 + 112)_1/0) <o, b3(1 * b2>_1>>

= max{f(a), £ (b))
> f(max{a,b})
= F(D(A(0,0)(a,0)(0,b), E(T)))

for (a,b) € X. Therefore the conditions of Theorem 2.3 are fulfilled.
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Example 3.4. Let E, X, J, and Ay be as in Example 3.2. Define T : 3 — CC(E), f : [0,00) —
[0,00) and h: [0,1] — [1,2] by

TA(0,0)(a,0)(0,b) = A(0,0) (2-1ah(a),o) (o, 2-1b2) for (a,b) € X,

f(t)=8"1"t fort>0,
7 1 (3.8)
7 for x € [O, E]'
h(x) =
1, forxe (%,1].
It follows that F(T) = {A(0,0)(0,0)(0,0)},
H(TA(0,0)(a,0)(0,b), A(0,0)(0,0)(0,0))
= max{Z‘luh(a),Z‘lbz}
< max{a, b}
= H(A(0,0)(a,0)(0,b), A(0,0)(0,0)(0,0)),
H(A(0,0)(a,0)(0,b), TA(0,0)(a,0)(0,b)) (3.9)

= H<A(O, 0)(a,0)(b,0), A(0,0) (2-1ah(a), o) (o, 2-1b2))
- max{a(1 ~27"h(a)),b(1- 2*1b2> }
> 8 ' max{a,b}

= f(D(A(0,0)(a,0)(0,b), F(T)))

for (a,b) € X. Obviously, the assumptions of Theorem 2.4 are fulfilled. On the other hand, T
is not nonexpansive since

(r300)(50)(0.),180.0(%0) (0.1))
-3 (2)-7(5)]
5 1

BT

- 1(300(50)(0.1),500/(2.0)(s.2)).

We conclude with the following problems.

(3.10)

Problem 3.5. Can Condition A in Theorem 2.3 be replaced by Condition B?
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Problem 3.6. Can the boundedness of F(T) in Theorem 2.3 be removed?

Problem 3.7. Can Theorem 2.4 be extended to the Ishikawa iteration method with errors?
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