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1. Introduction

In this paper, assuming a natural sequentially compact condition we establish new fixed point
theorems for Urysohn type maps between Fréchet spaces. In Section 2 we present new Leray-
Schauder alternatives, Krasnoselskii and Lefschetz fixed point theory for admissible type
maps. The proofs rely on fixed point theory in Banach spaces and viewing a Fréchet space
as the projective limit of a sequence of Banach spaces. Our theory is partly motivated by a
variety of authors in the literature (see [1-6] and the references therein).

Existence in Section 2 is based on a Leray-Schauder alternative for Kakutani maps (see
[4, 5, 7] for the history of this result) which we state here for the convenience of the reader.

Theorem 1.1. Let B be a Banach space, U an open subset of B,and 0 € U. Suppose T : U — CK(B)
is an upper semicontinuous compact (or countably condensing) map (here CK(B) denotes the family
of nonempty convex compact subsets of B). Then either

(A1) T has a fixed point in U or

(A2) there exists u € OU (the boundary of U in B) and A € (0,1) with u € ATu.
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Existence in Section 2 will also be based on the topological transversality theorem (see
[5, 7] for the history of this result) which we now state here for the convenience of the reader.
Let B be a Banach space and U an open subset of B.

Definition 1.2. We let F € K(U, B) denote the set of all upper semicontinuous compact (or
countably condensing) maps F : U — CK(E).

Definition 1.3. We let F € K (U, B) if F € K(U, B) with x ¢ F(x) for x € oU.

Definition 1.4. Amap F € Kay (ﬁ, B) is essential in Ky (ﬁ, B) if for every G € Kpy (ﬁ, B) with
Glau = Flsy there exists x € U with x € G (x). Otherwise F is inessential in Kau (U, B) (i.e.,
there exists a fixed point free G € Ka; (U, B) with Glau = Flau).

Definition 1.5. F,G € Kau(a, B) are homotopic in Kau(ﬁ, B), written F = G in Kau(ﬁ,B),
if there exists an upper semicontinuous compact (or countably condensing) map N : U x
[0,1] — CK(B) such that N;(u) = N(u,t) : U — CK(B) belongs to Ko (U, B) for each
t € [0,1] and Ny = F with N7 = G.

Theorem 1.6. Let B and U be as above and let F € Ky (ﬁ, B). Then the following conditions are

equivalent:

(i) F is inessential in Koy (U, B);

(ii) there exists a map G € Kay (U, B) with x ¢ G(x) forx € U and F = G in Koy (U, B).

Theorem 1.6 immediately yields the topological transversality theorem for Kakutani
maps.

Theorem 1.7. Let B and U be as above. Suppose that F and G are two maps in Koy (U, B) with
F=Gin Kau(ﬁ, B). Then F is essential in Ky (U, B) if and only if G is essential in Kay (U, B).

Also existence in Section 2 will be based on the following result of Petryshyn [8,
Theorem 3].

Theorem 1.8. Let E be a Banach space and let C C E be a closed cone. Let U and V' be bounded open
subsets in E such that 0 € U C U C V and let F : W — CK(C) be an upper semicontinuous,

k-set contractive (countably) map; here 0 < k <1, W = V N C and W denotes the closure of W in C.
Assume that

D) lyll = x|l Yy € Fx and x € 0Q and ||ly|| < ||x|| Yy € Fx and x € OW (here Q =U NC
and OW denotes the boundary of W in C) or

2) lyll € llx|| Yy € F x and x € 0Q and ||y|| > ||x|| Vy € Fx and x € OW.

Then F has a fixed point in W \ Q.

Also in Section 2 we consider a class of maps which contain the Kakutani maps.
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Suppose that X and Y are Hausdorff topological spaces. Given a class X of maps,
X (X,Y) denotes the set of maps F : X — 2 (nonempty subsets of Y) belonging to X, and
X, the set of finite compositions of maps in X. A class % of maps is defined by the following
properties:

(i) U contains the class C of single-valued continuous functions;
(ii) each F € U, is upper semicontinuous and compact valued;

(iii) for any polytope P, F € U.(P, P) has a fixed point, where the intermediate spaces
of composites are suitably chosen for each %.

Definition 1.9. F € UX(X,Y) if for any compact subset K of X, thereisa G € U.(K,Y) with
G(x) C F(x) for each x € K.

The class U is due to Park [9] and his papers include many examples in this class.
Examples of Uf maps are the Kakutani maps, the acyclic maps, the approximable maps, and
the maps admissible in the sense of Gorniewicz.

Existence in Section 2 is based on a Leray-Schauder alternative [10] which we state
here for the convenience of the reader.

Theorem 1.10. Let E be a Banach space, U an open convex subset of E, and 0 € U. Suppose
F € UX(U, E) is an upper semicontinuous countably condensing map with x ¢ \Fx for x € oU and
A € (0,1). Then F has a fixed point in U.

Also existence in Section 2 will be based on some Lefschetz type fixed point theory. Let
X,Y, and I be Hausdorff topological spaces. A continuous single-valued map p : I' — X is
called a Vietoris map (written p : I' = X)) if the following two conditions are satisfied:

(i) for each x € X, the set p~!(x) is acyclic,

(ii) p is a proper map, that is, for every compact A C X one has that p' (A) is compact.

Let D(X,Y) be the set of all pairs X LT L Y where p is a Vietoris map and g is
continuous. We will denote every such diagram by (p,q). Given two diagrams (p,q) and

(p',q'), where X Lyp 4 Y, we write (p,q) ~ (p',q') if there are maps f : I' — I" and
g:I" > Tsuchthatg of=¢q,p'of=p,gog=4q,andpo g =p'. The equivalence class of a
diagram (p,q) € D(X,Y) with respect to ~ is denoted by

¢={Xé1’i>Y}:X—>Y (1.1)

or ¢ = [(p,q)] and is called a morphism from X to Y. We let M(X,Y) be the set of all such
morphisms. For any ¢ € M(X,Y) a set ¢(x) = gp~*(x) where ¢ = [(p,q)] is called an image
of x under a morphism ¢.

Consider vector spaces over a field K. Let E be a vector space and f : E — E an
endomorphism. Now let N(f) = {x € E: f " (x) = 0 for some n} where f™ is the nth iterate
of f and let E = E \ N(f). Since f(N( f)) C N(f) one has the induced endomorphism
f E — E. We call f admissible if dim E < oo; for such f we define the generalized trace
Tr(f) of f by putting Tr(f) = tr( f ) where tr stands for the ordinary trace.
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Let f = {f;} : E — E be an endomorphism of degree zero of a graded vector space

E = {E;}. We call f a Leray endomorphism if (i) all f; are admissible and (ii) almost all Eq
are trivial. For such f we define the generalized Lefschetz number A(f) by

A(f) = DL (-D)ITe(f,). (1.2)
q

Let H be the Cech homology functor with compact carriers and coefficients in the field
of rational numbers K from the category of Hausdorff topological spaces and continuous
maps to the category of graded vector spaces and linear maps of degree zero. Thus H (X) =
{Hy(X)} is a graded vector space, with H,(X) being the g-dimensional Cech homology
group with compact carriers of X. For a continuous map f:X — X, H(f) istheinduced
linear map f. = {fs;} where f.;: Hy(X) — Hy(X).

The Cech homology functor can be extended to a category of morphisms (see [11, page
364]) and also note that the homology functor H extends over this category, that is, for a
morphism

¢={Xé FLY}:X—>Y (1.3)

we define the induced map

H (¢) = ¢.: H(X) — H(Y) (1.4)

by putting ¢, = g. o p; .
Let ¢ : X — Y be a multivalued map (note for each x € X we assume ¢(x) is a

nonempty subset of Y). A pair (p,q) of single valued continuous maps of the form X L
I' % Y is called a selected pair of ¢ (written (p, q) C ¢) if the following two conditions hold:
(i) pis a Vietoris map,
(ii) g(p~'(x)) C (x) for any x € X.

Definition 1.11. An upper semicontinuous compact map ¢ : X — Y is said to be admissible
(and we write ¢ € Ad(X,Y)) provided that there exists a selected pair (p, g) of ¢.

Definition 1.12. An upper semicontinuous map ¢ : X — Y is said to be admissible in the
sense of Gorniewicz (and we write ¢ € AD(X,Y)) provided that there exists a selected pair

(p,q) of §.

Definition 1.13. A map ¢ € Ad(X, X) is said to be a Lefschetz map if for each selected pair
(p,q) C ¢ the linear map g, p;' : H(X) — H(X) (the existence of p;! follows from the
Vietoris theorem) is a Leray endomorphism.

If ¢ : X — Xis a Lefschetz map, we define the Lefschetz set A(¢) (or Ax(¢)) by

A9) = {A(ar): (p9) < 4}, (1.5)
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Definition 1.14. A Hausdorff topological space X is said to be a Lefschetz space provided that
every ¢ € Ad(X, X) is a Lefschetz map and A(¢) # {0} that implies ¢ has a fixed point.

Also we present Krasnoselskii compression and expansion theorems in Section 2 in the
Fréchet space setting. Let E = (E,|-|) be a normed linear space and C C E a closed cone.
For >0 let BC(0,r) = {x € C: |x|<r} and itis well known that BC(0,r) = B(0O,R)nC
where B(0,7) = {x € E : |x| < r}. Our next result, Theorem 1.8, was established in [12] and
Theorem 1.10 can be found in [13].

Theorem 1.15. Let E = (E,| - |) be a normed linear space, C C E a closed cone, r, R constants, and
0 <r < R. Suppose that F € UX(B(0,R) N C,C) is compact with

(1.6)

ly| > x| Yy e Fx, x€dBC(0,r),
ly| <|x| Yy e Fx, x € dBC(0,R).

Then F has a fixed point in BC,r={x € C:r < |x|| <R}.

Theorem 1.16. Let E = (E,| - |) be a normed linear space, C C E a closed cone, r, R constants, and
0 <r < R. Suppose that F € AD(C, C) is completely continuous with

<|x| Vy e Fx, x € 0BC(0,r),
{Iyl x| Yy (0,7) o

ly| > x| Vy e Fx, x € dBC(0,R).

Then F has a fixed point in BC, g.

Now let I be a directed set with order < and let {E,},; be a family of locally convex
spaces. Foreach a € I, € I for which a < flet x,p:Es — E, bea continuous map. Then
the set

{x = (x,) € HE“ (Xq = Tap(xp) Va,pel, a< ﬂ} (1.8)

acl

is a closed subset of [],;E. and is called the projective limit of {E,},.; and is denoted by
lim_E, (or lim.{E,, o,p} orthe generalized intersection [14, page 439] (,c;Eq)-

2. Fixed Point Theory in Fréchet Spaces

Let E = (E,{|-],},en) be a Fréchet space with the topology generated by a family of
seminorms {|-|, : n € N}; here N = {1,2,...}. We assume that the family of seminorms
satisfies

|x]; < x|, < |x|3 <+ for every x € E. (2.1)

A subset X of E is bounded if for every n € N there exists r, > 0 such that |x|, <,
forall x € X.For r >0 and x € E wedenote B(x,r) ={y € E:|x-y|, <rVne N}
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To E we associate a sequence of Banach spaces {(E,,|-|,)} described as follows. For every
n € N we consider the equivalence relation ~, defined by

x~py iff [x-y| =0. (2.2)

We denote by E" = (E/~,,|-|,) the quotientspace, and by (E,,|-|,) the completion of E"
with respectto| - |, (thenormon E" induced by |- |, and its extension to E,, is still denoted by
| - 1,,)- This construction defines a continuous map u, : E — E,. Now since (2.1) is satisfied
the seminorm |- |, induces a seminorm on E,, for every m > n (again this seminorm is
denoted by |- |,). Also (2.2) defines an equivalence relation on E,, from which we obtain
a continuous map ., : E,n — E, since E,/~, can be regarded as a subset of E,. Now
Hnmbmk = Pni if n<m <k and p, = pympsm if n < m. We now assume the following
condition holds:

{for each n € N, there exists a Banach space (E,, |-|,,) 23)
2.3

and an isomorphism (between normed spaces) j, : E, — E,.

Remark 2.1. (i) For convenience the norm on E, is denoted by |- |,.

(ii) In our applications E, = E* foreach n € N.

(iii) Note if x € E, (or E") then x € E. However if x € E, then x is not necessaily
in E and in fact E, is easier to use in applications (even though E, isisomorphicto E,).
For example if E = C[0,0), then E" consists of the class of functions in E which coincide
on the interval [0,n] and E, = C[0,n].

Finally we assume

E1DE;D---and for each n € N,
(2.4)

|jnl‘n,n+1];i1x|n <|xlpy1 VX € Epa.

(here we use the notation from [14], i.e., decreasing in the generalized sense) Let lim.E,
(or N°E, where (N° is the generalized intersection [14]) denote the projective limit of
{En}ueny (nOte Ty = jupinmjy. : Em — En for m > n) and note lim_E, = E, so for
convenience we write E =lim_E,,.

Foreach X CE andeach ne€ N weset X, = jup,(X), and we let X, int X,, and
0X, denote, respectively, the closure, the interior, and the boundary of X, with respect to
| -], in E,. Also the pseudointerior of X is defined by

pseudo — int(X) = {x € Xt jupn(x) € X, \ 0X, for every n € N}. (2.5)

The set X is pseudoopen if X = pseudo - int(X). For » > 0 and x € E, we denote B,(x,r) =
({yeE,:|x—-yl,<r}.

We now show how easily one can extend fixed point theory in Banach spaces to
applicable fixed point theory in Fréchet spaces. In this case the map F, will be related to
F by the closure property (2.11).
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Theorem 2.2. Let E and E, be as described above, X a subset of E and F : Y — 2E where
intX, CY, foreach n € N. Also for each n € N assume that there exists F, : intX, — 2En
and suppose the following conditions are satisfied:

0 € pseudo - int(X), (2.6)

{for eachn € {2,3,...} if y €intX,, solves y € F,y in E, 27)
2.7

then jkprnj,' (y) € int Xy for k € {1,...,n -1},

foreachne N, F, :intX,, — CK(E,)
(2.8)

is an upper semicontinuous countably condensing map,
{for each n e N, y ¢ \Fy in E, VA€ (0,1], y € dintX,, (2.9)

(for any sequence { Yn} ey With y, € int X,

and y, € Fny, in E, for n € N and

for every k € N there exists a subsequence (2.10)
NieC{k+1,k+2,...}, Nix C Ny for

ke {1,2,...}, No=N, and a zx € int Xy with

L].k‘l/lk,nj,:l (yn) — zp in Ex as n — oo in N,

(if there exists a w € Y and a sequence {yn},en

with y, € intX,, and y, € Fny, in E, such that

A

for every k € N there exists a subsequence (2.11)

SC{k+1k+2,...} of N with jiptinjy' (yu) — w0

\in Ex asn — oo in S, then w € Fw in E.

Then F has a fixed point in E.

Remark 2.3. Notice that to check (2.10) we need to show that for each k € N the sequence
Uiktrngn® (Yn) buen,, Cint Xk is sequentially compact.
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Proof. From Theorem 1.1 for each n € N there exists y, € int X,, with y, € F,y, (we
apply Theorem 1.1 with U = int X,, and note j,,(0) € X, \ 0X, = int X,). Let us look
at {yn},cn- Notice y; € int X; and j1/41,kjlzl(yk) €int X; for k € {2,3,...} from (2.7).
Now (2.10) with k = 1 guarantees that there exists a subsequence N; C {2,3,...} and a
z1 € int Xy with jip1,j, (yn) — z1 in E; as n — oo in Nj. Look at {y,}

HEN; - Now
].Z,uZ,n].;l (yn) € int X, for k € Nj. Now (2.10) with k = 2 guarantees that there exists a
subsequence N, C {3,4,...} of N;y anda z; € int X, with jzyznj,;l(yn) — zp in E;
as n — oo in Nj. Note from (2.4) and the uniqueness of limits that jipu12j, 12, =2 inE;
since N, C N; (note jipi, j;l(yn) = j1f12]5 1 JoHon j,;l (y) for m e Ny).Proceed inductively
to obtain subsequences of integers

Ni2N,2D---, NeClk+1,k+2,...}, (2.12)

and zi € int X with jkyk,nj,;l(yn) — zp in Ex asn — oo in Ni. Note jk‘uk,kﬂjljlzkﬂ =z} in
Ei fork € {1,2,...}.
Fix k € N. Note

. .1 . R 1
Zk = JkPkk+1]kp12k+1 = JkHkk+1] g1 k1 Hk+1,k+2 ] 0 Zk+2
2.13)

. .1 . 1
= ]k//lk,k+2]k+zzk+2 = = JkPkm]m Zm = Tk,mZm

for every m > k. We can do this for each k € N. As aresult y = (zx) € lim_E, = E and also
note y € Y since zx € int Xi C Yi for each k € N. Also since vy, € F, y, in E, for n € N
and jxpknjnt (Yn) — zx =y in Ex asn — oo in Ny one has from (2.11) thaty € Fyin E. O

Remark 2.4. From the proof we see that condition (2.7) can be removed from the statement of
Theorem 2.2. We include it only to explain condition (2.10) (see Remark 2.3).

Remark 2.5. Note that we could replace int X, C Y, above with int X,, a subset of the
closure of Y, in E, if Y is a closed subset of E (so in this case we can take Y = X
if X is a closed subset of E). To see this note zi € int Xy, y = (zx) € limE, = E and
Tem(Ym) — 2zk in Ex as m — oo and we can conclude that y € Y=Y (note that g € Y
if and only if for every k € N there exists (Xxm) € Y, Xkm = Tien(Xnm) for n > k with
Xkm — jkpk(q) in Ex as m — o).

Remark 2.6. Suppose in Theorem 2.2 we replace (2.10) with

for any sequence {y,} _, with y, € int X,

neN

and v, € F,y, in E, for n € N and

for every k € N there exists a subsequence

1 (2.14)
Ni C{k+1,k+2,...}, Nx C Ny for

ke{1,2,...}, No=N, and a zi € int Xj with

jkpknjnt (Yn) — zi in Ex as n — oo in Ni.
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In addition we assume F : Y — 2F with int X, C Y, for each n € N is replaced by
F:X — 2F and suppose (2.11) is true with w € Y replaced by w € X. Then the result in
Theorem 2.2 is again true.

The proof follows the reasoning in Theorem 2.2 except in this case zx € int X; and
yeX.

Remark 2.7. In fact we could replace (in fact we can remove it as mentioned in Remark 2.4)
(2.7) in Theorem 2.2 with

for each n € {2,3,...} if y € int X, solves y € F,y in E,
{ (2.15)

then jipinj,' (y) €int Xi for k€ {1,...,n -1},

and the result above is again true.

Remark 2.8. Usually in our applications one has 0X, = 0 int X,, (so X, = int X,). If X isa
pseudoopen subset of E then for each n € N one has (see [15]) that X, is a open subset
of E, soint X,, = X,,.

Essentially the same reasoning as in Theorem 2.2 (now using Theorem 1.7) establishes
the following result. We will need the following definitions.

Let E and E, be as described in Section 2. For the definitions below X CE and F:
Y — 2F with int X,, CY,, foreach n € N (or int X, asubsetof the closure of Y, in E,
if Y isa closed subset of E).In addition assume for each n € N that F, :int X, — 2.

Definition 2.9. We say F € K(Y,E) if for each n € N one has F, € K(int X,,, E,) (ie., for
each n € N, F, : int X,, — CK(E,) is an upper semicontinuous countably condensing
map).

Definition 2.10. F € Ks(Y,E) if F € K(Y,E) and for each n € N one has x ¢ F,,(x) for x €
0 int X,,.

Definition 2.11. F € K5(Y,E) is essential in Ks(Y, E) if for each n € N one has that F,, €
Ko int x, (int X, E,) is essential in Kp int x, (int X, E,;) (i.e., for eachn € N, every map G, €
Kb int x,(int Xy, E,) with Gylaint x, = Fulaint x, has a fixed point in int X,,).

Remark 2.12. Note that if j,4,(0) € U, for each n € N then 0 € K5(Y,E) is essential in
Ks(Y,E) (see [7]).

Definition 2.13. (We assume j,pu,(0) € int X,, for n € N.) F, 0 € K3(Y,E) are homotopic
in Kp(Y,E), written F = G in K3(Y,E), if for each n € N one has F, = j,u,(0) in
K int x, (int X, E,).

Theorem 2.14. Let E and E,, be as described above, X a subset of Eand F : Y — 2F where int X, C
Y, for each n € N or int X, a subset of the closure of Y, in E,, (if Y is a closed subset of E). Also for
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each n € N assume that there exists Fy, : int X,, — 2E» and suppose F € K5(Y, E), (2.6), (2.7), and
the following condition holds:

F=0 inKs(Y,E). (2.16)

Also assume (2.10) and (2.11) hold. Then F has a fixed point in E.

Proof. Fix n € N. Now Remark 2.12 guarantees that the zero map (i.e., G(x) = j,pn(0)) is
essential in Ky, (U_n, E,) for each n € N. Now Theorem 1.7 guarantees that F, is essential
in Kay, (ll_n, E,) so in particular there exists y, € U, with vy, € F,y,. Essentially the same
reasoning as in Theorem 2.2 (with Remark 2.5) establishes the result. O

Remark 2.15. Notice that (2.6) and (2.17) could be replaced by F =G in Kj(Y, E) (of course
we assume G € K3(Y, E) and we must specify G, for n € N here).

Remark 2.16. Condition (2.7) can be removed from the statement of Theorem 2.14.
Remark 2.17. Note that Remark 2.6 holds in this situation also.

As an application of Theorem 2.2 we discuss the integral equation
y(t) = f K(t,s)f(s,y(s))ds forte [0,00). (2.17)
0

Theorem 2.18. Let 1 < p < oo be a constant and 1 < q < oo the conjugate to p. Suppose the following
conditions are satisfied:

for each t € [0,00), the map s — K(t,s) is measurable, (2.18)
e'e] 1/q
sup <I |K(t, s)|qu> < oo, (2.19)
te[0,00) 0
f |K(,s) - K(t,s)|'"ds — 0 ast—t, for each t' € [0, 00), (2.20)
0

f:[0,00) x R — R is a LP-Carathéodory function:

by this one means

) (a) the map t — f(t,y) is measurable for all y € R; (221)
(b) the map y — f(t,y) is continuous for a.e. t € [0,0);

(c) for each r > 0 there exists p, € LP[0, o0) such that
ly| <rimplies | f(t,y)| < pr(t) for ae. t € [0,0),

\
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( . . . .
there exists a continuous nondecreasing function

¢ :[0,00) — [0,00) and a ¢ € LP[0, c0) with
P,

(2.22)
|f(sy)|<dp&)¢(ly]) Yy eR
‘and ae. s€[0,0),
Ir > 0 with r > Kyg(r) where K1 = sup | ¢(s)|K (¢, s)|ds. (2.23)
te[0,00) 0

Then (2.17) has at least one solution in CJ[0, o0).

Remark 2.19. One could also obtain a multivalued version of Theorem 2.18 by using the ideas
in the proof below with the ideas in [16].

Proof. Here E = C[0,00), EF consists of the class of functions in E which coincide on
the interval [0, k], Ex = C[0, k] with of course 7, = jn‘un,mj;l1 : E;n, — E, defined by
Tnm(X) = X|[0,4]. We will apply Theorem 2.2 with

X ={ueCJ[0,00) : |u|, <r for each n € N}, (2.24)

here |ul, = sup,c(,,[u(t)|. Fix n € N and note
Xp =X, = {ueC[0,n] :|ul, <r) (2.25)
with

int X, ={ueC[0,n]:|ul, <r}. (2.26)
Let F,:int X,, — E, be given by
n
F, y(t) = I K(t,s)f(s,y(s))ds. (2.27)
0
Alsolet Y =X (we will use Remark 2.5) and let F:Y — E be given by
Fy(t) = j K(t,s)f (s, y(s))ds. (2.28)
0

Clearly (2.6) and (2.7) hold, and a standard argument in the literature guarantees that F :
int X, — E, is continuous and compact so (2.8) holds. To show (2.9) fix n € N and
suppose that there exists x € 0 int X, (so|x|, =7)and A € (0,1] with x = AF,x. Then for
t € [0, n] one has

(O] < gr(lx,) f K, 9)lp(s)ds < gl K, (2.29)
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so x|, < ¢(|x],) Ky, thatis, r < ¢¢(r) K. This contradicts (2.23), so (2.9) holds. To show (2.10)
consider a sequence {y,},eny With vy, € C[0,n], y, = F,y, on [0,n] and |y,|, < r. Now to
show (2.10) we will show for a fixed k € N that {jkptinjn’ (Yn)}nes C int X is sequentially
compact for any subsequence S of {k,k+1,...}.Notefor n €S that jk‘uk,nj;l(yn) = Ynl[0x]
s0 {jkpknjn'(Yn)}nes is uniformly bounded since |yn|, <7 for n€ S implies |y,|x <r for
n € S. Also {jipknjn' (Yn)}nes is equicontinuous on [0, k] since for n € S and t,x € [0,k]

(note there exists h, € LP[0,00) with |f(s,y,(s))| < h:(s) fora.e. s € [0,n]) one has

ikt a(®)) = it (ya(0) |

< j0|1<<t, 5) = K, 9)I| f (5, yn(s)) |ds (2.30)

< (f:o[hr(s)]pds>l/p <IZO|K(t, s) - K(x, s)|‘7ds>1/q.

The Arzela-Ascoli theorem guarantees that {jkpknj, (Yn)lwes C int Xi is sequentially
compact. Finally we show (2.11). Suppose there exists w € C[0,00) and a sequence
{Yn}peny with y, € int X,, and y, = F,y, in C[0,n] such that for every k € N there
exists a subsequence SC {k+1,k+2,...} of N with y, - w in C[0,k] as n — oo in
S. If we show

w(t) = JjK(t, s)f(s,w(s))ds forte [0,o0), (2.31)

then (2.11) holds. To see (2.31) fix t € [0,00). Consider k >t and n € S (as described
above). Then y, = F,y, for n€ S and so

k n
yn(t) — JOK(t, S)f (s, yn(s))ds = J‘kK(t, s)f (s, yn(s))ds, (2.32)

SO

k n
jitiongin (yu(®) - IOK(t, s)f<s, kHinin! (yn(s))>ds < fk|K(t, s)|h,(s)ds. (2.33)

(here (2.21) guarantees that there exists h, € LP[0,00) with |f(s,yn(s))| < h.(s) for a.e.
s € [0,n]) Let n — oo through S and use the Lebesgue Dominated Convergence theorem
to obtain

k ©
’w(t) - ’[OK(t, s)f(s,w(s))ds| < jk |K (¢, s)|h,(s)ds (2.34)




Fixed Point Theory and Applications 13

since jkpinjn' (yn) — win C[0,k]. Finally let k — co (note (2.19)) to obtain
w(t) - f K(t,s)f(s,w(s))ds = 0. (2.35)
0

Thus (2.11) holds. Our result now follows from Theorem 2.2 (with Remark 2.5). O

Essentially the same reasoning as in Theorem 2.2 (now using Theorem 1.8) establishes
the following result.

Theorem 2.20. Let E and E,, be as described in the beginning of Section 2, C a closed cone in E, U,
and V are bounded pseudoopen subsets of E with 0 € U C U C V,and F : Y — 2F. Also assume

either W, =V, NnC, C Y, foreachn € N (here W,, =V, N C,) or V, N C,, a subset of the closure of
Y, in E, (if Y is a closed subset of E). Also for each n € N assume F, : W,, — 2F» and suppose that
the following conditions hold (here Q,, = C,NU,):

oreach n € {2,3,...} i eWn\Qnsolves eF,
{f if y y € Fuy 030

in E, then jipcnj,' (y) € Wy for ke (1,...,n—-1},

for eachn € N, F, : W, — CK(C_,,> is an upper
semicontinuous k-set (countably) contractive map (2.37)

(here (0 <k <1)).

Also for each n € N assume either

> x|, Vy € F,x, Vx € 0Q,,
{'yl" n TS " (2.38)

|y|nS|x|n VyEan/ vanWn,

or

. Slxl, Yy € Fux, Vx € 0Q,,
{Iyl y 239

ly|, > Ixl, VyeFux, Vx € 0W,
hold. Finally suppose that the following hold:

for every k € N and any subsequence A C {k,k+1,...}
if x € C, is such that x € W, \ Q, for some n € A (2.40)

then there exists a y >0 with |jipinj, x|, >y,
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( for any sequence {Yn}en With yu € Wy \ Q,
and y, € Fpy, in E, for n € N and
for every k € N there exists a subsequence
(2.41)
N C{k+1,k+2,...}, NxC Nk_1f01’

ke{1,2,...}, No=N, and a z, € Wy with

\].k#k,n]-,zl (]/n) — zi in Ex as n — oo in N,

(if there exists a w € Y and a sequence {y,},
with y, € w, \ Q, and y, € F,y, in E, such that
q for every k € N there exists a subsequence (2.42)

SCi{k+1,k+2,...} of N with jiprnjp' (yn) — w

in Exasn— oo in S, then w € Fw in E.

Then F has a fixed point in E.

Proof. Fix n € N. We would like to apply Theorem 1.8. Note that we know from [15] that C,,
isaconeand U, and V, areopenandbounded with j,u,(0) € U, C U, C V,. Theorem 1.8
guarantees that there exists y, € Wn\ Q, with y, € F,y, in E,. As in Theorem 2.2 there
exists a subsequence N; C {2,3,...} anda z € W, with jlyl,njgl(yn) — zpin E; as
n — oo in Nj. Also y, € W, \ Q, together with (2.40) yields |jip1nj,' (yn)l1 > y for
n € N and so |z1|; > y. Proceed inductively to obtain subsequences of integers

Ni2N;2---, NpClk+1k+2,...} (2.43)

and zp € W with jkyk,nj,jl(yn) — zp in Ex as n — oo in Ng. Note jkyk,kﬂjﬁlzkﬂ =
zr in Ex for k € {1,2,...} and |zi|x > y. Now essentially the same reasoning as in
Theorem 2.2 (with Remark 2.5) guarantees the result. O

Remark 2.21. Condition (2.36) can be removed from the statement of Theorem 2.20.

Remark 2.22. Note (2.40) is only needed to guarantee that the fixed point vy satisfies
ik (Y)lk > y for k € N. If we assume all the conditions in Theorem 2.20 except (2.40)
then again F has a fixed pointin E but the above property is not guaranteed.

Essentially the same reasoning as in Theorem 2.2 (just apply Theorem 1.10 in this case)
establishes the following result.

Theorem 2.23. Let E and E, be as described above, X a convex subset of E, and F : Y — 2F where
int X,, CY,, foreachn € N orint X,, a subset of the closure of Y, in E,, (if Y is a closed subset of E).
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Also for each n € N assume that there exists F,, : int X,, — 2 and suppose that (2.6), (2.7), (2.9),
(2.10), (2.11) and the following condition hold:

foreachne N, F, € U <int Xn,En> is an
(2.44)

upper semicontinuous countably condensing map.

Then F has a fixed point in E.

Proof. Fix n € N. We would like to apply Theorem 1.10. Note that we know from [15]
that int X,, is convex. From Theorem 1.10 for each n € N there exists vy, € int X, with
Yn € Foyn in E,. Now essentially the same reasoning as in Theorem 2.2 (with Remark 2.5)
guarantees the result. O

Remark 2.24. Note Remarks 2.4, 2.6, and 2.7 hold in this situation also.

Now we present some Lefschetz type theorems in Fréchet spaces. Let E and E, be
as described above.

Definition 2.25. A set A C E is said to be PRLS if for each n € N, A, = j.pu,(A) is a
Lefschetz space.

Definition 2.26. Aset A CE is said to be CPRLS if for each n € N, A, is a Lefschetz space.

Theorem 2.27. Let E and E,, be as described above, C C E is an PRLS, and F : C — 2E. Also for
each n € N assume that there exists F, : C, — 2 and suppose that the following conditions are
satisfied:

foreachne {2,3,...} if y € C, solves y € F,y in E, (2.45)
2.45
then jiprnj,'(v) € Cx for k€ {1,...,n-1},
foreachne N, F,e Ad(C,,Cy), (2.46)
foreachne N, Ac,(Fp)#{0}, (2.47)
( for any sequence | Yn}pen With y, € Cy
and y, € Fpy, in E, for n € N and
or ever y € N there exists a subsequence
f v i (2.48)

NieC{k+1,k+2,...}, Nix € Ny for
ke{1,2,...}, No=N, and a zy € Cx with

k].k/lk,n];l (]/n) — zi in Ep as n — oo in N,
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(if there exists a w € C and a sequence {y,},
with y, € C, and y, € F,y, in E, such that
q for every k € N there exists a subsequence (2.49)

SCik+1,k+2,...} of N with jiprnjp' (yn) — w

in Exasn— oo in S, then w € Fw in E.

Then F has a fixed point in E.

Proof. For each n € N there exists y, € C,. Now the same reasoning as in Theorem 2.2
guarantees the result. O

Remark 2.28. Condition (2.45) can be removed from the statement of Theorem 2.27.

Remark 2.29. Suppose in Theorem 2.27, one has

for any sequence {y,} with y, € C,

neN

and y, € F,y, in E, for n € N and

for every k € N there exists a subsequence

3 (2.50)
N C{k+1,k+2,...}, Nx C Ny for

ke{1,2,...}, No=N, and a z; € Cx with

jktrnjn' (Yn) — 2zx in Ex as n — oo in N

instead of (2.48) and F:C — 2F isreplacedby F:Y — 2F with CCY andC, CY, for
each n € N and suppose that (2.49) is true with w € C replaced by w € Y. Then the result
in Theorem 2.27 is again true.

In fact we could replace C, C Y, above with C, a subset of the closure of Y, in
E, if Y isaclosed subsetof E (so in this case we cantake Y = C if C isa closed subset
of E).

In fact in this remark we could replace (in fact we can remove it as mentioned in
Remark 2.4) (2.45) with

for each n € {2,3,...} if y € C,, solves y € F,y in E,
{ Y Y v (2.51)

then jipnj,' (y) € Cx for k € {1,...,n -1}

and the result above is again true.
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Also one has the following result.

Theorem 2.30. Let E and E,, be as described above, C C E is an CPRLS and F : C — 2E. Also

assume C is a closed subset of E and for each n € N that F, : C, — 2F and suppose that the
following conditions are satisfied:

(2.52)

foreachne (2,3,...} ify € C, solves y€F,yinE,
then jiptinjs' (v) € Ck for k€ {1,...,n -1},

foreachne N, F,eAd (C_n, C_n>, (2.53)
foreachne N, Ag- (Fu) #{0}, (2.54)

( for any sequence | Yn},en With Y € Cy
and y, € Fpy, in E, for n € N and
for every k € N there exists a subsequence
(2.55)
N C{k+1,k+2,...}, N¢C Nk_lfor

ke{1,2,...}, No=N, and a z € Cy with

k].k/lk,n];l (yn) — zp in Ex as n — oo in N,

(if there exists a w € C and a sequence {y,},
with y, € C, and Yn € Fpyn in E, such that
q for every k € N there exists a subsequence (2.56)

SCik+1,k+2,...} of N with jipinjp' (yn) — w

\in Ex asn — oo in S, then w € Fw in E.

Then F has a fixed point in E.
Remark 2.31. Condition (2.52) can be removed from the statement of Theorem 2.30.

Remark 2.32. Note that we can remove the assumption in Theorem 2.30 that C is a closed
subset of E if we assume F : Y — 2E with C C Y and C, C Y,, (or C,, a subset of the closure of
Y, in E, if Y is a closed subset of E) for each n € N with of course w € C replaced by w € Y
in (2.56).
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Remark 2.33. Of course there are analogue results for compact morphisms (see the ideas here
and in [17]) and for compact permissible maps (see [18]).

Next we present some Krasnoselskii results in the Fréchet space setting (in the first we
use Theorem 1.15 and the second Theorem 1.16).

Theorem 2.34. Let E and E,, be as described in the beginning of Section 2, C a closed cone in E, r,
and R are constants with0 <r <R, and F: Y — 2E withY CE, and W,, = B,(0,R) NC, CY, (or
W,, is a subset of the closure of Yy, in E,, if Y is a closed subset of E) for each n € N, here W, = C,NV,
where V,, = {x € E, : |x|, < R}. Also for each n € N assume F, : W, — 2E and suppose that
(2.36) and the following conditions are satisfied (here Q, = U, NC, with U, = {x € E,:|x|p<7}):

foreachn€ N, F, € U~ (Bn(O, R) NG, c_n) -
is an upper semicontinuous compact map,
> |x|,, Yy e€ F,x, x €0Q,,
vl 2 B,y € ’ (2.58)
ly|, < lxl, Vy € Fux, x € 0W,.

Also assume (2.40), (2.41), and (2.42) hold. Then F has a fixed point in E.
Remark 2.35. Note Remarks 2.21 and 2.22 hold in this situation also.

Theorem 2.36. Let E and E,, be as described in the beginning of Section 2, C a closed cone in E, r, and
R are constants with0O <r < R, and F: Y — 2E withY CE,C CY and C_,, cY, (orC_,, is a subset
of the closure of Y, in E,, if Y is a closed subset of E) for each n € N. Also for each n € N assume
F,:C, — 2Evand suppose that (2.36) and the following conditions are satisfied (here W,, = C,NV,
where Vy, = {x € Ey : |x|p < R} and Q, = U, N C,, with U, = {x € Ey : |x|n <7}):

{ foreachne N, F,eAD <C_n, C_n) is a completely continuous map, (2.59)

2 Slxl, Yy € Fux, x € 0Q,,
{Iyl y 260

ly|, > Ixl, Vy€Fux, x €W,

In addition assume (2.40), (2.41), and (2.42) hold. Then F has a fixed point in E.
To conclude the paper we apply Theorem 2.20 (or Theorem 2.36) to (2.17).

Theorem 2.37. Let 1 < p < oo be a constant and q the conjugate to p and suppose that (2.18), (2.19),
(2.20), (2.21), (2.22), and (2.23) hold. In addition assume the following conditions are satisfied:
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for each t € [0,00) one has k(t,s) >0 for a.e. s € [0,0), 2:61)
2.61
and f:[0,00) xR — [0, 00) with f(s,u) >0 for (s,u) € [0,00) x (0,0),
there exists g : [0,00) — (0, 00) with g € L]0, o)
& & (2.62)
and with k(t,s) < g(s) for t € [0, ),
there exists a,b € [0,1], a<b, and M, 0<M<1
(2.63)
with k(t,s) > Mg(s) for t € [a,b] and a.e. s € [0,00),
there exists T € LP[a,b] with f(s,u) > 7(s)y(u)
(2.64)
forae. s€[a,b] andall u € [0,c0),
b
dR>r with R<g(MR)sup | 7(s)k(t,s)ds. (2.65)

te[0,1]/ a

Then (2.17) has at least one solution in y € C[0, 00) with Mr < |y|, < Rforn € N.

Remark 2.38. One could obtain a multivalued version of Theorem 2.37 by using the ideas in
the proof below with the ideas in [16].

Remark 2.39. In (2.63) we picked b € [0,1] for convenience (i.e., so we could take n € N;
otherwise we would take n € {[b] +1,[b] +2,...}). Also if there exists a 0, 0 < 0 < o0 with

b b
sup | 7(s)k(t,s)ds = f T(s)k(o,s)ds (2.66)

te[0,00)Y a

then one could replace (2.64) with

b
R <w(MR) sup | 7(s)k(t,s)ds. (2.67)

te[0,00)) a
Proof. Here let E, EX, EX, F,, and F be as in Theorem 2.18. Let
U={yeE:|y|, <rVneN}, V={yeE:|y|,<RVneN}, (2.68)
and note that for each n € N that
U,={y€E,:|y|,<r}, Vu={y€E,:|y|, <R} (2.69)
Also let

C={yeE:y(t)>0o0n[0,0), y(t) > M|y

. Vte[a,b], Vne N}, (2.70)
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and note that for each n € N that

Ch=Cu={ye€E,:y(t)>0o0n [0,n], y(t) > M|y

Ve [a,b]). 2.71)

Finally we could take Y = B(0,R + 1). As in Theorem 2.18 clearly (2.36) and (2.37) hold; we
need only to note thatif y € W,, then from (2.62) and (2.63) one has

|Fry(t)] < f g(s)f(s,y(s))ds forte[0,n],
0 2.72)

Fny(t) > Mng(s)f(s,y(s))ds for t € [a,b],

SO

Fay(t) > M|F,y|, forte [a,b]. (2.73)

Next we show that (2.39) is satisfied. Let y € 0Q, = oU, N C,.. Then lyl, = r and this
together with (2.22) yields

|Fay(5)] < 4’(|y|n)J0k(t, s)p(s)ds < ¢(r) sup | k(t s)Pp(s)ds (2.74)

te[0,00)Y 0

for t € [0,n], and so (2.23) yields

|Fay|, < w(r) sup) i k(t,s)p(s)ds <r = |y, (2.75)

te[0,00

Now let y € W, = 8V, N C,. Then lyl, = R and y(t) > Mly|, = MR for t € [a,b] (in
particular y(t) € [MR,R] for t € [a,b]). Now (2.64) implies

IF®] = [ Kt 97 (5, y(5)ds
b
> f k(t,s)f(s,y(s))ds (2.76)

b
> qx(MR)I k(t,s)T(s)ds,
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so (2.65) yields

b
|Fry|, > ¢(MR) sup | k(t,s)r(s)ds

te[O,n]Y a
b (2.77)
> ¢(MR)sup | k(t,s)T(s)ds
te[0,1]/ a
>R=|y|,.

Thus (2.39) holds. Now essentially the same argument as in Theorem 2.18 guarantees that
(2.41) and (2.42) hold.

Notice (2.40) is satisfied with y = Mr. To see this fix kK € N and take a subsequence
AC{kk+1,...}] andlet x € C, besuch that x € Wn\ Q, (i.e., R > |x|, > r) for some
n € A. Then mine[qpx(t) > M|x|, > Mr =y, so as a result |jkpinj, x|k = maxeepox)|x(t)| >
y. The result now follows from Theorem 2.20. O
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