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1. Introduction

Let H be a real Hilbert space with inner product (:,-) and induced norm || - || and let C be a
nonempty closed convex subset of H. Let ¢ : C — R U {+o0o} be a function and let F be a
bifunction from C x C to R, where R is the set of real numbers. Ceng and Yao [1] and Bigi et
al. [2] considered the following mixed equilibrium problem:

Find x € C such that F(x,y) +¢(v) > ¢(x), VyeC. (1.1)

The set of solutions of (1.1) is denoted by MEP(F, ¢). It is easy to see that x is a solution of
problem (1.1) implies that x € dom ¢ = {x € C | p(x) < +o0}.
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If ¢ = 0, then the mixed equilibrium problem (1.1) becomes the following equilibrium
problem:

Finding x € C such that F(x,y) >0, VyeC. (1.2)

The set of solutions of (1.2) is denoted by EP(F).
If F(x,y) = 0 for all x,y € C, the mixed equilibrium problem (1.1) becomes the
following minimization problem:

Finding x € C such that ¢(y) > ¢(x), VYyeC. (1.3)

The set of solutions of (1.3) is denoted by Argmin(¢).

The problem (1.1) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash equilibrium
problem in noncooperative games, and others; see, for instance, [1-4].

Recall that a mapping S of a closed convex subset C into itself is nonexpansive [5] if
there holds that

Isx- Syl <llx-yll vxyec. (1.4

We denote the set of fixed points of S by Fix(S). Ceng and Yao [1] introduced an
iterative scheme for finding a common element of the set of solutions of problem (1.1) and
the set of common fixed points of a finite family of nonexpansive mappings in a Hilbert space
and obtained a strong convergence theorem.

Some methods have been proposed to solve the problem (1.2); see, for instance,
[3, 4, 6-12] and the references therein. Recently, Combettes and Hirstoaga [6] introduced an
iterative scheme of finding the best approximation to the initial data when EP(F) is nonempty
and proved a strong convergence theorem. Takahashi and Takahashi [7] introduced an
iterative scheme by the viscosity approximation method for finding a common element of the
set of solutions of problem (1.2) and the set of fixed points of a nonexpansive mapping in a
Hilbert space and proved a strong convergence theorem. Su et al. [8] introduced the following
iterative scheme by the viscosity approximation method for finding a common element of the
set of solutions of problem (1.2) and the set of fixed points of a nonexpansive mapping and
the set of solutions of the variational inequality problem for an a-inverse strongly monotone
mapping in a Hilbert space. Starting with an arbitrary x; € H, define sequences {x,} and

{un} by

F(un,y) + l(y —Up, Uy —Xy) 20, VyeC,
Tn (1.5)

Xn1 = & f (xn) + (1 — a) SPc (U, — Ay Auy), Vne N.

They proved that under certain appropriate conditions imposed on {a,}, {r,}, and {\,}, the
sequences {x,} and {u,} generated by (1.5) converge strongly to z € Fix(S)NEP(F)NVI(C, A),



Fixed Point Theory and Applications 3

where z = Prixs)ner(r)nvi(c,4) f (z). Tada and Takahashi [9] introduced two iterative schemes
for finding a common element of the set of solutions of problem (1.2) and the set of fixed
points of a nonexpansive mapping in a Hilbert space and obtained both strong convergence
theorem and weak convergence theorem.

On the other hand, for solving the variational inequality problem in the finite-
dimensional Euclidean R", Korpelevich [13] introduced the following so-called extragradient
method:

x1=x€C,
Yn = PC(xn - -)‘Axn)/ (16)

Xn41 = Pc (xn - )‘A:‘/n)

foreveryn = 0,1,2,..., where A € (0,1/k). She showed that if VI(C, A) is nonempty, then
the sequences {x,} and {y,}, generated by (1.6), converge to the same point z € VI(C, A).
The idea of the extragradient iterative process introduced by Korpelevich was successfully
generalized and extended not only in Euclidean but also in Hilbert and Banach spaces; see, for
example, the recent papers of He et al. [14], Garciga Otero and Iuzem [15], and Solodov and
Svaiter [16], Solodov [17]. Moreover, Zeng and Yao [18] and Nadezhkina and Takahashi [19]
introduced iterative processes based on the extragradient method for finding the common
element of the set of fixed points of nonexpansive mappings and the set of solutions of
variational inequality problem for a monotone, Lipschitz continuous mapping. Yao and
Yao [20] introduced an iterative process based on the extragradient method for finding the
common element of the set of fixed points of nonexpansive mappings and the set of solutions
of variational inequality problem for an a-inverse strongly monotone mapping. Plubtieng
and Punpaeng [11] introduced an iterative process based on the extragradient method for
finding the common element of the set of fixed points of nonexpansive mappings, the set
of solutions of an equilibrium problem, and the set of solutions of variational inequality
problem for a-inverse strongly monotone mappings. Chang et al. [12] introduced some
iterative processes based on the extragradient method for finding the common element of
the set of fixed points of a infinite family of nonexpansive mappings, the set of solutions
of an equilibrium problem, and the set of solutions of variational inequality problem for
an a-inverse strongly monotone mapping. Peng et al. [21] introduced a new approximation
scheme combining the viscosity method with parallel method for finding a common element
of the set of solutions of a generalized equilibrium problem and the set of fixed points of a
finite family of strict pseudocontractions and obtain a strong convergence theorem for the
sequences generated by these processes in Hilbert spaces.

In the present paper, we introduce a new approximation scheme combining the
viscosity method with extragradient method for finding a common element of the set of
solutions of a mixed equilibrium problem, the set of fixed points of a finite family of
nonexpansive mappings, and the set of solutions of the variational inequality for a monotone,
Lipschitz continuous mapping. We obtain a strong convergence theorem for the sequences
generated by these processes. Based on this result, we also get some new and interesting
results. The results in this paper generalize and improve some well-known results in the
literature.
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2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a nonempty
closed convex subset of H. Let symbols — and — denote strong and weak convergence,
respectively. In a real Hilbert space H, it is well known that

[ + (1= D)y = Al + (1= D) ||y |* = 20 = D)||x - y||> (2.1)

forall x,y € Hand A € [0,1].

For any x € H, there exists a unique nearest point in C, denoted by Pc(x), such that
lx = Pc(x)|| < |lx =yl for all y € C. The mapping Pc is called the metric projection of H onto
C. We know that Pc is a nonexpansive mapping from H onto C. It is also known that Pcx € C
and

(x=Pc(x),Pc(x)—y) >0 (2.2)

forallx e Hand y € C.
It is easy to see that (2.2) is equivalent to

lx=y|* 2 llx = Pe(x)I? + ||y = Pe(x)||? (2.3)

forallx e Hand y € C.
A mapping A of C into H is called monotone if

(Ax - Ay,x-y) >0 (2.4)

forall x, y € C. A mapping A of C into H is called a-inverse strongly monotone if there exists
a positive real number a such that

(x-y, Ax - Ay) > af| Ax - Ay 25)

for all x,y € C. A mapping A : C — H is called k-Lipschitz continuous if there exists a
positive real number k such that

[[4x - Ay || < k[lx -y (2:6)

for all x,y € C. It is easy to see that if A is a-inverse strongly monotone mappings, then A
is monotone and Lipschitz continuous. The converse is not true in general. The class of a-
inverse strongly monotone mappings does not contain some important classes of mappings
even in a finite-dimensional case. For example, if the matrix in the corresponding linear
complementarity problem is positively semidefinite, but not positively definite, then the
mapping A is monotone and Lipschitz continuous, but not a-inverse strongly monotone.
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Let A be a monotone mapping of C into H. In the context of the variational inequality
problem the characterization of projection (2.2) implies the following:

ueVI(C,A) = u=Pc(u—-\Au), A>0,
(2.7)
u=Pc(u—AVAu) for some A >0= u € VI(C, A).

It is also known that H satisfies Opial’s condition [22], that is, for any sequence {x,} C
H with x,, — x, the inequality

lim inf|lx, - x[| < lim inf||x, — y|| (2.8)

holds for every y € H with x #y.

A set-valued mapping T : H — 2™ is called monotone if for all x,yy € H, f € Tx and
g € Ty imply (x-y, f-g) > 0. Amonotone mapping T : H — 2 is maximal if its graph G(T)
of T is not properly contained in the graph of any other monotone mapping. It is known that
a monotone mapping T is maximal if and only if for (x, f) € HxH, (x-y, f—g) > 0 for every
(y,g) € G(T) implies f € Tx. Let A be a monotone, k-Lipschitz continuous mapping of C into
H and let Ncv be normal cone to C atv € C, thatis, Ncv={w e H : (v-u,w) >0,Yu € C}.
Define

To =

Av+ Ncv ifveC,
(2.9)

0 ifogC.

Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A) (see [23]).
For solving the mixed equilibrium problem, let us give the following assumptions for
the bifunction F, ¢ and the set C:

(Al) F(x,x) =0forallx € C;

(A2) F is monotone, that is, F(x, y) + F(y,x) <0 for any x,y € C;
(A3) foreach y € C, x — F(x,y) is weakly upper semicontinuous;
(A4) for each x € C, y — F(x,y) is convex;

(A5) for each x € C, y — F(x, y) is lower semicontinuous;

(B1) for each x € H and r > 0, there exist a bounded subset D, C C and y, € C such that
forany z € C\ Dy,

F(z,yx) +¢(yx) + %(yx -z,z-x) < @(z); (2.10)

(B2) Cis a bounded set;

(B3) for each x € H and r > 0, there exist a bounded subset D, C C and y, € C such that
forany z € C\ Dy,

¢(yx) + %(yx —2,2-x) <¢(2); (2.11)
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(B4) for each x € H and r > 0, there exist a bounded subset D, C C and y, € C such that
forany z € C\ Dy,

F(Z/yx) + %<yx - Z,Z - x> < 0 (212)

We will use the following results in the sequel.

Lemma 2.1 (see [21, 24]). Let C be a nonempty closed convex subset of H. Let F be a bifunction
from C x C to R satisfying (A1)—(A5) and let ¢ : C — RU {+oo} be a proper lower semicontinuous
and convex function. Assume that either (B1) or (B2) holds. For r > 0 and x € H, define a mapping
T, : H — Cas follows:

T (x) = {z €eC:F(z,y)+o(y) + %(y—z,z—x) >p(z), Vy e C} (2.13)

forall x € H. Then the following conclusions hold:

(1) for each x € H, T, (x) #0;
(2) T, is single-valued;
(3) T, is firmly nonexpansive, that is, for any x,y € H,

”Tr(x)—Tr(y)”2 < (Tr(x)—Tr(y),x—y>,‘ (2.14)

(4) Fix(T;) = MEP(F, ¢);
(5) MEP(F, ¢) is closed and convex.

Lemma 2.2 (see [25, 26]). Assume that {a,} is a sequence of nonnegative real numbers such that

ap1 < (1 - Yn)an + 6n/ (215)

where v, is a sequence in (0, 1) and {6,} is a sequence such that

(i) Znliyn = oo
(i) limsup, |  6,/yn <001 3721 16,] < oo.

Then, lim,, _, o, = 0.

Lemma 2.3. In a real Hilbert space H, there holds the following inequality:
[l + ylI” <l + 20y, + y) (2.16)

orall x,y € H.
f y
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Lemma 2.4 (see [21]). Let {x,} and {w,} be bounded sequences in a Banach space, and let {f,} be
a sequence of real numbers such that 0 < liminf,  p, < limsup, B, <1foralln=0,1,2,....
Suppose that x,.1 = (1= Bn)wn + Puxy foralln =0,1,2,...and limsup,, _, _ ||wns1 — wn|l + || X541 —
Xyl £ 0. Then, lim,, _, ||wy, — x,|| = 0.

Let {T;}Y, be a finite family of nonexpansive mappings of C into itself and let
M, Ay, ..., AN be real numbers such that 0 < \; < 1 for every i = 1,2,...,N. We define a
mapping W of C into itself as follows:

U1 = )L1T1 + (1 - ./\1)1,
U, = LU + (1-1)I,

(2.17)

Un-1 = AnaTnaUno + (1= Anaa) ],
W = LIN = )LNTNUN_l + (1 - )LN)I.

Such a mapping W is called the W-mapping generated by T1, Ty, ..., Ty and Ay, Ay, ..., AN. It
is easy to see that nonexpansivity of each T; ensures the nonexpansivity of W. The concept
of W-mappings was introduced in [27, 28]. It is now one of the main tools in studying
convergence of iterative methods for approaching a common fixed point of nonlinear
mappings; more recent progresses can be found in [10, 29, 30] and the references cited therein.

Lemma 2.5 (see [29]). Let C be a nonempty closed convex set of a strictly convex Banach space.
Let Ty, Ts,...,Tn be nonexpansive mappings of C into itself such that (X, F(T;)#0 and let
M, Ay, ..., AN be real numbers such that 0 < A; < 1 foreveryi=1,2,..., N -1and 0 < Ay < 1. Let
W be the W-mapping generated by T1, Ty, ..., Tn and Ay, Ay, ..., An. Then Fix(W) = nfﬁl Fix(T;).

Lemma 2.6 (see [10]). Let C be a nonempty convex subset of a Banach space. Let {T;}~, be a
finite family of nonexpansive mappings of C into itself and let {X,1}{An2}, ..., {Aun] be sequences
in [0,1] such that A\,; — X (i = 1,...,N). Moreover for every integer n > 1, let W and

W, be the W-mappings generated by T1,T,,...,Tn and A, Ay, ..., AN and Ty, T,,...,Tn and
(A1 {An2), ... { AN}, respectively. Then for every x € C, it follows that

Tim [[W,x = Wx|| = 0. (2.18)

3. Strong Convergence Theorems

In this section, we show a strong convergence of an iterative algorithm based on both
viscosity approximation method and extragradient method which solves the problem of
finding a common element of the set of solutions of a mixed equilibrium problem, the set
of fixed points of a finite family of nonexpansive mappings, and the set of solutions of the
variational inequality for a monotone, Lipschitz continuous mapping in a Hilbert space.
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(AS5) and let ¢ : C — RU {+oo} be a proper lower
semicontinuous and convex function. Let A be a monotone and k-Lipschitz continuous mapping of
C into H. Let T1, Ty, ..., Tn be a finite family of nonexpansive mappings of C into H such that
Q= ﬂnNzl Fix(T;) N VI(C, A) "\MEP(F, ¢) #0. Let {Ay1}, {An2}, ..., {dan] De sequences in [e1, &]
with 0 < &1 < &, < 1. Let W, be the W-mapping generated by Ty, To, ..., Ty and Ay 1, Anp, ..., AnN-
Assume that either (B1) or (B2) holds. Let f be a contraction of H into itself and let {x,}, {u,}, and
{yn} be sequences generated by

x1=x€C,

1
F(un,y) +o(y) - @(un) + r—(y —Up, Uy —Xy) 20, VyeC, o

Yn = Pc (un - YnAun>1

Xn+l = anf(xn) + ﬂnxn + (1 -y — ﬁn)WnPC(un - YnAyn)

for every n = 1,2,... where {y,}, {ra}, {an}, {1}, {An2}, ..., {Aun), and {B,} are sequences of
numbers satisfying the conditions:

(C1) limy,—, ity = 0and 3,774 ay = 00;

(C2) 1> limsup,,_,  pn > liminf, ., > 0;
(C3) limy, 0y = 0;

(C4) liminf, _, 1, > 0and lim,, _, |rp1 — 14| = 0;

(C5) 1imy— oA — Apri] = 0 foralli=1,2,...,N.

Then, {x,}, {un}, and {y,} converge strongly to w = Pq f (w).

Proof. We show that P, f is a contraction of C into itself. In fact, there exists a € [0,1) such
that || f(x) - f(y)|| < allx — y|| for all x,y € C. So, we have

|Paf(x) = Paf (y)|| < [If(x) = f(w)] < allx -y (3.2)

for all x,y € C. Since H is complete, there exists a unique element uy € C such that uy =
Po f (up).
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Put t, = Pc(u, — y,Ayn) foreveryn=1,2,.... Let u € Q and let {T}, } be a sequence of
mappings defined as in Lemma 2.1. Then u = Pc(u - y, Au). From u, = T, (x,) € C, we have

lun —ull = [|T7, (xn) = T, @) || < 260 — ul]. (3.3)
From (2.3), the monotonicity of A, and u € VI(C, A), we have

[t — ul®
2 2
< Nt 30 Ay~ = 1t = YA~ 1]
= Jltn — ull* = |1t = tull® + 2Yn( Ay, u — tu)
= [t — ul* = st = tall® + 20 ({ Ay — A, 1 — y) + (At 1~ y) + (AYn, Y — tn))
< Nl = ull® = N[ = tall” + 2Yu{ AYn, Yn — t)
< ”un - qu - ”un - ]/n”z - 2<un - ]/n/ ]/n - tn> - ”yn - tn”2 + 2Yn<Ayn/yn - tn>

= ”un - qu - ”un - yn”2 - ”yn - tn||2 + 2<un - YnAyn —Yn, tn - yn>
(3.4)

Further, Since y,, = Pc(u, — ynAu,) and A is k-Lipschitz continuous, we have

<un - YnAyn - yn/ tn - yn> = <un - YnAun - ynr tn - yn> + <YnAun - YnAynr tn - yn> (3 5)
< (YnAttn = YuAYn tn = Yn) < Yukl|tn = Y| [[£n = v -

So, it follows from (C3) that the following inequality holds for n > ny, where ny is a positive
integer:

= wll® < Nt = wll® = ot = yulI* = 1y = tull* + 25k 220 =yl 182 =
<t = ull? = [t = yall* = 1y = tall” + 7K 10 = yll* + 5 = ]|
=l = ull® + (3K = 1) |1t =y
<l — >

Put My = max{||x;—ul, (1/(1-a))||f (u)—u||}. It is obvious that ||x; —u|| < My. Suppose
llx, — u|| < My. By Lemma 2.5, we know that W, is nonexpansive and Fix(W,) = ¥, Fix(T;).
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From (3.3), (3.6) and xp,11 = a,, f (%) + Puxn + (1 — ay — f) Wyt,, we have u = W,u and

%ner = 2all = [|etnf (n) + utn + (1 =ty = fu) Wit — 1|
<an | foxn) = f@)|| + ctu| £ @) =] + Pullxn = ull + (1= ctn = Pu) [Watn — ull
< aal|xy — ul| + an|| £ () = ul| + ullxn — ull + (1= @y — ) [Watn — ul
< analloy — ull + || £ () = ]| + Bullxn — ull + (1= atn = ) It — u
< anallx, = ull + an || £ () = ul + Ballocn = ull + (1= @ = Bu) |0 — 1|

- - L e -

<(A-a)a,Mo+(1-(1-a)a,) My =M,
(3.7)

for every n = 1,2,.... Therefore, {x,} is bounded. From (3.3) and (3.6), we also obtain that
{t,} and {u,} are bounded.

From y, = Pc(uy, — ynAu,) and the monotonicity and the Lipschitz continuity of A, we
have

Y = wll* = || Pe(ttn = Y At) = Pe(ut =y Au)||”
< [otn = YAty = (1 =y Au) ||
= l[un — ull® = 2y ( Atty — At 1y — 1) + Y2 Aty — Au]® (3.8)
<l = ul® + kP |t —

= (192 )l —

Hence, we obtain that {y,} is bounded. It follows from the Lipschitz continuity of A that
{Ax,}, {Au,}, and {Ay,} are bounded. Since f and W, are nonexpansive, we know that
{f(x,)} and {W,t,} are also bounded. From the definition of t,, we get

ltne1 = tull = || Pe (tnsr = Va1 AYne1) — Pe(ttn = YnAya) ||
< | (unst = Yur1 Aynsr) = (tn = YnAyn) ||
< || (unst = Yni1 Attnar) = (U = Ynr1 Atkn) + Y1 (Alhnst = AYpat — Aty + Yn A ||
<[ttt = thnll + Yusa [l Attnsr = Aty + Y [| Attis = Aynir — At || + ¥ || Ay |
< lttnsr = tall + kynsrlttnss = unll + Yos1 || Attnss = AYnia = Aty || + || Ay ||

< ttpe1 — uy| + (Yn+1 + Yn)er
(3.9)
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where M; is an approximate constant such that

M > sup{k|luns1 — tn| + || Attni1 — AYnir — Atty|| + || Ay || }- (3.10)

n>1

On the other hand, from u, = T}, (x,) and 1,41 = T}, , (xn+1), we have

F(uny) +(y) - ¢(un) + %(y — U, Uy~ X,) 20, VyeC, (3.11)

1
- (Y = Uns1, Une1 — Xp1) 20, VyeC. (3.12)
n+

F(uni1,y) +¢(y) = ¢(una) +
Putting y = 1.1 in (3.11) and y = u, in (3.12), we have

1
F(up, tpin) + @(Une1) — o (un) + r—<un+1 — Uy, Uy —Xp) 20,

. (3.13)
F(ups1, un) + @(tn) — 9(Uns1) + -~ (Un = Uns1, Uns1 — Xna1) 2 0.
n+
So, from the monotonicity of F, we get
<un+1 —u,, Uy — Xn _ Uni1 — Xntl > > 0, (314)
n Tn+1
and hence
T,
<un+1 = Up, Uy — Upy1 + Upyl — X — r—"l(unn - xn+1)> > 0. (3.15)
n+

Without loss of generality, let us assume that there exists a real number b such thatr, > b > 0
for alln € N. Then,

r
”un+1 - un”2 < <un+1 —Up, Xp+1 — Xp + <1 - = )(”n+1 - xn+1)>

Tn+1
(3.16)
r
< ”uTH-l - un”{”xnﬂ - xn” +11- “ “un+l - xn+1” 7
Tn+1
and hence
”un+1 - un” < ”xn+1 - xn” + ool |rn+1 - rn|||un+1 - xn+1“

" (3.17)

1
< lxenar = xall + Elrn+1 — 1| My,

where M, = sup{||lu, — x| : m € N}.
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It follows from (3.9) and (3.7) that
1
||tn+1 - tn” < ”xn+1 - xn” + E|rn+1 - rn|M2 + (Yn+1 + Yn)Mlz (318)

Define a sequence {v,} such that
Xni1 = Puxn + (1= Pu)vn, VYn>1 (3.19)

Then, we have

Xn+2 — ,ﬁn+1xn+1 Xn+l — ﬁnxn

Upsl — Up = -
n+1 n 1- ﬁn+1 1- ﬁn
_ “n+1f(xn+1) + (1 — Any1 — ﬂn+1)Wn+1tn+1 B anf(xn) + (1 —an — ,ﬁn)Wntn
L= L=pn (3.20)
Aptl Oy
- o Wistbnsr — Wit
1= ﬂn+1f(xn+1) 1= ﬁnf(xn) + Whiln+ nln
o o
+ ﬁwntn - ﬁwm—ltnﬂr

Next we estimate ||[W1tn41 — Wity||. It follows from the definition of W, that

(Wasitn = Watall = A1, NTNU e, N-1En + (1 = e, N En = A NTNU N1t — (1= A N) Bl
< Ani,N = Ao NIt + A, NTNU i, N-10 = An NTN U N1 |
< HAns,N = ANl + A s, N (TNU s, N-1tn = TnUp, N-1tn) ||
+ AN = L NIITNU N1l

<S2M3 |, N = AN |+ At N U s, -1 = U N1t
(3.21)

where M3 is an approximate constant such that

M; 2 maX{SUP{thH},Sup{llTkUn,k-ltnll} lk=12,. N} (3.22)

n>1 n>1
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Since0 < \,, <1lforallm>1landi=1,2,...,N, we have

IUns1,N-1tn = Un N-1tall
= [N, Nm1 Tnoi Ui, N—2tn + (1 = A N1 En = Ay not Tvoi U vt — (1= Ay n—1) ]
< Ar,N-1 = ANt + [, N1 TN U1, N-2tn = L, N-1TN-1U N2t |
< nr,N-1 = ANl + Ane, N-1 I TN-1U 1, N-2tn = TN-1U i N-2tn |
+ [ bs,N=1 = A No1 || TN- U N—2ta|

< 2Ms | i, N-1 = Aunaa | + (U, N-2tn — U N—2tn]|-

(3.23)
It follows that
IUn1,N-1tn = Un,N-1tall
< 2M| i1, N-1 = Ap,N-1] + 2M3| s, N2 = A, N-2| + (Ui, N-3tn = Uy, N-stnll
N-1
<2M3 D At = Al + Ut 1tn = Uil
= (3.24)
N-1
=2M3 > [ = Al + s 1 Titn + (1= A1 1)ty = A1 Tt = (1= Ay )t
i
N-1
<2M3 D [Apiti = Al
i=1
Substituting (3.24) into (3.21) yields that
N-1
Wity = Watall < 2Ms| AN = AN |+ 20000,8Ms D iti = Al
i1
1 (3.25)
N
<2M3 D it = Anl-
i=1
Hence, we have
||Wn+1tn+1 - Wntn” < ||Wn+ltn+1 - Wn+1tn|| + ||Wn+1tn - Wntn”
(3.26)

N
< ||tn+1 - tn“ + 2M3Z|)‘n+1,i - )tn,il-
i=1
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From (3.20), (3.26), and (3.18), we have

”vn+l - Un” - ”xn+1 - xn”

< T o) + Wbl +

+ ||Wn+1tn+1 - Wntn” - ||xn+1 - xn”

"ﬂn (I Cem) || + 1Wantull)

am (||f(xn+1)|| I Wastunll) + 1 (||f(xn)|| + [[Watall)

—1-

N
+ ||tn+1 - tn” + 2M3Z|)ln+1,i - -’ln,i| - ||-xn+1 - xn”
i=1

(L G+ Wbl + 7

(IIf(xn |+ Watal)) +2Msz|xn+1l — Al

T 1= i=1

1
+ E|rn+l — 1| Mo + (Yn+l + Yn)M1~

(3.27)
It follows from (C1)—(C5) that
li?ﬂsip(llvnﬂ = Ul = [I%ns1 = Xa|]) <O. (3.28)
Hence by Lemma 2.4, we have lim,,_, . ||v, — x,,|| = 0. Consequently
Jim [lacns1 = xal| = Hm (1= f)l[on = xall = 0. (3.29)
Since Xy41 = Ay f (xy) + Puxn + (1 — ay — ) Wit,, we have
%0 = Watall < 12041 = Xl + 12041 = Wath||
(3.30)
< lxnr = xull + an| £ (x0) = Wata || + Bulln = Watall,
and thus
ltn = Watall < 1= ﬁ T (I = xall + [ f (2cn) = Wanta]). (3.31)

It follows from (C1) and (C2) that lim,, . ||x,, — Wyt,|| = 0.
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Since xy41 = an f (xn) + Puxn + (1 — an — Pr) Wity for u € Q, it follows from (3.3) and
(3.6) that

[EE |l f () + Brxn + (1 = @ = Bu) Wity — u||2
< cty || £ (e) = w| + Bullacn = ull® + (1 = ctu = Bu) Wt — u?
< | £ Gen) = ]| + Bullacn = ull? + (1= atn = ) 1t — ull?
< | £ Gon) =]+ Bl =1l + (1=t = o) [ =10+ (12K =1) 4= ]

<l F o)~ ull + (1= )l -l + (1= = ) (12K = 1) Jwn =

(3.32)
from which it follows that
2 oy 2 2
- < n) — - n
[ S ey veumerea CACOREL Il S
1 2 2
A (o comrey (It =l = fl21 = )
(3.33)

an

S U—apn)(i-

e (11 f Ge) = 2 = s = )

1
T a g e (= B = Dl =

It follows from (C1)—(C3) and ||xp+1 — x4|| — O that ||u, — y,|| — 0.
By the same argument as in (3.6), we also have

= 10l* < et = wl* = [t = Y|l = 1yn = tal* + 290K |12 = vl ||| £ = |
< Nt = ull® = [[en = yull* = Ny = tall® + ttw = val|* + 72K\ tw = vl > (3.34)

= ot =l + (52K = 1) [y =t
Combining the above inequality and (3.32), we have
et = w1 < | F o) = ] + Bullen =l + (1= @ = )t —

< Ltn"f(xn)_u”2+ﬁn“xn_u”2+ (1_“11_[571) [”un_u||2+ (Ynzkz_l) ”yn_t"HZ]

< | £ o) = 2]1* + (1 = @) v =l + (1= @ = B) (32K = 1) [y = ta]|*,
(3.35)
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and thus

An
I =l < =y ey (I )=o)

1
T A== o) (1- 7282

(ILF o) =2l = e = )

(Nt =l = s = )

(3.36)

< an
T (I-an=pn)(1-1a’k?)
N 1
(1= an = Pu) (1 - yu?k?)

(lxn = ull = llxna = ulDllxne1 = xall,

which implies that ||t, — y,|| — 0.

From |[uy, — ty]| < |ltn — yull + llyn — tnl| we also have ||u,, — t,]| — 0. As A is k-Lipschitz
continuous, we have ||Ay, — At,|| — 0.

For u € Q, we have, from Lemma 2.1,

2 2
lwn = ull™ = [Ty, xn = Tr,ull” < (T, xn = Tr,u, xn — 1)

. (3.37)
= (1t = 1,30 =) = 5 { o =l + e =l = [ =l .
Hence,
1 = ul|* < floen = ul® = [|xn = 1aa]|. (3.38)
By(3.3), (3.6), (3.32), and (3.38), we have

et =l < [ £ Gen) =l + Pl -l + (1= @~ Bi) b - ul

< an”f(xn) - u”2 + ﬂn”xn - ullz + (1 —Qap — ﬂn)”un - u||2
(3.39)

< | f o) = 2l]® + Bl =l + (1= @ = B [Ilew = wll* = 1 = 1]
< an”f(xn) - u”2 + (1 - “n)”xn - u”Z - (1 —Qan — ﬁn)”xn - unHZ'
Hence,

(1= = Bu) 60 =l < ata | () = 2a]]” = vl = el + [ =l = 1 ss — ]

< a"”f(x") - u”2 - CXonn - u“2 + (”xn - u“ + ”xn+1 - u”)”xn - xn+1||'
(3.40)

It follows from (C1), (C2), and ||x, — x,41]| — 0 that lim,, _ o ||x, — u,|| = 0.
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Since

”Wn]/n - ]/n” < ”Wnyn - Wntn” + “Wntn - xn” + ”xn - un” + ”un - yﬂ”

(3.41)
< ”yn - tn” + ”Wntn - xn” + ”xn - un” + ”un - yn”
It follows that
Tim [[Wayw = yall = 0. (342)
Next we show that
lim sup( f (o) — 1o, X — ) <0, (3.43)

where uy = Pq f (10). To show this inequality, we can choose a subsequence {xy, } of {x,} such
that

lim <f(u0) — Ug, Xn;, = u0> =lim sup(f(uo) — Uy, Xp — u0>. (3.44)

—
n— oo n— o0

Since {xy;} is bounded, there exists a subsequence {x,;;} of {x,;} which converges
weakly to w. Without loss of generality, we can assume that {x,;} — w. From ||x, —u,| — 0,
we obtain that u,; — w. From ||u,~y,|| — 0, we also obtain that y,; — w. From ||u,~t,|| — 0,
we also obtain that t,,; — w. Since {u,;} C C and C is closed and convex, we obtain w € C.

In order to show that w € Q, we first show w € MEP(F, ¢). By u,, = T, x,, we know
that

F(un,y) +¢(y) — ¢(un) + %(y —Up, Uy~ Xy) 20, YyeC. (3.45)
It follows from (A2) that
1
o(v) — p(un) + T—(y — Up, U — Xn) > F(y,u,), VyeC (3.46)

Hence,

Up, — X,

o (y) —pun) + <y ~ Uy, > > F(y,uy), VyeC. (3.47)

ni

It follows from (A4), (A5), and the weakly lower semicontinuity of ¢, (1, —xp,) /1n, —
0 and u,, — w that

F(y,w) +¢(w) -¢(y) <0, VyeC. (3.48)
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FortwithO <t<landy € C, lety; =ty + (1 - t)w. Since y € C and w € C, we obtain
y: € C and hence F(y;, w) + p(w) — ¢(y;) < 0. So by (A4) and the convexity of ¢, we have

0=F(yuye) +9(y) —o(y1)
<tF(yr,y) + (1= DF (y, w) + tp(y) + (1 - Hp(w) — p(yr) (349)
<t[F(yr,y) +o(y) —9(w)]-

Dividing by t, we get
F(yiy) +9(y) = 9(yr) 2 0. (3.50)
Letting t — 0, it follows from (A3) and the weakly lower semicontinuity of ¢ that
F(w,y) +¢(y) - ¢(w) 20 (3.51)

for all y € C and hence w € MEP(F, ¢).
Now we show that w € VI(C, A). Put

(3.52)

Awq + Ncw, if wy €C,
Tw1 =
0 if w1 g C/

where Ncw; is the normal cone to C at w; € C. We have already mentioned that in this case
the mapping T is maximal monotone, and 0 € Tw; if and only if w; € VI(C, A). Let (w1, g) €
G(T). Then Tw; = Aw; + Ncw; and hence g— Aw; € Ncw;. So, we have (w; —t,g—Aw;) >0
for all t € C. On the other hand, from t,, = Pc(u, — A, Ay,) and w; € C we have

(Un = Ay Ay — ty, ty —wi1) 20, (3.53)

and hence

<w1 ~t, t”): Un Ayn> > 0. (3.54)
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Therefore, we have

(w1 —ty, g) > (w1 — by, Awy)

b, — Uy,
> (w1 — t, Aw ) — <w1 —tn, ;i ;i +Ayni>

bty — Uy,
- <w1—tni,Aw1—Ayni—%>
ni

by, — Uy,

An

(3.55)
= <w1 —ty,, Awy — Aty + Aty — AYy, — >
tn, — Up
= (w1 — by, Awy — Aly,) + (w1 — by, Aly, — Ay, ) — <v —tn,, ’)L ’>
ni

bty — Uy
> <w1 - tn,-/ Atn,- _A]/ni> - <w1 - tn,-/ nl)t—un,>

ni

Hence we obtain (w; —w, g) > 0asi — oo. Since T is maximal monotone, we have
w € T~'0 and hence w € VI(C, A).

We next show that w € nfﬁl Fix(T;). To see this, we observe that we may assume (by
passing to a further subsequence if necessary) A, x — Ak for k =1,2,...,N. Let W be the
W-mapping generated by Ty, T, ..., Ty and Ay, Ay, ..., An. By Lemma 2.5, we know that W is
nonexpansive and ﬂf\zjl Fix(T;) = Fix(W). it follows from Lemma 2.6 that

Wypx — Wx, VxeC. (3.56)

Assume w ¢ Fix(W). Since x,, — w and w # Ww, it follows from the Opial condition, (3.42),
and (3.56) that

liminf||x,, — w|| < liminf||x,, - Wwl||
1— 00 1— 00
< lim inf flocw, = Wi, 2 || + [|W 2w, = Wt [| + [[Wx, - Weoll) (3.57)

< liminf|x,, - w],
1— 00

which is a contradiction. Hence, we have w € Fix(W) = N, Fix(T;). This implies w € Q.
Therefore, we have

lim sup( f (uo) — o, xn — Ug) = jlir&<f(u0) — Ug, Xp; — u0> = (f(u0) — uo,w —up) < 0. (3.58)

n—oo

Finally, we show that x, — 19, where 1y = Po f (uo).
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From Lemma 2.3, we have

||xn+1 - uOHZ = ”‘xn(f(xn) - uO) +ﬂn(xn - uO) + (1 —an _ﬂn)(Wntn - uO)”z
< ”ﬂn(xn —up) + (1= ay = Bn) (Wit — up) ”2 + 20, f (xn) — U0, X1 — Uo)
< (1 -y — ﬁn)”Wntn - u0”2 + ﬁn”xn - u0||2 + 2“n<f(xn) —UY, Xn+1 — u0>
< (1 —ay — ﬁn)”Wntn - uOHZ + ﬁn”xn - u0||2 + 2“n<f(xn) - f(uo), Xn+1 — u0>
+ 2“n<f(u0) — Uy, Xp41 — u0>
< (1 —an — ,gn)”tn - u0||2 + ﬂn”xn - u0”2 + Zana”xn - u0||||xn+1 - uO”
+ Zan<f(u0) — Uy, Xn+1 — u0>

< (1—an)||xn—uo||2+ana<IIxn—uo||2+||xn+1—uo||2> +2a0, ( f (10) —tho, Xna1—tg),
(3.59)

and thus

an

24
||xn+1—uo||zs(1— " )||xn—uo||2+

1-aa, (2f (u0) = 21, X1 = o). (3.60)

1-aa,

It follows from Lemma 2.2, (3.58), and (3.60) that lim,_, o ||x, — uo]| = 0. From ||x, —
uyl| — Oand ||y, —u,|| — 0, we have u, — upand y,, — up. The proof is now complete. [

4. Applications

By Theorem 3.1, we can obtain some new and interesting strong convergence theorems as
follows.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(AS5) and let ¢ : C — RU {+oo} be a proper lower
semicontinuous and convex function. Let Ty, T, ..., Tn be a finite family of nonexpansive mappings
of C into H such that = = "X, Fix(T;) " MEP(F, ) #0. Let {Ay1}, {An2), ..., {AnN] be sequences
in [e1,6] with 0 < &1 < & < 1. Let W, be the W-mapping generated by Ty, T»,...,Tn and
Mg, Mo, oo, A N. Assume that either (B1) or (B2) holds. Let f be a contraction of H into itself
and let {x,}, {u,}, and {y,} be sequences generated by

x1=x€C,
1
F(un,y) +9(y) — @(uy) + r—(y —Up,Up—Xy) 20, VyeC, (4.1)

Xn+l = anf(xn) + ﬂnxn + (1 —Qap — ﬁn)Wnun
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foreveryn =1,2,... where {r,}, {an}, {Am}, (A2}, ..., {Aun}, and {B,} are sequences of numbers
satisfying the following conditions:

(C1) limy,—, it = 0and 3774 oty = 00;

(C2) 1> limsup,,_,  fBn > liminf, B, > 0;

(C4) liminf, _, 1, > 0and lim,, _, |11 —1u| = 0;
(C5) limy, 0| Anj = Ap—1il =0 foralli=1,2,...,N.

Then, {x,}, {un}, and {y,} converge strongly to w = Ps f (w).
Proof. Putting A = 0, by Theorem 3.1 we obtain the desired result. O

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(A5). Let A be a monotone and k-Lipschitz continuous
mapping of C into H. Let T1, Ty, . .., Tn be a finite family of nonexpansive mappings of C into H such
that A = NN, Fix(T;) NVI(C, A)NEP(F) #0. Let {Ay1}, {An2}, ..., {Ann ) be sequences in [e1, €]
with 0 < €1 < &, < 1. Let W, be the W-mapping generated by T, T, ..., Tn and Ay 1, Ayo, ..., Ay N-
Assume that either (B4) or (B2) holds. Let f be a contraction of H into itself and let {x,}, {u,}, and
{yn} be sequences generated by

x1=x€C,

F(un,y)+l(y—un,un—xn)20, Yy eC,
= 4.2)
Yn = Pc (un - YnAun>/

Xn+l = anf(xn) + ﬂnxn + (1 — 0y — ﬁn)WnPC(un - YnAyn)

for every n = 1,2,... where {y,}, {ra}, {an}, (A}, {A2}, ... {Aan}), and {B,} are sequences of
numbers satisfying the following conditions:

(C1) limy,—, ity = 0and 3,774 ay = 00;

(C2) 1> limsup,,_,  pn > liminf, B, > 0;
(C3) limy— oY = 0;

(C4) liminf, _, 1y, > 0and lim,, _, |1 — 1] = 0;
)

(C5) limy, oAy — Ap-14l =0 foralli=1,2,...,N.
Then, {x,}, {un}, and {y,} converge strongly to w = P f (w).
Proof. Putting ¢ = 0, by Theorem 3.1 we obtain the desired result. O

Theorem 4.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let ¢ : C —
RU{+0c0} be a proper lower semicontinuous and convex function. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. Let T1, T, ..., Tn be a finite family of nonexpansive mappings of
C into H such that © = ﬂnNzl Fix(T;) N VI(C, A) N Argmin(¢p) #@. Let {Ay1}, {Anz2), ..., (AN} be
sequences in [e1, 2] with 0 < €1 < &y < 1. Let W, be the W-mapping generated by T1,T,, . .., Tn and
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A, Ao, oo, AnN. Assume that either (B3) or (B2) holds. Let f be a contraction of H into itself and
let {x,}, {u,}, and {y,} be sequences generated by

x1=x€C,
1
9(y) = p(un) + —(y =t un = 22) 20, Vy€C,
" (4.3)
Yn = PC (un - YnAun)/

Xn+l = anf(xn) + ﬂnxn + (1 —Qap — ﬂn)WnPC(un - YnAyn)

foreveryn = 1,2,.... where {y,}, {rn}, {an}, {La}, {Ma2), ..., {Aan}, and (B} are sequences of
numbers satisfying the following conditions:

(C1) limy—, oty = 0and 3774 oty = 00;

(C2) 1> limsup,,_,  pBn 2 liminf, B, > 0;

(C3) limy0Y0 = 0;

(C4) liminf, _, 1, > 0 and lim,, _, o |[rp11 — 1u| = 0;
(C5) limy,—, oAy — Ap-1il =0 foralli=1,2,...,N.

Then, {x,}, {un}, and {y,} converge strongly to w = Po f (w).
Proof. Let F(x,y) = 0 for all x, y € C, by Theorem 3.1 we obtain the desired result. O

Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(A5) and let ¢ : C — R U {+oo} be a proper lower
semicontinuous and convex function. Let A be a monotone and k-Lipschitz continuous mapping of C
into H. Let S be a nonexpansive mapping of C into H such that Fix(S) N VI(C, A) "MEP(F, ) #0.
Assume that either (B1) or (B2) holds. Let f be a contraction of H into itself and let {x,}, {u,}, and
{yn} be sequences generated by

x1=x€C,

1
F(un,y) +9(y) —tp(un)+r—<y—un,un—xn> >0, VyeC,
n (4.4)

Yn = Pc (un - YnAun)/

Xn+l = anf(xn) + ,ann + (1 —Qp — ,Bn)SPC (un - YnA]/n)

for every n = 1,2,... where {y,}, {ra}, {an} and {B,} are sequences of numbers satisfying the
following conditions:

(C1) limy,—, ity = 0and 3774 aty = o0;

(C2) 1> limsup,,_,  pn > liminf, B, > 0;
(C3) limy, 0 = 0;

(C4) liminf, _, 1, > 0 and lim,, _, ,|7p41 — 7| = 0.

Then, {xy}, {u,}, and {y,} converge strongly to w = Prix(s)nvi(c,A)nMEP(Ep) f (W).

Proof. Let W, = S, by Theorem 3.1 we obtain the desired result. O
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Theorem 4.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A
be a monotone and k-Lipschitz continuous mapping of C into H. Let Ty, T,,...,Tn be a finite
family of nonexpansive mappings of C into H such that T = (N, Fix(T;) N VI(C, A) #0. Let
(M1}, {2}, oo, {Aun ) be sequences in [e1, €] with 0 < &1 < &, < 1. Let W), be the W-mapping
generated by T1, Ty, ..., Tn and Ay, Anp, ..., AuN. Let {x,} and {y,} be sequences generated by

x1=x€C,
Yn = Pc (xn - YnAxn)/ (45)
Xn+l = anf(xn) + ﬁnxn + (1 -y - ﬂn)WnPC(xn - YnAyn)

foreveryn =1,2,... where {y,}, {an}, {Am}, (A2}, ..., {Aun}, and (B} are sequences of numbers
satisfying the following conditions:

(C1) limy,—, oty = 0and 3774 aty = 00;

(C2) 1> limsup,,_,  pn > liminf, B, > 0;

(C3) limy, 0y = 0;

(C5) limy,— 0| Anj — Ap-14l =0 foralli=1,2,...,N.
Then, {x,} and {y,} converge strongly to w = Pr f (w).

Proof. Let ¢ = 0 and let F(x,y) = 0 for all x,y € C. Then u, = Pcx, = x,. By Theorem 3.1 we
obtain the desired result. O

Remark 4.6. (1) Since the a-inverse-strongly-monotonicity of A has been weakened by the
monotonicity and Lipschitz continuity of A. Theorems 3.1, 4.2, and 4.4 generalize and
improve Theorem 3.11in [11], Theorem 3.1 in [12], and Theorem 3.1 in [8] and the main results
in [31]. Theorem 4.5 improves Theorem 3.1 in [20].

(2) It is easy to see that Theorems 3.1, 4.2, and 4.4 also generalize and improve
Theorems 3.1, and 4.2 in [9].

(3) Itis clear that Theorem 4.5 generalizes, extends, and improves Theorem 3.1 in [18]
and Theorem 3.1 in [19].

(4) Theorem 3.1 improves and extends Theorem 3.1 in [1].
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