Hindawi Publishing Corporation

Fixed Point Theory and Applications
Volume 2009, Article ID 197308, 9 pages
doi:10.1155/2009/197308

Research Article

Best Proximity Point Theorems for p-Cyclic
Meir-Keeler Contractions

S. Karpagam and Sushama Agrawal

Department of Mathematics, Ramanujan Institute for Advanced Study in Mathematics,
University of Madras, Chepauk, Chennai 600 005, India

Correspondence should be addressed to S. Karpagam, karpagam.saravanan@gmail.com
Received 31 August 2008; Revised 21 November 2008; Accepted 5 January 2009
Recommended by Tomonari Suzuki

We consider a contraction map T of the Meir-Keeler type on the union of p subsets Ay,..., Ay,

(p > 2), of a metric space (X,d) to itself. We give sufficient conditions for the existence and
convergence of a best proximity point for such a map.
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1. Introduction

Meir and Keeler in [1] considered an extension of the classical Banach contraction theorem
on a complete metric space. Kirk et al. in [2] extended the Banach contraction theorem for a
class of mappings satisfying cyclical contractive conditions.

Eldred and Veeramani in [3] introduced the following definition. Let A and B be
nonempty subsets of a metric space X. Amap T : AUB — AU B, is a cyclic contraction
map if it satisfies

(1) T(A) CBand T(B) C A, and
(2) for some k € (0,1), d(Tx,Ty) < kd(x,y) + (1 — k) dist(A, B) for all x € A, y € B.

In this case, a point z € A U B such that d(z,Tz) = dist(A, B), called a best proximity point,
has been considered. This notion is more general in the sense that if the sets intersect, then
every best proximity point is a fixed point. In [3], sufficient conditions for the existence and
convergence of a unique best proximity point for a cyclic contraction on a uniformly convex
Banach space have been given. Further, in [4], this result is extended by Di Bari et al., where
the contraction condition of the map is of the Meir-Keeler-type. That is, in addition to the
cyclic condition, if the map satisfies the condition that for a given ¢ > 0, there existsa 6 > 0
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such that d(x,y) < dist(A, B) + € + 6 implies that d(Tx,Ty) < dist(A,B) +¢, x € A, y € B.
Then, such a map is called a cyclic Meir-Keeler map. In [4], sufficient conditions are given to
obtain a unique best proximity point for such maps. One may refer to [5, 6] for similar types
of notion of best proximity points. A question that naturally arises is whether the main results
in [4] can be extended to p subsets, p > 2? From a geometrical point of view, for the cyclic
Meir-Keeler contraction defined on the union of two sets, there is no question concerning the
position of the sets. But in the case of more than two sets, the map is defined on the union of
p sets, {A; }le (Definition 3.5), so that the image of A; is contained in Aj;;, and the image of
Ajy is contained in Aj;; but notin A; (1 <i < pand Ay = Ajp). Hence, it is interesting to
extend the notion of the cyclic Meir-Keeler contraction to p sets, p > 2, and we call this map a
p-cyclic Meir-Keeler contraction. In this paper, we give sufficient conditions for the existence
and convergence of a best proximity point for such a map (Theorem 3.13). Here, we observe
that the distances between the adjacent sets are equal under this map, and this fact plays an
important role in obtaining a best proximity point. Also, the obtained best proximity point is
a periodic point of T with period p. Moreover, if x € A; is a best proximity point in A;, then
Tix is a best proximity pointin A;;; for j=0,1,2,...,p-1.

2. Preliminaries

In this section, we give some basic definitions and concepts related to the main results. We
begin with a definition due to Lim [7].

Definition 2.1. A function ¢ : [0,c0) — [0,o0) is called an L-function if ¢(0) = 0, ¢(s) >
0 for s > 0, and for every s > 0, there exists 6 > 0 such that ¢(t) < sforallt € [s,s + 5].

Lemma 2.2 (see [7, 8]). Let Y be a nonempty set, and let f,g : Y — [0, o0). Then, the following
are equivalent.
(1) Foreach € > 0, there exists 6 > 0 such that x € Y, f(x) <e+ 6= g(x) <e.
(2) There exists an L-function ¢ (nondecreasing, continuous) such that x € Y, f(x) > 0 =
8(x) <P(f(x)), and f(x) =0= g(x) = 0.

Lemma 2.3 (see [8]). Let ¢ be an L-function. Let {s,} be a nonincreasing sequence of nonnegative
real numbers. Suppose sy.1 < $(sy) for all n € Nwith s, > 0, then, s, — 0as n — oo.

It is well known that if X, is a convex subset of a strictly convex normed linear space
X and x € X, then a best approximation of x from Xy, if it exists, is unique.
We use the following lemmas proved in [3].

Lemma 2.4. Let A be a nonempty closed and convex subset and B be a nonempty closed subset of a
uniformly convex Banach space. Let {x,} and {z,} be sequences in A, and let {y,} be a sequence in
B satisfying
(1) llzn = ynll — dist(A, B),
(2) for every € > 0, there exists No € N, such that for all m > n > Ny, ||[xn — yul <
dist(A, B) + €.

Then, for every € > 0, there exists N1 € N, such that for allm > n > Ny, ||x,, — z,| < €.
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Lemma 2.5. Let A be a nonempty closed and convex subsets and let B be a nonempty closed subset of
a uniformly convex Banach space. Let {x,}and{z,} be sequences in A and let {y,} be a sequence in
B satisfying

(1) llxn = ynll — dist(A, B),
(2) lzn — yull — dist(A, B).

Then, ||x, — z,|| converges to zero.

3. Main Results
Definition 3.1. Let Ay,..., A, be nonempty subsets of a metric space. Then, T : UleAi —
UL, A is called a p-cyclic mapping if

T(A;) C Aip1 for 1<i<p, where A, 1 = Ay (3.1)

A point x € A; is said to be a best proximity point if d(x, Tx) = dist(A;, Ais1).
Definition 3.2. Let Ay, ..., Ay be nonempty subsets of a metric space X, and T : UleA,- —
UL, A; be a p-cyclic mapping. T is called a p-cyclic nonexpansive mapping if

d(Tx,Ty) <d(x,y) Vx€A;, y€ A, 1<i<p. (3.2)

It is an interesting fact to note that the distances between the adjacent sets are equal

under the p-cyclic nonexpansive mapping.

Lemma 3.3. Let X, Ay,..., Ap, T be as in Definition 3.2. Then, dist(A;, Aiy1) = dist(Ai1, Air2) =
dist(A1, Ap) foralli, 1 <i<p.

Proof. For x € A;j, y € Ain, 1 < i < p, dist(Ain, Airz) £ d(Tx,Ty) < d(x,y) implies
diSt(Ai+1,Ai+2) < diSt(Ai, Ai+1). That iS, diSt(Al,Az) < diSt(Ap, A1) <A <L diSt(Al,Az). O

Remark 3.4. If ¢ € A; is a best proximity point, then since d(T?¢, TP~1¢) < d(TP~1¢, TP72¢) <
- < d(¢,T¢) and since the distances between the adjacent sets are equal, T/¢ is a best
proximity point of T in A;;j for j=0to p - 1.

Definition 3.5. Let Ay, ..., A, be nonempty subsets of a metric space X. Let T : ]| A; —

U, A; be a p-cyclic mapping. T is called a p-cyclic Meir-Keeler contraction if for every € > 0,
there exists 6 > 0 such that

d(x,y) < dist (A, Ais1) + €+ 6 = d(Tx, Ty) < dist (A;, Ais1) +€ (3.3)

forall x € Aj, y € Ajq, for1 <i<p.

Remark 3.6. From Lemma 2.2, we see that T is a p-cyclic Meir-Keeler contraction if and only
if there exists an L-function ¢ (nondecreasing and continuous) such that for all x € A;,
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y € Ai+1r 1<i< P, d(xly) - diSt(Ai/ Ai+1) >0= d(Tery) - diSt(Ai/AHl) < d)(d(x/y) -
dist(A;, Ain1)), d(x,y) — dist(A;, Aiy1) = 0= d(Tx, Ty) — dist(A;, Ais1) = 0.

Remark 3.7. From Remark 3.6, if T is a p-cyclic Meir-Keeler contraction, then for x € A;, y €
Ai, 1 <i < p, the following hold:

(1) d(Tx, Ty) - dist(A;, Ain1) < ¢(d(x,y) — dist(A;, Airr)),

(2) d(Tx,Ty) < d(x,y).

Hence, every p-cyclic Meir-Keeler contraction is a p-cyclic nonexpansive map.

Lemma 3.8. Let X, Ay,..., Ay, T be as in Definition 3.5, where each A; is closed. Then, for every
x,y €A for1<i<p,

(1) d(TP"x, TP"*1y) — dist(A;, Aip1) as n — oo,

(2) (TP x, TPr+1y) — dist(A;, Aisr) as 1 — .

Proof. To prove (1), Lemma 2.3 is used. Let s, = d(T""x, T”"*ly) —dist(A;, Ajy1). If s, = 0 for
some n, then d(TP"*F) x, TP+R+1y)y < d(TPrx, TP™1y) for all k € N. Since d(TP"x, TP™*y) =
dist(A;, Ajs1), we find that d(TPO+R) x, TP+k)+1y) = dist(A;, Ais1) and this proves (1). Hence,
assume s, > 0 for all n. By Remark 3.7, s,,.1 < s, and by Remark 3.6, there exists an L-function
¢ such that

d(TP D, TP D) — dist (Ay, Aisr) < @(d(TPT Do, TP ) — dist (A, Aisr))
< d(TP D=2, TPy — dist (A;, i)
<... (3.4)
<d(TP™'x, TP™*?y) — dist (A;, Ai1)
< ¢(d(TP"x, TP 'y) — dist (A;, Air1))-

Hence, 5,41 < ¢(sy,). Therefore, s, — 0 as n — oo.
Similarly, (2) can easily be proved. O

Remark 3.9. From Lemma 3.8, if X is a uniformly convex Banach space and if each A; is
convex, then for x € A;, ||TP"x - TP x| — dist(A;, Aiz1) as n — oo, || TP x — TPl x| —
dist(A;, Ais1), as n — oo. Then, by Lemma 2.5, |TPx - TPV x| — 0, as n — oo. Similarly,
|TP+lx — TPUED x| — 0, as n — oo.

Theorem 3.10. Let X, Ay, ..., Ay, T be as in Definition 3.5. If for some i and for some x € A;, the
sequence {TP"x} in A; contains a convergent subsequence {TP"ix} converging to ¢ € A, then ¢ is a
best proximity point in A;.
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Proof.

dist (A, Ajn) < d(¢,TE)
= lim d(T""x, T¢)
] — 00

< lim d(TP" 'x, &)

Jme (3.5)
= lim d(TP"'x, TP x)

]

= dist (Ai—lr Al)
= dist (Ai, Ai+1).

Therefore, d(¢, T¢) = dist(A;, Ai1)- O

Let X be a metric space. Let Ay, ..., A, be nonempty subsets of X, and let T be a p-
cyclic map which satisfies the following condition. For given e > 0, there exists a 6 > 0 such
that

€<d(x,y) <e+ 06 implies d(Tx, Ty) <e€ (3.6)

forallx € A;, y € Aiy1, 1<i<p.

It follows from Lemma 2.2 that a p-cyclic map T satisfies the condition (3.6), if and
only if there exists an L-function ¢ (nondecreasing and continuous) such that for all x € A;,
y € Ajmand foralli, 1 <i <p, dlx,y) >0 = dTx,Ty) < ¢d(x,vy)), d(x,y) =0 =
d(Tx,Ty) =0, and T satisfies the p-cyclic nonexpansive property.

We use the following result due to Meir and Keeler [1] in the proof of Theorem 3.12.

Theorem 3.11. Let X be a complete metric space, and let T : X — X be such that for given € > 0,
there exists a 6 > 0 such that for all x,y € X,

e <d(x,y) < e+ 06 implies d(Tx,Ty) <e. (3.7)

Then, T has a unique fixed point ¢ € X. Moreover, for any x € X, the sequence {T"x} converges to ¢&.

Theorem 3.12. Let X be a complete metric space. Let Ay, ..., A, be nonempty closed subsets of X.
Let T : U Ai — U A be a p-cyclic map satisfying (3.6). Then, (\_, A; is nonempty and for any
x € A;, 1 <i < p, the sequence {TP"x} converges to a unique fixed point in (Y, A;.

Proof. Let x € A;. Lets, = d(T"x, T"x). If s, = 0, for some n, then by the p-cyclic
nonexpansive property of T, lim,s,, = 0. Therefore, assume s, > 0 for all n. We note that the
sequence {s,} is nonincreasing, and there exists an L-function ¢ such that s,.1 < ¢(s,), 5, > 0
and by Lemma 2.3, lim,s,, = 0. Now,

d(T”"x, Tp(n+1)+1x) < {d(T”"x, Tpn+1x) + d(Tp"”x, Tpn+2x) Foeeet d(T”"*”x, T(pn+1)+1x) }
=Spn+ Spus1 -+ Sppp — 0 asn— co.
(3.8)



6 Fixed Point Theory and Applications
Also, consider

d(Tpn+1x, Tp(n+1)x) < {d(Tpn+lx, Tpn+2x) + d(Tpn+2x’ Tpn+3x) Foeee gt d(Tpn+p—lxl Tpn+px) }

= Spn+1 + Spns2 + 0+ Spuap-1 — 0 as n — co.
(3.9)

Fix € > 0. By the definition of L-function, there exists 6 € (0, €) such that ¢(e + &) < e.
Choose an ng € N satisfying

d(TPm D+l TPrx) < g, Vn > ny, (3.10)
d(Tr pn+l1 g
(TP"x, TP 'x) < 3 vn > ny, (3.11)
(n+1) n+1 6
d(TP" Vx, TP x) < 3 Yn > ny. (3.12)
Let us show that
A(TP"x, TP"*'x) <e+6 <2, VYm>n2>ny. (3.13)

Let us do this by the method of induction. From (3.12), it is clear that (3.13) holds for m = n+1.
Fix n > ng. Assume that (3.7) is true for m > n. Now,

d(T”’("’”)x, Tpn+1x) < d (Tp(m+1)x’ Tp(n+1)+1x) + d(Tp(n+1)+1x’ Tpnx) + d(T””x, Tpn+1x)
<p(d(TP"x, TP"*'x)) + (g) + <§) by (3.11) and (3.12)
2
<¢P(e+06)+ <§>6
2
< =
<e+ <3>6

<e+d6

(3.14)

< 2e.

By induction, (3.13) holds for all m > n > ny. Now, for all m > n > ny,
d(TP"x, TP"x) < d(TP"x, TP"'x) + d(TP"'x, TP"x)

< <§> +e+6 (3.15)

< 3e.
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Therefore, {TP"x} is a Cauchy sequence and converges to a point z € (J}_, A;. Consider

d(z,Tz) =limd(T""x,Tz)

<limd (T”"‘lx, z)

(3.16)
=limd (TP 'x, TP"x)

=limsy,.1 — 0, asn-— oo.
n

Therefore, z = Tz. Since T/z = z for all j,1 <j <p,and since T(A;) C Ai1, z € A forall 4,
1 <i < p. Therefore, z € ﬂleA,- is a fixed point. Let A = ﬂf:IAi. Restricting T : A — A, we see
that T is a Meir-Keeler contraction on the complete metric space A. Hence, by Theorem 3.11,
z is the unique fixed point in A. O

Now, we prove our main result.

Theorem 3.13. Let Ay,..., A, be nonempty, closed, and convex subsets of a uniformly convex
Banach space. Let T : U A; — U, A; be a p-cyclic Meir-Keeler contraction. Then, for each i,
1 <i < p, there exists a unique z; € A; such that for any x € A;, the sequence {TP"x} converges to
z; € A;, which is a best proximity point in A;. Moreover, z; is a periodic point of period p, and Tl z; is
a best proximity point in Ay forj=1,2,...,p-1

Proof. If dist(A;, Air1) = 0 for some i, then dist(A;, Air1) = 0 for all 7, and hence, ﬂf;lA,- is
nonempty. In this case, T has a unique fixed point in the intersection. Therefore, assume
dist(A;, Ais1) > 0 for all i. Let x € A;. There exists an L-function ¢ as given in Remark 3.6. Fix
€ > 0. Choose 6 € (0, ¢) satisfying ¢(e + &) < e. By Remark 3.9, lim,, || TP"**!x — TP+D+1x|| = 0.
Hence, there exists ng € N such that

| TP — TP D x| < 6. (3.17)

Let us prove that

|77 x — TP™x|| - dist (A;, Ain1) <€+ 6 <2€, VYm >n > ny. (3.18)

Fix n > ng. It is clear that (3.18) is true for m = n. Assume that (3.18) is true for m > n. Now,

[T — TP D x|| - dist (A;, Aia) < { || TP o = TPODH x| 4 || TP D — PO D ||
— dist (A, Air1) )
<&+ (|| x — TP x|| - dist (Ai, Air1))
<6+ ¢(e+0)

<6+e<2e.
(3.19)
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Hence, (3.18) holds for m + 1. Therefore, by induction, (3.18) is true for all m > n > ny.
Note that lim, || TP"x — TP**1x|| = dist(A;, Ai+1). Now, by Lemma 2.4, for every € > 0, there
exists n; € N such that for every m > n > n;, ||[TP"x — TP"x|| < €. Hence, {TP"x} is a Cauchy
sequence and converges to z € A;. By Theorem 3.10, z is a best proximity point in A;. That
is, ||z — Tz|| = dist(Aji, Ais1). Let y € A; such that y # x and such that {T""y} — z;. Then, by
Theorem 3.10, z; is a best proximity point. That is, ||z1 — Tz1|| = dist(A;, Ais1). Let us show
that z; = z. To do this,

||z - T’””z” = lim || T""x - T"’*lz”
n
; (n-1) . _
< hgn |TP"Vx - Tz|| (3.20)
=|z-Tz||
= dist (Ai, Ai+1).

Since A;1 is a convex set and X is a uniformly convex Banach space, Tz = TP*!z. Similarly,
we can prove that Tz; = TP1z,. Now,

|17z - Tz|| = || TPz - TP*'z|| < ||z - Tz|| = dist (A;, Ai1). (3.21)

Since A; is convex, TPz = z. Now, ||z — Tzi|| = ||TPz — TP*'z1||. If ||z — Tz1|| < dist(A;, Ai1),
then there is nothing to prove. Therefore, let ||z — Tz || — dist(A;, Air1) > 0. This implies that

[Tz - T?z || - dist (A;, Ais1) < §(||z - Tz1]| - dist (A;, Ai1))
< ”Z -Tz II — dist (Al', A,’+1>

3.22
= ||TPz - TP z4|| - dist (A;, Ain1) (3.22)
< ||Tz = Tz || - dist (A;, Ai).
Thus, ||Tz - T?z1|| < ||Tz - T?z1|| a contradiction. Hence, ||z — Tz;|| = dist(A;, Ai+1). Since
||zt = Tz1]| = dist(A;, Aiy1) and A; is convex, z1 = z. O
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