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This paper concerns common fixed points for a finite family of hemicontractions or a finite
family of strict pseudocontractions on uniformly convex Banach spaces. By introducing a new
iteration process with error term, we obtain sufficient and necessary conditions, as well as sufficient
conditions, for the existence of a fixed point. As one will see, we derive these strong convergence
theorems in uniformly convex Banach spaces and without any requirement of the compactness on
the domain of the mapping. The results given in this paper extend some previous theorems.
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1. Introduction

Let X be a real Banach space and K a nonempty closed subset of X. A mapping T : K—K is
said to be pseudocontractive (see, e.g., [1]) if

ITx = Tyl < [lx = yI* + I(I - T)x = (I - Tyl (L.1)

holds for all x, y € K. T is said to be strictly pseudocontractive if, for all x, y € K, there exists a
constant k € [0,1) such that

ITx - Ty|* < |lx - yl* + k|| - T)x — (I - T)y|*. (1.2)

Denote by Fix(T) = {x € K : Tx = x} the set of fixed points of T. A map T : K—K is called
hemicontractive if Fix(T) # @ and for all x € K, x* € Fix(T), the following inequality holds:

1T = x| < [lx = x*||? + [lac = Txe] . (1.3)
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It is easy to see that the class of pseudocontractive mappings with fixed points is a subset of
the class of hemicontractions.

There are many papers in the literature dealing with the approximation of fixed points
for several classes of nonlinear mappings (see, e.g., [1-11], and the reference therein). In these
works, there are two iterative methods to be used to find a point in Fix(T). One is explicit and
one is implicit.

The explicit one is the following well-known Mann iteration.

Let K be a nonempty closed convex subset of X. For any xo € K, the sequence {x,} is
defined by

Xpe1 = (1 - an)xn + ayTx,, VYn>0, (1.4)

where {a,} is a real sequence in [0, 1] satisfying some assumptions.

It has been applied to many classes of nonlinear mappings to find a fixed point. However,
for hemicontractive mappings and strictly pseudocontractive mappings, the iteration process
of convergence is in general not strong (see a counterexample given by Chidume and
Mutangadura [3]). Most recently, Marino and Xu [6] proved that the Mann iterative sequence
{x,} converges weakly to a fixed point for strictly pseudocontractive mappings in a Hilbert
space, while the real sequence {a,} satisfying (i) k < a, < 1 and (ii) X; (@, —k)(1 - a,) = +co.

In order to get strong convergence for fixed points of hemicontractive mappings and
strictly pseudocontractive mappings, the following Mann-type implicit iteration scheme is
introduced.

Let K be a nonempty closed convex subset of X with K + K C K. For any xo € K, the sequence
{x,} is generated by

Xp = pXna + (1 —an)Tx,, VYn>1, (I)

where {a,} is a real sequence in [0, 1] satisfying suitable conditions.

Recently, in the setting of a Hilbert space, Rafiq [12] proved that the Mann-type implicit
iterative sequence {x,} converges strongly to a fixed point for hemicontractive mappings,
under the assumption that the domain K of T is a compact convex subset of a Hilbert space,
and {a,} C [6,1 - 6] for some & € (0,1).

In this paper, we will study the strong convergence of the generalized Mann-type
iteration scheme (see Definition 2.1) for hemicontractive and, respectively, pseudocontractive
mappings. As we will see, our theorems extend the corresponding results in [12] in four
aspects. (1) The space setting is a more general one: uniformly convex Banach space, which
could not be a Hilbert space. (2) The requirement of the compactness on the domain of the
mapping is dropped. (3) A single mapping is replaced by a family of mappings. (4) The
Mann-type implicit iteration is replaced by the generalized Mann iteration. Moreover, we give
answers to a question asked in [13].

2. Preliminaries and lemmas

Definition 2.1 (generalized Mann iteration). Let N > 1 be a fixed integer, A := {1,2,..., N}, and
K a nonempty closed convex subset of X satisfying the condition K + K C K. Let {T; : i € A} :
K—K be a family of mappings. For each xy € K, the sequence {x,} is defined by

Xn = AnXn-1 + by T Xn + Cpty,, Yn2>1, (1)
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where Tjy) = Tymod N, {an}, {bn}, and {c,} are three sequences in [0, 1] with a, + b, +¢c, = 1 and
{u,} € Kisbounded.

The modulus of convexity of X is the function 6x : [0,2]—[0, 1] defined by

. 1
bx(e) =int {1- |Jecew)| s Il = Il =1, b=yl z e}, v<e<2 @)

X is called uniformly convex if and only if, for all 0 < ¢ < 2 such that 6x(e) > 0. X is called
p-uniformly convex if there exists a constant a > 0, such that 6x(¢) > ae”. It is well known (see
[10]) that

I, 1P, W is 2-uniformly convex, if1<p<2,
p-uniformly convex, if p>2.

Let X be a Banach space, Y C X, and x € X. Then, we denote d(x,Y) := inf ey|[x - y||.

Definition 2.2 (see [4]). Let f : [0, +o0)—[0, +00) be a nondecreasing function with f(0) = 0 and
f(r)>0,forallr € (0,+o0).

(i) A mapping T : K—K with Fix(T) # @ is said to satisfy condition (A) on K if there is a
function f such that forall x € K, ||x - Tx|| > f(d(x, Fix(T))).

(ii) A finite family of mappings {T; : i € A} : K=K with F := ﬂﬁlFix(Ti) # & are said
to satisfy condition (B) if there exists a function f, such that maxi<j<n{|lx — Tix||} >
f(d(x, F)) holds for all x € K.

Lemma 2.3 (see [8]). Let X be a real uniformly convex Banach space with the modulus of convexity of
power type p > 2. Then, for all x,y in X and A € (0,1), there exists a constant d,, > 0 such that

[[Ax + (1 = Dy |” < Mix|P + (1 = DIyl - w,(Vdyllx - 7, (2.2)
where wy (1) = AP(1 = 1) + A(1 - 1)
Remark 2.4. If p = 2 in the previous lemma, then we denote d; := d.

Lemma 2.5. Let X be a real Banach space and ] : X—2X" the normalized duality mapping. Then for
any x, y in X and j(x +y) € J(x +y), such that

I+ yI? < lIx[* +2(y, j(x + y))- (2.3)
Lemma 2.6 (see [7]). Let {a,}, {Pn}, and {y,} be three nonnegative real sequences, satisfying
Aps1 < (1 + ﬁn)an +Yn, Yn21, (24)

with Y01 Pn < +oo and X771 yn < +oo. Then, lim,_,o,a, exists. In addition, if {a,} has a subsequence
converging to zero, then lim,_,oat, = 0.

Proposition 2.7. If T is a strict pseudocontraction, then T satisfies the Lipschitz condition

-

ITx - Tyl <
1-vk

lx-yl, VYx,yeK (2.5)
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Proof. By the definition of the strict pseudocontraction, we have

ITx = Tyl < lx = yIP> + k|| (L - T)x = (I - T)y|* < (Ilx - yll + VK| (I - T)x - I - T)y||)*.
(2.6)

A simple computation shows the conclusion. O

3. Main results

Lemma 3.1. Let X be a uniformly convex Banach space with the convex modulus of power typep > 2, K
a nonempty closed convex subset of X satisfying K+ K C K, and {T; : i € A} : K—K hemicontractive
mappings with Y, Fix(T;) # @. Let {a,}, {bu}, {cn), {un}, and {x,} be the sequences in (II) and

[e'e]
i) ch < +oo,
n=1

e<b,<1-¢, forsomeee€(0,1), ifd>1, (3.1)
Vn>1,

(ii) d '
b,(1-b,)>¢e, b,>1-d+¢, 56(0,5), ifd<1,

where d is the constant in Remark 2.4. Then,

(1) limy, o, || — ql| exists for all g € F := NN, Fix(T;),
(2) lim,,_od(x,, F) exists,
(3) if T; (i € A) is continuous, then limy,_.o||x, — Tix,|| = 0, forall i € A.

Proof. (1) Let q € F = ﬂf\zleix(Ti). By the boundedness assumption on {u,}, there exists a
constant M > 0, for any n > 1, such that ||u, — g|| < M. From the definition of hemicontractive
mappings, we have

1Tt = qll* < v = qll* + [l - Toxall?, Vi€ A. (32
Using Lemmas 2.3, 2.5, and (3.2), we obtain
12 = all” = [|(1 = ) (xn1 = q) + bu(Tiyn = q) + (1t = 200 ||
< ” (1 - b”) (x”—l - q) + bn<T["]xn - q) ”2 + 2Cn<un - xn—lrj(xn - q>>

< (1= b [0t =l + bl T = qlF = b1 = bi) 5~ T
+ 26, (s = qll + 101 = gl 10~ 4l (33

2

< (1=bu)[l2n1 = 4ll” + Ballx = 1" + bl 0w = Ty x|
— b, (1= b,)d|| %1 = Tixa || + 2 M

+26uM||xn = q|1" + a2t = qll” + ull 2w - gl
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Hence,

(an = 26aM) |30 = qlI" < (@n +2¢0) w1 = gl + balln = Tl

5 (3.4)
— b (1= by)d||xn-1 — T ||” + 2caM.
It follows from (II) and Lemma 2.5 that
1260 = Ti2u[l” = 1 (@ + €) (1 = Ty ) + (st = x01) ||°
< (1 - bn>2”xn—l - T[n]xn||2 + 2Cn<un - xn—llj(xn - T[n]xn)> (35)
< (1=bn) || %1 = Tpgea||* + 260 M2 + 2¢, || X1 = q||7 + |20 = T[>
By the condition Y, ¢, < +0o, we may assume that
<1+2c, VYVn>1. (3.6)

]._Cn

Therefore,

1-b,)*
126 = T || < % [t = Tppac || + 2M%en (1 + 2¢) + 200 (1 + 260) || 201 — 4|
(3.7)

Substituting (3.7) into (3.4), we get

|11 = Ty 2 ||

RV
(an = 2¢aM) [0 - q”2 < [an +2¢4 +2bpcu (1 +2¢5)] || 2001 — q”2 + L Cbn)

1-
— by (1= b,)d||Xn1 = Tingxn|| + 262 M +2¢,b, (1 +2¢,) M?

= [a, +2¢, + 2b,ucn (1 +2¢)] |20t — g = bu (1 = b, d—l_b"
q 1-c,

X || xn-1 - T[n]xn”2 +2¢,M + 2¢,b, (1 + 2Cn)M2.
(3.8)
Assumptions (i) and (ii) imply that there exists a positive integer N; such that for every n >
Nl/

1-b
an—2c,M >1n>0, d_l—cn

>¢>0. (3.9)

Hence, for all n > Nj,

) 2[M+1+b,(1+2c,)]cn 9

I =l < {1+ =228 i g
bu(1 - by)

B a, — 2c, M

2M [bn(l +2c,) M + 1] ¢cn  (3.10)
a, —2c,M

1-b,
|- T2 v = T +

= (1 + ./\n) ||xn_1 _ q”2 — O'n”xn—l - T[n]xnllz + 671/



6 Fixed Point Theory and Applications

where
Ay =2[M+1+b,(1+2¢c,)]canr ™,
b,(1-b, — b,
_ bu( )d_1 b

3.11
o e = 2e,M 1—cn]' (3-11)
6n = 2M [by (1 +2c,) M + 1] cany .

From (3.9) and conditions (i) and (ii), it follows that
DAy < +oo, D 6 < +o0, o, >0 > 0. (3.12)
n=1 n=1

By Lemma 2.6, we see that lim,,_..[|x, — g|| exists and the sequence {||x, — gl|} is bounded.
(2) It is easy to verify that lim,_...d(x,, F) exists.
(3) By the boundedness of {||x, —g||}, there exists a constant M; > 0 such that ||x, —g|| <
M, for all n > 1. From (3.10), we get, for n > Ny,
0l|%n-1 = Tpaal|* < [0t = qll” = 1% = ql|” + 1aM:1 + 65, (3.13)

which implies
0 3 s ~ToalP < 3 (s =l = 5 -alP) + 3 (uMi+6,) <+o0. (314)
n=N1 n=N, n=N
Thus,

St = Tpgxu]|” < +o0. (3.15)
n=1

It implies that

lim ||xn_1 - T[n]xn” =0. (3.16)
Therefore, by (3.7), we have
lim ||2¢, = Ty || = 0. (3.17)
n—oo

Using (II), we obtain

b
en = 2t [| € 22 [t = Tpugl| + 22 [t = 01| — 0, 11— o0,
an On (3.18)

||xn+l~ - xn” —0, n—oo0,i€A.
By a combination with the continuity of T; (i € A), we get

”xn - T[n+i]xn|| < ”xn - xn+i|| + ”xn+i - T[n+i]xn+i” + ||T[n+i]xn+i - T[n+i]xn|| —0 (n— o).
(3.19)
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It is clear that for each | € A, there exists i € A such that ] = (n + i)mod N. Consequently,
lim || 2, — Ty || = Lim || 20 — Ty || = 0. (3.20)
n—oo n—oo

This completes the proof. O

Theorem 3.2. Let the assumptions of Lemma 3.1 hold, and let T; (i € A) be continuous. Then, {x,}
converges strongly to a common fixed point of {T; : i € A} if and only if liminf,_..d(x,, F) = 0.

Proof. The necessity is obvious.

Now, we prove the sufficiency. Since lim inf,,_...d(x,, F) = 0, it follows from Lemma 3.1
that lim,, .. d(x,, F) = 0.

For any g € F, we have

l|%n = 2| < [|xn = ql| + [ — ql|- (3.21)
Hence, we get

o = 5l < inf 1 =l + [ = gl } = i, F) + A, F) — 0, 0, m — o0
(3.22)
So, {x,} is a Cauchy sequence in K. By the closedness of K, we get that the sequence {x,}

converges strongly to x* € K. Let a sequence {g,} € Fix(T;), for some i € A, be such that {g,}
converges strongly to q. By the continuity of T; (i € A), we obtain

la-Tqll < |g = anll + |92 = Tiql| = ||g = Gul| + | Tiqn - Tiq]| — 0, n— oo. (3.23)

Therefore, g € F(T;). This implies that F(T;) is closed. Therefore, F := ﬂglFix(Ti) is closed. By
lim, ., d(x,, F) = 0, we get x* € F. This completes the proof. O

Theorem 3.3. Let the assumptions of Lemma 3.1 hold. Let T; (i € A) be continuous and {T; : i € A}
satisfy condition (B). Then, {x,} converges strongly to a common fixed point of {T; : i € A}.

Proof. Since {T; : i € A} satisfies condition (B), and lim,_o||xy — Tixy|| = O for each i € A, it
follows from the existence of lim,_..,d(x,, F) that lim, .. d(x,, F) = 0. Applying the similar
arguments as in the proof of Theorem 3.2, we conclude that {x,} converges strongly to a
common fixed point of {T; : i € A}. This completes the proof. O

As a direct consequence of Theorem 3.3, we get the following result.

Corollary 3.4 (see [12, Theorem 3]). Let H be a real Hilbert space, K a nonempty closed convex
subset of H satisfying K+ K C K, and T : K—K continuous hemicontractive mapping which satisfies
condition (A). Let {a,} be a real sequence in (0,1) with >, (1 - a,)* = +oo. For any xo € K, the
sequence {x,} is defined by

Xp = ApXp1 + (1-a,)Tx,, n>1. (3.24)

Then, {x,} converges strongly to a fixed point of T.
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Proof. Employing the similar proof method of Lemma 3.1, we obtain by (3.10)

120 = all < %1 = qll* = (1= @) [l = T | (3.25)
This implies
Z(l - an)2||xn_1 - Txn||2 < |xo - q||2 < +o0. (3.26)
n=1
By > (1- ay)’ = +oo, we have liminf, .o||xp_1 — Tx,|| = O. Equation (3.7) implies that
liminf,_||x, — Txy|| = 0. Since T satisfies condition (A) and the limit lim,,_.d(x,, F) exists,
we get lim,,_,.d(x,, F) = 0. The rest of the proof follows now directly from Theorem 3.2. This
completes the proof. O

Remark 3.5. Theorems 3.2 and 3.3 extend [12, Theorem 3] essentially since the following hold.

(i) Hilbert spaces are extended to uniformly convex Banach spaces.
(ii) The requirement of compactness on domain D(T) on [12, Theorem 3] is dropped.
(iii) A single mapping is replaced by a family of mappings.

(iv) The Mann-type implicit iteration is replaced by the generalized Mann iteration. So
the restrictions of {a,} with {a,} C [6,1 — 6] for some 6 € (0,1) are relaxed to
S (1- a,)? = +co. The error term is also considered in the iteration (II).

Moreover, if K + K C K, then {x,} is well defined by (II). Hence, Theorems 3.2 and 3.3 are also
answers to the question proposed by Qing [13].

Theorem 3.6. Let X and K be as the assumptions of Lemma 3.1. Let {T; : i € A} : K=K be strictly
pseudocontractive mappings with ﬂglFix(Ti) being nonempty. Let {a,}, {b,}, {cn}, {un}, and {x,}
be the sequences in (II) and

(i)ch<+oo,
n=1
e<b,<1-¢, forsomeeec(0,1), ifd>k,
(ii) /
b,—b2>¢, bn>1—%+s, forsomee € ( 0, 1—%+%—1 , ifk#0,d <k,

(3.27)

where d is the constant in Remark 2.4. Then,
(1) {xn} converges strongly to a common fixed point of {T; : i € A} if and only if
liminf, .,d(x,, F) = 0.

(2) If{T; : i € A} satisfies condition ((B)) , then {x,} converges strongly to a common fixed point
of {T; :i € A}.
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Remark 3.7. Theorem 3.6 extends the corresponding result [6, Theorem 3.1].
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