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1. Introduction

The study of fixed points of functions satisfying certain contractive conditions has been at
the center of vigorous research activity, for example see [1-5] and it has a wide range of
applications in different areas such as nonlinear and adaptive control systems, parameterize
estimation problems, fractal image decoding, computing magnetostatic fields in a nonlinear
medium, and convergence of recurrent networks, see [6-10]. Recently, Huang and Zhang
generalized the concept of a metric space, replacing the set of real numbers by an ordered
Banach space and obtained some fixed point theorems for mapping satisfying different
contractive conditions [11]. The study of fixed point theorems in such spaces is followed
by some other mathematicians, see [12-15]. The aim of this paper is to generalize some
definitions such as c-nonexpansive and (¢, A)-uniformly locally contractive functions in these
spaces and by using these definitions, certain fixed point theorems will be proved.

Let E be a real Banach space. A subset P of E is called a cone if and only if the following
hold:

(i) P is closed, nonempty, and P # {0},
(ii) a,b € R, a,b > 0,and x,y € P imply that ax + by € P,
(iii) x € P and —x € P imply that x = 0.
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Given a cone P C E, we define a partial ordering < with respect to P by x < y if and
only if y — x € P. We will write x < y to indicate that x < y but x #y, while x « y will stand
for y — x € int P, where int P denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that 0 < x < y implies
[lx]| < Kl|yl|, for every x,y € E. The least positive number satisfying above is called the
normal constant of P.

There are non-normal cones.

Example 1.1. Let E = C3([0,1]) with the norm ||f|| = ||fll, + ||f'll., and consider the cone
P={f€eE:f>0}.ForeachK > 1, put f(x) =xand g(x) = x*). Then, 0 < ¢ < f, |If]| =2,
and ||g|| = 2K + 1. Since K]||f|| < ||gll, K is not normal constant of P [16].

In the following, we always suppose E is a real Banach space, P is a cone in E with
int P # @, and < is partial ordering with respect to P.

Let X be a nonempty set. As it has been defined in [11], a functiond : X x X — E'is
called a cone metric on X if it satisfies the following conditions:

(i) d(x,y) 2 0, for every x,y € X, and d(x,y) = 0 if and only if x = y,
(ii) d(x,y) =d(y, x), for every x,y € X,
(iii) d(x,y) < d(x,z) +d(y, z), for every x,y,z € X.

Then (X, d) is called a cone metric space.

Example 1.2. Let E = I', P = {{xu}ys1 € E @ x5 > 0, for all n}, (X, p) a metric space, and
d: X x X — E defined by d(x,y) = {p(x,y)/2"},>1- Then (X, d) is a cone metric space and
the normal constant of P is equal to 1 [16].

The sequence {x,} in X is called to be convergent to x € X if for every c € Ewith0 <« ¢,
there is ny € N such that d(x,, x) < ¢, for every n > ny, and is called a Cauchy sequence if
for every ¢ € E with 0 « ¢, there is ng € N such that d(x,,, x,) < ¢, for every m,n > ng. A
cone metric space (X, d) is said to be a complete cone metric space if every Cauchy sequence
in X is convergent to a point of X. A self-mapT on X is said to be continuous if lim,_.,x, = x
implies that lim, ., T(x,) = T(x), for every sequence {x,} in X. The following lemmas are
useful for us to prove our main results.

Lemma 1.3 (see [11, Lemma 1]). Let (X, d) be a cone metric space, P be a normal cone with normal
constant K. Let {x, } be a sequence in X. Then, {x,} converges to x if and only if lim,_..d(x,, x) = 0.

Lemma 1.4 (see [11, Lemma 3]). Let (X, d) be a cone metric space, {x,} be a sequence in X. If {x,}
is convergent, then it is a Cauchy sequence, too.

Lemma 1.5 (see [11, Lemma 4]). Let (X,d) be a cone metric space, P be a normal cone with
normal constant K. Let {x,} be a sequence in X. Then, {x,} is a Cauchy sequence if and only if
limy,; oo d (X, Xn) = 0.

The following example is a cone metric space, see [11].

Example 1.6. Let E = R?, P = {(x,y) € E | x,y 20}, X=R,and d : X x X — E such that
d(x,y) = (]x — y|, a|x — y|), where a > 0 is a constant. Then (X, d) is a cone metric space.
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2. Certain nonexpansive mappings

Definition 2.1. Let (X, d) be a cone metric space, where P isa cone and f : X — X is a function.
Then f is said to be c-nonexpansive, for 0 « ¢, if

d(f(x), f(y)) <d(x,y), 2.1)

for every x,y € X with d(x, y) < c. If we have

d(f(x), f(y)) <d(x,y), (2.2)
for every x,y € X with x #y and d(x,y) < ¢, then f is called c-contractive.

Definition 2.2. Let (X, d) be a cone metric space, where P is a cone. A point y € Y C X is said
to belong to the f-closure of Y and is denoted by y € Y/, if f(Y) C Y and there are a point
x € Y and an increasing sequence {n;} C N such that lim; .., f" (x) = v.

Definition 2.3. Let (X, d) be a cone metric space, where P is a cone. A sequence {x;} C X is
said to be a c-isometric sequence if

d(xmr xn) = d(xm+kr xn+k)r (23)

for all k,m € N with d(x,,, x,) < c. A point x € X is said to generate a c-isometric sequence
under the function f : X — X, if { f"(x)} is a c-isometric sequence.

Theorem 2.4. Let (X, d) be a cone metric space, where P is a normal cone with normal constant K.
If f : X — X is c-nonexpansive, for some 0 < ¢, and x € X/, then there is an increasing sequence
{m;} C N such that lim;_, ™ (x) = x.

Proof. Since x € X/, there are y € X and a sequence {n;} such that lim;_., f"(y) = x. If
f™(y) = x, for some m € N. Put m; = nj — m(n; > m), is a sequence as desired, then {m;} is
a sequence with desired property. Otherwise, for € > 0, fix 6, 0 < 6 < e. Choose ¢ € E with
0 « c and K||c|| < 6. Then there is i = i(c) such that

d(x, fI(y)) < 30 (2.4)
for every j € NU {0}. So by c-nonexpansivity of f and putting j = 0, we have
d(frm (), 5 y)) < 3 (2.5)
for every k € N. Therefore,
A" (), S5 ) < A () +d(x [ ) < 3, (26)

for every k € N. Hence,

A, 17 () < d(x, ) + AP ), W) + A ), ) < G S =6
(2.7)
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which implies

l|d (x, f 7 (x) || < Kllell < 6. (2.8)
Put m; = n;;1 — n; and suppose that m; < my <--- <m;_; chosen such that
1

ldCx, fm W)l < 5, minld(x, f" @)l (2.9)

fori=2,3,...,j-1. We put m; = n;,1 —n;, where l is chosen so as to satisfy d(x, f”j (y)) < c/4,
with 6 replaced by

1
min{éi,— min ||d(x,f’”(y))||}. (2.10)
2 m=1,...,mi_1
It is easily seen that the sequence {m;} that is defined in the above satisfies the requirements
of the theorem. The proof is complete. O

Theorem 2.5. Let (X, d) be a cone metric space, where P is a normal cone with normal constant K.
If f : X — X is a c-nonexpansive function, then every x € X/ generates a c-isometric sequence.

Proof. By contradiction, suppose that there are k, m, n € N such that d(f™(x), f*(x)) < ¢ and
p =d(f™(x), f1(x)) — d(f™*(x), f™**(x)) #0. By the assumption, p € P and

0<p <d(f™(x), f"(x)) -d(f™(x), f*(x)), (2.11)
forl > k, I € N. It means that
Il < K|A(F™(x), f"(x)) = d(f™ (), f*5 )|, (2.12)
forl > k, I € N. Also by the assumption and Theorem 2.4,
lim £ (f1(x)) = lim f%* (x) = f'(x). (2.13)
j—oo j—oo

Put 6 = ||p|| and choose ¢ € E such that 0 < ¢ and ||c| < (1/K?)6. By Lemma 1.4, there is
i € N such that

A(fm (x), f™(x)) < g A(fm (x), f1(x)) < g (2.14)
for every j > i. However,

d(f™(x), f"(x)) < d(f"(x), f77(x)) +d(f™7 (x), f7(x))

c (2.15)
+d (" (x), fM(x)) < c+d(f™"(x), fT7(x)) + 7
So

d(f™(x), fH(x)) —d(f™™ (x), [ (x)) < c. (2.16)

It means that
|A(f™(x), fr(x)) = d(f™™ (x), " (x))|| < Kllell < %6, (217)
that is a contradiction by (2.12), for n; > max{n; k}. Therefore, p = 0 and the proof is
complete. O

The following corollary implies immediately.

Corollary 2.6. Let (X, d) be a cone metric space, where P is a normal cone with normal constant K.
If f : X — X is a nonexpansive function and x € X/ generates an isometric sequence.
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3. Extended contraction principle

We have the following generalized form of Banach’s contraction for cone metric spaces.

Theorem 3.1 (see [11, Theorem 1]). Let (X, d) be a complete cone metric space, P be a normal cone
with normal constant K. Suppose the mapping T : X — X satisfies the contractive condition

d(T(x),T(y)) < pd(x,y), (3.1)

for every x,y € X, where p € [0,1) is a constant. Then T has a unique fixed point in X, and for any
x € X, the sequence {T"(x)} converges to the fixed point.

It is natural to ask whether the mentioned theorem could be modified if (3.1) holds for
just sufficiently close points. To be more specific, we introduce the following definitions.

Definition 3.2. Let (X, d) be a cone metric space. A function f : X — X is said to be locally
contractive, if for every x € X there is ¢ € X with 0 « cand 0 < A < 1 such that

d(f(p), f(q)) <\d(p,q), (3.2)
for every p,q € {y € X : d(x,y) < c}. A function f : X — X is said to be (¢, A)-uniformly

locally contractive if it is locally contractive and both ¢ and A do not depend on x.

It is easy to find cone metric spaces which admit locally contractive which are not
globally contractive.

Example 3.3. Let E = R?,

X={(x,y)|x=cost,y=sint;0<t<%}QRZ, (3.3)

and P = {(x,y) €e E| x,y > 0},and d : X x X — E such that d(x,y) = (|x — y|, alx - yl),
where a > 0 is a constant. It is easily checked that (X, d) is a cone metric space. Suppose that
f((cos t,sint)) = (cos(t/2),sin(t/2)). It is not hard to see that f is locally contractive but not
globally contractive.

Note that every locally contractive function is c-nonexpansive for some ¢ > 0.

Definition 3.4. A cone metric space (X, d) is called c-chainable, for 0 « ¢, if for every a,b € X,
there is a finite set of points a = xp,x1,...,x, = b, n depends on both a and b, such that
d(xi-1,x;) <c, fori, 1 <i<n.

Example 3.5. 1t is easily seen that the cone metric space that is defined in Example 1.6 is c-
chainable.

Theorem 3.6. Let (X, d) be a complete c-chainable cone metric space, P be a normal cone with normal
constant K. If f : X — X is (c, p)-uniformly locally contractive, then there is a unique point z € X
such that f(z) = z.

Proof. Let x € X be arbitrary. Consider the c-chain x = xq, x1,...,x, = f(x). We have

d(x, f(x)) < id(xi_l,xi) < ne. (3.4)
i1
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We have
d(f (xi1), f (xi)) < pd(xi1,x1) < e, (3.5)
for every 1 < i < n, and by induction
d(f™ (xia), f" (xi)) < BA(f" 7 (xi), [ (x1)) <o < Be, (3.1)
for every m € N. Hence
A0, 570) < S (5, 7 (5) < e (32)

for every m € N. Now, for m,p € N with m < p, we have

ﬁm
1-p

p-1
d(f™(x), fP(x)) < Zd(fi(x),f”l(x)) <nc(p"+---+ ,[5”‘1) < nc (3.3)

It means that

larm o, g7l < mlell {5, 64)
for m,p € N with m < p. Since k € [0,1), then lim,,, .. ||[d(f"(x), fP(x))]| = 0. So
limyy, p e d(f™(x), fP(x)) = 0, and by Lemma 1.5, { f"(x)} is a Cauchy sequence. Since X
is complete, then lim,,—... f" (x) = z, for some z € X. From the continuity of f it follows that
f(z) = z. To complete the proof it is enough to show that z is the unique point with this
property. To do this, suppose that there is z' € X such that f(z') = z’. Letz' = x¢, x1,..., X =z
be a c-chain. By (3.1), we obtain

t
A(F(2), £(2)) = d(f(2), 1)) < S(f (i), £ () < P 65)
i=1
It means that
ld(z,2) | = ld(f(2), f(Z) ]| < Btlell. (3.6)
Since p € [0,1), then ||d(z, 2)|| = 0 and z = 2. This completes the proof. O

Corollary 3.7. Let (X, d) be a complete c-chainable cone metric space, P be a normal cone with normal
constant K. If f is a one to one, (c, \)-uniformly locally expansive function of Y onto X, where Y C X,
then f has a unique fixed point.

Proof. It is an immediate consequence of the fact that for the inverse function all assumptions
of the Theorem 3.6 are satisfied. O

In the following theorem we investigate a kind of functions which are not necessarily
contractions but have a unique fixed point. First, we will prove the following lemma which
will be used later.
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Lemma 3.8. Let (X, d) be a complete cone metric space, P be a normal cone with normal constant K,
f + X — Xbe a continuous function, and p € [0,1) such that for every x € X, there is an n(x) € N
such that

A(f" @), ') < pdlx,y), (37)
for every y € X. Then for every x € X, r(x) = sup, [|d(f"™ (x), x)|| is finite.

Proof. Let x € X and I(x) = max{||d(f/(x),x)||: j =1,2,...,n(x)}.If n € Nand n > n(x), then
there is s € NU {0} such that sn(x) < n < (s + 1)n(x) and we have

d(f"(x),x) <A(F" (179 (), £ (1)) + d (£ (x), %)

< PA(f (x), x) +d(f"P (x), x)
A(f"D (x), x) + BA(fD (x), 1O (x)) + d(f"@ (x), x)) (3.8)
d(f" (x), x) + B(BA(f*2"O (x), x) + d(f"P(x),x))

N

N

S <d(fO00,X) (L4 ).
It means that
l4(f" G0, x) || < K ﬁ—ﬂlld(f”(") (), 0)|| < K%l(x). (39)
Hence r(x) is finite and the proof is complete. O

Theorem 3.9. Let (X, d) be a complete cone metric space, P be a normal cone with normal constant
K, p€[0,1),and f : X — X be a continuous function such that for every x € X, there is an
n(x) € N such that

A(f"D(x), [ (y)) < pd(x,y), (310)
forevery y € X. Then f has a unique fixed point u € X and lim,,_, f" (xo) = u, for every xo € X.

Proof. Let xy € X be arbitrary, and my = n(xp). Define the sequence x; = f™(xg), xjx1 =
f™i(x;), where m; = n(x;). We show that {x,} is a Cauchy sequence. We have

d(xns1, 20) = d(f™ (f™ (xn1), [ (X01))
< ﬂd(fm” (xn_l),xn_l) (3.11)
<< prd(f™ (x0), x0),

for every n € N. So by Lemma 3.8, ||d (xp+1, x,)|| < Kp"r(x0), for every n € N. Now, suppose
that m, n € N with m < n, we have

ﬂ_nﬁr(xo). (3.12)

n-1
[l Gen, 20m) | < KMl (i, 20) || < K
i=m

Since limy—e, (f"/(1 = f)) = 0, then limy, neo|ld(xn, Xm)|| = 0, and by Lemma 1.5, {x,} is a
Cauchy sequence. Completeness of X implies that lim,_...x, = u, for some u € X. Now, we
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show that f(u) = u. By contradiction, suppose that f(u) #u. We claim that there are ¢,d € E
such that 0 « ¢, 0 <« d and B.(u) and B, (f (u))have no intersection, where B.(x) = {y € X :
d(x,y) < e}, for every x € X and 0 < e. If not, then suppose that € > 0, and choose ¢ € E
with 0 « ¢ and K]|¢|| < e. Then clearly, 0 <« ¢/2 and for z € B./»>(u) N B./2(f (1)), we have

d(u, f(u)) <d(u,z)+d(z f(u)) <c. (3.13)

It means that ||d(u, f(u))|| < K||c|| < €. Since € > 0 is arbitrary, then ||d(u, f(u))|| = 0 and so
f(u) = u, a contradiction. Therefore, assume that ¢,d € E with 0 <« ¢, 0 <« d are such that
B.(u) N B4(f(u)) = @. Since f is continuous, then there is 1y € N such that x,, € B.(u) and
f(xy) € Ba(f(u)), for every n € Nand n > ny. Then

d(f (xn), xn) = d(f™ (f (xn-1), f™" (xn1)) < PA(f (Xn1), Xn-1) < -+ < pUd(f (x0), x0),
(3.14)

for every n € N. It means that ||d(f(x,),x,)|| < Kp*||d(f(x0),x0)l|, for every n € N. So
limy, o, d(f (x,), xn) = 0, a contradiction. Thus f(u) = u. The uniqueness of the fixed point
follows immediately from the hypothesis.

Now, suppose that xy € X is arbitrary. To show that lim,_.o, f"(x9) = u, set

ro = max {||d(f™(x0),u)|| : m=0,1,...,n(u) - 1}. (3.15)
If n is sufficiently large, then n = rn(u) + g, for r > 0 and 0 < g < n(u), and we have

d(f" (x0),u) = d(f™"(x0), f* () < pA(fOD" 1 (x0),u)) < oo < Prd(f7(x0), ).

(3.16)

It means that
[[d(f* (x0), 1) || < Kp[|d(f7(x0), w) || < Kp"ro. (3.17)
Therefore, lim,, .. ||d(f"(x0),u)|| = 0 and hence lim, .o, f"(xo) = u. This completes the proof.
O

Definition 3.10. Let X be an ordered space. A function ¢ : X — X is said to be a comparison
function if for every x,y € X, x < y, implies that ¢p(x) < ¢(y), p(x) < x, and
limy,—oo||¢p" (%) || = 0, for every x € X.

Example 3.11. Let E = R?, P = {(x,y) € E | x,y > 0}. It is easy to check that ¢ : E — E,
with ¢(x,y) = (ax, ay), for some a € (0,1) is a comparison function. Also if ¢, ¢, are two
comparison functions over R, then ¢(x,y) = (p1(x),92(y)) is also a comparison function
over E.

Recall that for a cone metric space (X, d), where P is a cone with normal constant K,
since for every x € X, x < x, and therefore ||x|| < K||x||, then K > 1.

Theorem 3.12. Let (X, d) be a complete cone metric space, where P is a normal cone with normal
constant K. Let f : X — X be a function such that there exists a comparison function ¢ : P — P
such that

d(f(x), f(y) <o(d(x,y)), (3.18)
for every x,y € X. Then f has a unique fixed point.
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Proof. Let xo € X be arbitrary. We have
d(f"(x0), " (x0)) < ¢(d(f" (x0), f"(x0)))

<@ (d(f"2(x0), f* (x0))) (3.19)
< <" (d(xo, f(x0),
for every n € N. Since lim,, [l¢" (d(x0, f (x0)))|l = 0, for an arbitrary e > 0, we can choose

n € N such that

d(f™(x0), 7 (x0))]| < M, (3.20)
lld(f"( M X

for every n > ng and ¢ € P with

1
lel < le@I > lo@(F (o), £ o))l (3:21)
For n > ngy, we have

d(f"(x0), f"**(x0)) < A(f"(x0), f*1 (x0)) +d(f* (x0), f**(x0))- (3.22)

So
A0 (eo), 2 o)) < KIAC o) £ () + KIACF™ o) £ o)) |
<k (WO eppagr oy ool 02

< €.
Now, for every n > nj, we have

d(f"(x0), [ (x0)) < d(f"(x0), " (x0)) +d(f"* (x0), f** (x0))- (3.24)

Since K > 1, then we have

1A (f" (o), 42 (o)) | < KIlA(F" (x0), £ (o)) I + KA (" (x0), £ (x0)) |

<k(“EEONY ot o 2@l 629

< e.

By induction, we have ||d(f"(xo), f*™*"(x0))|| < €, for every r € N and n > ng. Hence by
Lemma 1.5, we have { f"(xo)} is a Cauchy sequence in (X, d). So lim,_.o, f"(x¢) = x*, for some
x* € X. Now, we will prove f(x*) = x*. Since lim,,_., f"(xg) = x*, for every ¢ > 0, there exists
n. € N such that for every n > n., we have d(f"(xp), x*) < c. Therefore,

d(x, f(x7) <d(x", £ (x0)) +d(f (£ (%0)), f(x7))
<A, £ (%0)) + p(d(f" (%0), 7)) (3.26)
<d(x*, f*(x0)) +d(f"(x0),x*) < 2¢c,

for every ¢ > 0. So f(x*) = x*. For the uniqueness of the fixed point, suppose that there exists
y* € X such that f(y*) = y*. Hence

d(x?,y") =d(f"(x"), 1 (y")) < ¢"(d(y", x7)). (3.27)

So
"yl < Klle™(d (" *x))]- (3.28)
Since limy, o [|¢" (d(y*, x*))|| = 0, then x* = y* and the proof is complete. O
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4. Applications

Theorem 4.1. Consider the integral equation

b
x(t) = f k(t,s,x(s))ds+g(t), te]la,b]. (i)

Suppose that

(i) k: [a,b] x [a,b] xR" = R"and g : [a,b] — R";
(ii) k(t,s,-) : R" — R" is increasing for every t, s € [a, b];

(iii) there exists a continuous function p : [a,b] x [a,b] — R* and a comparison function
¢ : R? = R? such that

(|k(t, s,u) = k(t,s,0)|, a|k(t,s,u) — k(t,s,0)|) < (p(t,s), ap(t, s))p(d(u,v)), (4.1)
forevery t,s € [a,b], u,v € R";
(iv) SUPserap] fi (p(t,s),ap(t,s))ds = 1.
Then the integral equation (i) has a unique solution x* in C([a, b], R").
Proof. Let X = C([a,b],R"), P = {(x,y) : x,y >0} CR? and define d(f, ) = (|| f —glo, @l f -

8llw), for every f,g € X. Then it is easily seen that (X, d) is a cone metric space. Define
A:C([a,b],R") — C([a,b],R"), by

b
Ax(t) = f k(t s,x(s))ds+g(t), te[a,b]. (4.2)

a

For every x,y € X, we have

,

(|Ax(t) - Ay(t)

X

b b
< (L |k(t,s,x(s)) —k(t,s,y(s)) |ds,L alk(t, s, x(s)) — k(t,s,y(s)) |ds>

Ax(t) - Ay(t)|)

,

fb [k(tr s, x(s)) —k(t, S,y(S))] ds

a

)

fb [k (t,5,%()) — k(t,5,(5)) ] ds

(4.3)

b
<f (p(t,9), ap(t, s))p(|x(s) — y(s)|, a|x(s) — y(s)|)ds

, 0

b
< (1% = Ylloor allx = Yler) f (p(t, ), ap(t, s))ds

= (P(”x - y”oora”x - y”oo)

Hence d(Ax, Ay) < ¢(d(x,vy)), for every x,y € X. The conclusion follows now from
Theorem 3.12. O
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