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1. Introduction and preliminaries

The study of functional equations stability originated from a question of Ulam (1940) concern-
ing the stability of group homomorphisms is as follows.

Let G be a group endowed with a metric d. Given € > 0, does there exist a k > 0 such that for
every function f : G — G satisfying the inequality

d(f(x-y), fx)-f(y) <e, Yx,y€G, (1.1)
there exists an automorphism a of G with
d(f(x), a(x)) <ke, YxeG? (1.2)

In 1941, Hyers [1] gave an affirmative answer to the question of Ulam for Cauchy equa-
tion in Banach spaces.
Let Eq and E; be Banach spaces and let f : Ey — Ej be such a mapping that

|f(x+y) - f(x)- fFW)] <6 (1.3)
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forall x,y € Eyand a 6 > 0, that is, f is 6-additive. Then there exists a unique additive T : E; — E,,
which satisfies

||f(x)-T(x)|]| <6, Vxe€kE. (1.4)
In fact, according to Hyers,

7’1
T(x)= hmf( ), Vx € E;. (1.5)
For this reason, one says that the Cauchy equation is stable in the sense of Ulam-Hyers.
In [2, 3] as well as in [4-7], the stability problem with unbounded Cauchy differences is
considered (see also [8, 9]). Their results include the following two theorems.

Theorem 1.1 (see [1, 2, 4, 7]). Suppose that E is a real-normed space, F is a real Banach space, and
f + E — F is a given function, such that the following condition holds:

If(x+y) - fF(x) = FWlF <Ol +1lylE), Vxy€E, (1p)
for some p € [0,00) \ {1} and 6 > 0. Then there exists a unique additive function a : E — F such that
20

1f(x) - a@)]| < IxIp, Vx€E. (2p)

22|
Also, if for each x € E the function t — f(tx) from R to F is continuous for each fixed x € E, then a is
linear mapping.

It is worth mentioning that the proofs used the idea conceived by Hyers. Namely, the
additive function a : E — F is constructed, starting from the given function f, by the following
formula:

ax) = lim oo f(2"%), ifp<1, (2p1)
a(x) = 1im2"f<2£n>, ifp > 1. (2p>1)

This method is called the direct method or Hyers” method.
We also mention a result concerning the stability properties with unbounded control
conditions invoking products of different powers of norms (see [5, 6, 10]).

Theorem 1.2. Suppose that E is a real-normed space, F is a real Banach space, and f : E — F isa
given function, such that the following condition holds

1fCc+y) =) = fFWlp <Olxlk - IyllE,  VYx,y €E, (1p)
for some fixed © > 0 and p,q € R such that r = p + q # 1. Then there exists a unique additive function
L : E — F such that
6 r
||f(x L(x)”F - |21’ | ”x”E/ Vx € E (zp)

If in addition f : E — F is a mapping such that the transformation t — f(tx) is continuous in t € R,
for each fixed x € E, then L is R-linear mapping.
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Generally, whenever the constant 6 in (1.3) is replaced by a control function (x,y) —
6(x,y) with appropriate properties, as in [3], one uses the generic term generalized Ulam-Hyers
stability or stability in Ulam-Hyers-Bourgin sense.

In the general case, one uses control conditions of the form

|97 (x, )| < 6(x,y) (1.6)

and the stability estimations are of the form

| f(x) = S()|| < e(x), (1.7)

where S is a solution, that is, it verifies the functional equation Ds(x,y) = 0, and for £(x), explicit
formulae are given, which depend on the control 6 as well as on the equation ®¢(x, y).

We refer the reader to the expository papers [11, 12] or to the books [13-15] (see also the
recent articles of Forti [16, 17]), for supplementary details.

On the other hand, in [18-25], a fixed point method was proposed, by showing that many
theorems concerning the stability of Cauchy, Jensen, quadratic, cubic, quartic, and monomial
functional equations are consequences of the fixed point alternative. Subsequently, the method
has been successfully used, for example, in [26-30]. This method introduces a metrical context
and shows that the stability is related to some fixed point of a suitable operator.

The control conditions are responsible for three fundamental facts:

(1) the contraction property of a Schroder-type operator J,

(2) the first two approximations, f and J f, to be at a finite distance,

(3) they force the fixed point of | to be a solution of the initial equation.

Our main purpose here is to study the generalized stability for some functional equa-

tions in a single variable. We prove the generalized Ulam-Hyers stability of the single variable
equation

wofon=f+h. (1.8)

As an application of our result for (1.8), the stability for the following generalized functional
equation of the square root spiral

fp (p(x) +k)) = f(x) + h(x) (1.9)

is obtained.
Thereafter, we present the generalized Ulam-Hyers stability of the nonlinear equation

f(x) =F(x, f(n(x))). (1.10)

The main result is seen to slightly extend the Ulam-Hyers stability previously given in [31,
Theorem 2]. As a direct consequence of this result, the generalized Ulam-Hyers stability of the
linear equation f(x) = g(x) - f(n(x)) + h(x) is highlighted. Notice that in all these equations, f
is the unknown function and the other ones are given mappings.

Our principal tool is the following fixed point alternative.
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Proposition 1.3 (cf. [32] or [33]). Suppose that a complete generalized metric space (X, d) (i.e., one
for which d may assume infinite values) and a strictly contractive mapping A : X — X with the
Lipschitz constant L < 1 are given. Then, for a given element x € X, exactly one of the following
assertions is true:

(A1) d(A™x, A™x) = +co, forall n > 0;

(Ay) there exists k such that d(A"x, A™*'x) < +co, forall n > k.

Actually, if (Ay) holds, then

(A21) the sequence (A"x) is convergent to a fixed point y* of A;

(Ax) y* is the unique fixed point of Ain Y = {y € X, d(A*x,y) < +o0};

(A2) d(y,y*) < (1/(1-L))d(y, Ay), forally € Y.

2. A general fixed point method

Firstly we prove, by the fixed point alternative, a stability result for the single variable equation
wo gon=g+h, where

(i) wis a Lipschitz self-mapping (with constant ¢,,) of the Banach space Y;
(ii) 7 is a self-mapping of the nonempty set G;
(iii) h: G — Y is a given function;

(iv) the unknown is a mapping g : G — Y, that leads to the following.

Theorem 2.1. Suppose that f : G — Y satisfies
[(wo fon)(x)~f(x)-hx)|ly <px), VxeG, (Cy)
with some given mapping ¢ : G — [0, 00). If there exists L < 1 such that
- (pon)(x)<Ly(x), VxeG, (Hy)

then there exists a unique mapping c : G — Y which satisfies both the equation

(wocomn)(x)=c(x)+h(x), VxeG, (Ew,n)
and the estimation
I|f (x) = c(x)]||y < %, Vx € G. (Esty)

Proof. Let us consider the set & := {g : G — Y} and introduce a complete generalized metric on &
(as usual, inf & = o0):

d(g1,gz) = d(p<g1,g2) = inf {K eR,,

gl(x) - gZ(x)”y < K(lf(X), Vx € G} (GM({I)

Now, define the (nonlinear) mapping

J: &€ —¢, Jg(x) := (wo gomn)(x)—h(x). (OP)
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Step 1. Using the hypothesis (Hy,) it follows that | is strictly contractive on &. Indeed, for any
31, € & we have

d(g1,9) <K= |g1(x) - 2|, < Kg(x), VxeG,
17g1(x) = T2l = [[((wo g0 ) (x) ~h(x)) = (wo gon)(x) ~h(x)[l, (1)
<y - || g1(n(x)) = g2(n(x)) |-

Therefore
1781(x) = Jg2(X)ly < lw- K- ¢(n(x)) <K-L-g(x), Vx€G, (22)
so that d(J g1, J§») < LK, which implies
d(Jg1,Jg) <Ld(g1, &), Vg, €L (CCr)

This says that | is a strictly contractive self-mapping of &, with the constant L < 1.
Step 2. d(f, ] f) < oo. In fact, using the relation (C,) it results that d(f, Jf) < 1.
Step 3. We can apply the fixed point alternative and we obtain the existence of a mapping
¢ : G — Y such that the following hold.
(i) c is a fixed point of J, that is,

(wocomn)(x)=c(x)+h(x), VxeG. (Ew,)
The mapping c is the unique fixed point of | in the set
F=(geé d(f g) <ol (2.3)
This says that c is the unique mapping verifying both (E ;) and (2.4), where
3K <o such that||c(x) - f(x)]y < Kg(x), VxeG. (2.4)

(ii) d(J" f,c) — 0, which implies

c(x) = ii_r)?o]"f(x), Vx € G, (2.5)
where
(J"f) ) = (wo ] f on)(x) ~ h(x)
(2.6)
=w(w(J"2fon)(x) - (hon)(x)) —h(x), VYx€G,
whence
J'f = w(w(@(w(- (w(wo fon"—hon"") —hon™?) =---) ~hon’) —hon’) —hOH)(;;l)-
(iii) Finally, d(f,c) < (1/(1 - L))d(f, ] f), which implies the inequality
1
d(f,c) < T’ (2.8)

that is, (Est) is seen to be true. O
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Theorem 2.1 extends our recent result in [34], where the generalized stability in Ulam-
Hyers sense was obtained for the equation

wogon=g. (2.9)

3. Applications to the generalized equation of the square root spiral

As a consequence of Theorem 2.1, we obtain a generalized stability result for the equation

fr'(p(x) +k)) = f(x) + h(x), Vx€G. (3.1)

The “unknowns” are functions f : G — Y between two vector spaces while p, h are given
functions, p~! is the inverse of p, and k # 0 is a fixed constant. The solution of (3.1) and a
generalized stability result in Ulam-Hyers sense for the above equation are given in [35], by
the direct method.

A vector space G and a Banach space Y will be considered.

Theorem 3.1. Let k € G\ {0} and suppose that p : G — G is bijective and h : G — Y is a given
mapping. If f : G — Y satisfies

£ (P (p(x) + k) = f(x) = h(x)|ly < ¢(x), Vx €G, (Sy)

with a mapping: ¢ : G — [0, 00) for which there exists L < 1 such that

w(p(p(x) +k))(x) < Lg(x), VYxe€G, (Hyp)

then there exists a unique mapping ¢ : G — Y which satisfies both the equation

c(p (p(x) +k)) =c(x) +h(x), Vx€G, (Epn)
and the estimation
|| f(x) = c(x)]||y < %, Vx € G. (Esty)
Moreover,
n-1
c(x) = lim (f (P~ (p(x) +mk)) = D h(p™ (p(x) + ik>>>, Vx €G. (32)
“ i=0

Proof. We apply Theorem 2.1, withw : Y =Y, 1: G—= G, ¢ : G — [0,0),
w(x) = x, n(x) =p ' (p(x) + k). (3.3)
Clearly, I, = 1 and Jg(x) := g(p (p(x) + k)) — h(x).

By using (S,) and the hypothesis (H,,), we immediately see that (C,) and (Hy) hold.
Since

n'(x) =p ' (p(x) +ik), i€ (1,2,...,n}, (3.4)
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then

(J"f)(x) = <f(P1 (p(x) +nk)) = gh(r’l (p(x) + ik))>z (3.5)

whence there exists a unique mapping c: G — Y,
c(x) :=lm (J"f)(x), VxeG, (3.6)
n—aoo

which satisfies the equation (Jc)(x) = c(x), that is,

c(p™(p(x) +k)) =c(x) + h(x), VYx€G, (3.7)

and the inequality
If -, < 22, vrea, (3.8)
O

A special case of (3.1) is obtained for k =1, p(x) = x", n > 2, and h(x) = arctan(1/x). Itis
the so-called “nth root spiral equation”

f( Y + 1) = f(x) + arctan % (3.9)

As a consequence of Theorem 3.1, we obtain the following generalized stability result for the
above equation.

Theorem 3.2. If f : R, — R, satisfies

|f X"+ ) f(x) - arctan ! <yg(x), VxeR,, (3.10)

with some fixed mapping ¢ : R, — [0, 00) and there exists L < 1 such that
(p(\"/x” n 1) <Lg(x), VxeR,, (3.11)

then there exists a unique mapping ¢ : R, — R,

m-1
1
c(x)=lim( vVx"+m-— arctan , VxeR,, 3.12
(x) M(V ZO WTH.) . (3.12)
which satisfies both (3.9) and the estimation

|f(x) - c(x)| < "’( ) Vx €R,. (3.13)
Notice that for n = 2, Jung and Sahoo [36] proved in 2002 a generalized Ulam-Hyers

stability result for the functional equation (3.9), by using the direct method.

If the control mapping ¢ : R, — [0,0) has the form ¢(x) = a*' (0 < a < 1,n € N), a
stability result of Aoki-Rassias type for (3.9) is obtained.
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Corollary 3.3. If f : R, — R, satisfies

n 1 n
|f(Vx" + 1) — f(x) — arctan - <a*, VxeR,, (3.14)

with some fixed 0 < a < 1, then there exists a unique mapping ¢ : Ry — R,

m—1
1
c(x) = lim <m— > arctan — _), Vx e Ry, (3.15)
m—oo =0 x"+1

which satisfies both (3.9) and the estimation

|f(x) = c(x)] < fi, Vx € R,. (3.16)

Proof. We apply Theorem 3.2, by choosing ¢(x) = a* (0 < a < 1,n € N). It is clear that the
relation (3.11) holds, with L = a < 1. O

Remark 3.4. A similar result of stability as in Corollary 3.3 can be obtained for a control map-
ping ¢ : R, — [0,00), ¢¢(x) = (1/a*") (a > 1, n € N). The estimation relation (3.16) becomes

A
alx

[f(x)—ex)| s ——, VxeR. (3.17)

4. The generalized Ulam-Hyers stability of a nonlinear equation

The Ulam-Hyers stability for the nonlinear equation

fx) =F(x f(n(x))) (4.1)
was discussed by Baker [31]. The “unknowns” are functions f : G — Y, between two vector
spaces. In this section, we will extend the Baker’s result and we will obtain the generalized

stability in Ulam-Hyers sense for (4.1), by using the fixed point alternative.
Let us consider a nonempty set G and a complete metric space (Y, d).

Theorem 4.1. Let 1: G —= G, §: G—=R(orC)and F : GxY — Y. Suppose that
d(F(x,u),F(x,v)) < |g(x)|-d(u,v), VxeG,VuveY. 4.2)
If f : G = Y satisfies
d(f(x), F(x, f(n(x)))) s ¢(x), VxeG, (4.3)
with a mapping ¢ : G — [0, oo) for which there exists L < 1 such that

|g()|(gom)(x) < Ly(x), V¥xeG, (4.4)
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then there exists a unique mapping c : G — Y which satisfies both the equation
c(x) =F(x,c(n(x))), VYxeG, 4.5)

and the estimation

¢ (x)

d(f(x),c(x)) <
Moreover,
e(x) = imF(x F(E(n(x),.-. F(n(), (fo ) (1)), VxeG.  (@7)

Proof. We use the same method as in the proof of Theorem 2.1, namely, the fixed point alternative.
Let us consider the set & := {h : G — Y} and introduce a complete generalized metric on &
(as usual, inf @ = o0):
p(h1,hy) = inf {K € Ry, d(hi(x), ha(x)) < Kgg(x), Vx € G}. (4.8)
Now, define the mapping

J:&€— &, Jh(x):=F(x,h(n(x))). (4.9)

Step 1. Using the hypothesis in (4.2) and (4.4) it follows that ] is strictly contractive on &. Indeed,
for any hy, h; € £ we have

p(h1, hy) < K = d(hi(x), ha(x)) < Kg(x), VYx€G,
d(Jhi(x), Jha(x)) = d(F (x, hi(n(x))), F(x, h2(n(x))))

(4.10)
< |g(x)] - d(hi(n(x)), ha(n(x)))
<K-[g@)]-¢(n(x)).
Therefore
d(Jhi(x), Jha(x)) < K- |gx)|-¢(n(x)) <K-L-¢(x), YxeG, (4.11)
so that p(Jhi, Jhy) < LK, which implies
p(]hl,]h2> < Lp(h1,h2), Vhy, hy € €. (4.12)

This says that ] is a strictly contractive self-mapping of &, with the constant L < 1.
Step 2. Obviously, p(f, Jf) < oo. In fact, the relation (4.3) implies p(f, Jf) < 1.
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Step 3. We can apply the fixed point alternative (see Proposition 1.3), and we obtain the exis-
tence of a mapping c¢ : G — Y such that the following hold.
(i) cis a fixed point of J, that is,

c(x) = F(x,c(n(x))), VYxeG. (4.13)
The mapping c is the unique fixed point of | in the set
F={he& p(f,h) <o} (4.14)
This says that c is the unique mapping verifying both (4.13) and (4.15) where
3K < oo such that d(c(x), f(x)) < Kg(x), VxeG. (4.15)

(ii)) p(J"f,c) — 0, which implies

c(x) = rlli_r)&]"f(x), Vx € G, (4.16)
where
"N = F (") () )
=F(x,F(n(x), J"?f) (n(x)))), Vx€G,
hence
(J"f)(x) = F(x, F(F(n(x), ... F(n(x), (f o 1") (n(x)))))- (4.18)
(iii) p(f,c) £ (1/(1 = L))p(f, ] f), which implies the inequality
1
p(f,c) < 11’ (4.19)
that is, (4.6) holds. O

As a direct consequence of Theorem 4.1, the following Ulam-Hyers stability result (cf.
[31, Theorem 2] or [37, Theorem 13]) for the nonlinear equation (4.1) is obtained.

Corollary 4.2. Let G be a nonempty set and let (Y, d) be a complete metric space. Let 1 : G — G,
F:GxY —Y,and 0 <L <1. Suppose that

d(F(x,u),F(x,v)) <L-d(u,v), VxeG,YuveY. (4.20)
If f: G —= Y satisfies
d(f(x),F(x, f(n(x)))) <6, VYxeG, (4.21)

with a fixed constant 6 > 0, then there exists a unique mapping ¢ : G — Y which satisfies both the
equation

c(x) = F(x,c(n(x))), VYxeG, (4.22)
and the estimation
d(f(x),c(x)) < %, Vx € G. (4.23)
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Moreover,

e(x) = lim F(x, F(F(n(x), .., F(n0), (f o 1) (1(0))))), ¥ € G,

Proof. It follows by Theorem 4.1, by choosing ¢s(x) = 6 > 0.

Example 4.3. 1f in (4.1) we consider F : R x [1,00) — [1, 0),

) ul/p, ifp>1,
X, U) =
W, if0<p<l,

we obtain the equation of Bottcher:

(FN'"=fx), p>1, or f(nx)=fx), 0<p<l

11

(4.24)

(4.25)

(4.26)

Agarwal et al. proved in [37, Theorem 14] that the above equations are stable in Ulam-Hyers

sense, by using the result of Baker [31], with

1
—, ifp>1,
L=<p P
p, if0O<p<l.

It is worth noticing that our formula (4.24) gives the solutions ¢ of (4.26):

lim(f(q"(x)))l/pn, ifp>1,VxeR,
c(x)=1""" ;
lim (f(n"(x)))", if0<p<1, VxeR.

5. The generalized Ulam-Hyers stability of a linear functional equation

In this section, we emphasize the importance of Theorem 4.1. In fact, if

F(x, f(n(x))) = g(x) - f(n(x)) + h(x),

equation (4.1) becomes

f(x) =g@)- f(n(x) +h(x),

(4.27)

(4.28)

(5.1)

(5.2)

where g, 7, h are given mappings and f is unknown function. The above equation is called
linear functional equation and was intensively investigated by Kuczma et al. [38]. They obtained
some results concerning monotonic solutions, regular solutions, and convex solutions of (5.2).

In what follows we prove a generalized Ulam-Hyers stability result for (5.2), as a partic-
ular case of Theorem 4.1 (see also [39]). We also show that the generalized stability of (3.1) can

be obtained as consequence of the following theorem.
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Theorem 5.1. Consider G a nonempty set and Y a real (or complex) Banach space. Suppose that 1 :
G—G, g:G—=R(orC).If f: G— Y satisfies

1f(x) - g(x) f(n(x)) k)|, <¢(x), VxeG, (5.3)

with some fixed mapping ¢ : G — [0, 00) and there exists L < 1 such that

Ig() (g on)(x) < Ly(x), VxeG, (54)

then there exists a unique mapping c : G =Y,

n-1 ) n-2 ) j )
et =hto)+ i () lstre) + S () Tlstren) ), 69
i=0 =0 i=0

forall x € G, which satisfies both the equation

c(x) = g(x) - c(n(x)) + h(x), YxeG, (5.6)
and the estimation
|| f (x) = c(x)]|y < %, Vx € G. (5.7)
Proof. We consider in Theorem 4.1 the metric d on Y, given by d(u,v) = ||ju — v||y and the
function
F(x, f(n(x))) = g(x)f(n(x)) + h(x), VYxeG, (5.8)

with g, 77, h as in hypothesis of Theorem 5.1. The relation (4.2) holds with equality. Applying
Theorem 4.1, there exists a unique mapping ¢ which satisfies (5.2) and the estimation (5.7).
Moreover,

c(x) = rlli_r)g]"f(x), Vx € G, (5.9)

where

J"f)(x) = g(x) - (J"' f) (n(x)) + h(x)

(5.10)
= g(x) - g(n(x)) - J" ) (' (x)) + g(x) - h(n(x)) + h(x), VYx€G,
whence, for all x € G,
n-1 ) n-2 ) j )
JUf(x) = h(x) + f (") - [ [e (' () + > (h(q]” (x)) - Hg(ql(x))>. (5.11)
i=0 j=0 i=0
O

If ¢(x) = 6 > 0 in the above Theorem 5.1, then we will obtain the Ulam-Hyers stability
result of Baker [31, Theorem 3] (see also [37, Theorem 7] for the linear equation (5.2)).
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Corollary 5.2. Consider a nonempty set G and a real (or complex) Banach space Y. Suppose that
n1:G—=G, g:G—=R(orC),and h: G — Y are given. If f : G — Y satisfies

£ () - g0 f (n(x)) ~h(x)|ly <6, Vx€G, (5.12)
with a fixed constant 6 > 0 and there exists L < 1 such that
lg(x)|<L, VxegG, (5.13)

then there exists a unique mapping c : G — Y,

N

n-1 n— j
c(x) = h(x) + lim <f (") - T Te(' () + X <h<nf“ (x)) - Hg(n%x)))), (5.14)
i=0 j i=0

]:
forall x € G, which satisfies both the equation
c(x) = g(x) - c(n(x)) + h(x), VYxeG, (5.15)
and the estimation
6
|| f (x) = c(x)]]y < 1 Vx € G. (5.16)
Remark 5.3. It is easy to see that (3.1) is a particular case of (5.2). To prove this, it is sufficient to
consider in (5.2) g =1,h := —hy,n(x) == p~L(p(x) + k), Vx € G, with p bijective on G and k # 0

a fixed constant. By using the above notations, Theorem 3.1 can be obtained as a consequence
of Theorem 5.1, with

n—1 n-2 ]
e = 6o+t 1) - [Tt ) + S (6 10) T ) )
i=0 =0 i=0
n-1
= ~h(x) + lim <f (p(p™ () +1k)) = Sl (p(p (x) + ik))> (517)
i=1

n-1
= lim <f(p_1 (p(x) +nk)) - > hi(p~" (p(x) + ik))>, Vx € G.
i=0
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