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1. Introduction

Equilibrium problems theory provides us with a unified, natural, innovative, and general
framework to study a wide class of problems arising in finance, economics, network analysis,
transportation, elasticity, and optimization, which has been extended and generalized in
many directions using novel and innovative techniques; see [1-8]. Inspired and motivated
by the research and activities going in this fascinating area, we introduce and consider a
new class of equilibrium problems, which is known as the generalized mixed equilibrium
problems.

Let C be a nonempty closed convex subset of a real Hilbert space Hand T : C — 2 a
multivalued mapping. Let ¢ : C x C — Rbe a real-valued functionand @ : H xCxC — R
an equilibrium-like function, that is,

O(w,u,v) +d(w,v,u) =0, Y(w,u,v)e HxCxC. (1.1)

We consider the problem of finding u € C and w € T (u) such that

O(w,u,v) + (v, u) —pu,u) >0, YoeC, (1.2)
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which is called the generalized mixed equilibrium problem (for short, GMEP). If T is a single-
valued mapping, then problem (1.2) is equivalent to finding u € C such that

O(T(u),u,v) +¢(v,u) —p(u,u) >0, YoeC (1.3)

We denote Q for the set of solutions of GMEP (1.2). This class is a quite general
and unifying one and includes several classes of equilibrium problems and variational
inequalities as special cases. In recent years, several numerical techniques including
projection, resolvent, and auxiliary principle have been developed and analyzed for solving
variational inequalities. It is well known that projection- and resolvent-type methods cannot
be extended for equilibrium problems. To overcome this drawback, one usually uses the
auxiliary principle technique. Glowinski et al. [9] have used this technique to study the
existence of a solution of mixed variational inequalities. The viscosity approximation method
is one of the important methods for approximation fixed points of nonexpansive type
mappings. It was first discussed by Moudafi [10]. Recently, Hirstoaga [11] and S. Takahashi
and W. Takahashi [12] applied viscosity approximation technique for finding a common
element of set of solutions of an equilibrium problem (EP) and set of fixed points of a
nonexpansive mapping. Very recently, Yao et al. [13] introduced and studied an iteration
process for finding a common element of the set of solutions of the EP and the set of common
fixed points of infinitely many nonexpansive mappings in H. Let {T,},.; be a sequence of
nonexpansive mappings of C into itself and let {1, },-; be a sequence of nonnegative numbers
in [0,1]. For any n > 1, define a mapping S, of C into itself as follows:

un,n+1 = I/
un,n = )‘nTnun,n-f—l + (1 - /\n)-l/
un,n—l = )ln—lTn—lun,n + (1 - -)Ln—l)I/

Uy = Mg + (1 - M), (1.4)
Uy -1 = Mo T Ui + (1= Aeca) T,

un,z = )Lszunlg, + (1 - ./\2)1,
Sn = un,1 = )qulln,z + (l - )Ll)I

Such a mapping S, is called the S-mapping generated by T, Ty-1, ..., T1 and Ay, Ayeq, ..., Ay,
see [14].

The purpose of this paper is to develop an iterative algorithm for finding a common
element of set of solutions of GMEP (1.2) and set of common fixed points of a sequence of
nonexpansive mappings in Hilbert spaces. The result presented in this paper improves and
extends the main result of S. Takahashi and W. Takahashi [12].
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2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm |-||, and let C be a closed
convex subset of H. Then, for any x € H, there exists a unique nearest point in C, denoted by
Pc(x), such that

lx - Pe@)]| < lx-yl, VyeC. 2.1)

Pc is called metric projection of H onto C. It is well known that Pc is nonexpansive.
Furthermore, for x € H and u € C,

u="Pe(x) = (x-uu-y)>0, VYyeC (2.2)

We denote by F(T) the set of fixed points of a self-mapping T on C, thatis, F(T) = {x €
C : Tx = x}. It is well known that if C ¢ H is nonempty, bounded, closed, and convex and T
is nonexpansive, then F(T) is nonempty; see [15]. Let {T, },-, be a sequence of nonexpansive
mappings of C into itself, where C is a nonempty closed convex subset of a real Hilbert space
H. Given a sequence {\,},; in [0, 1], we define a sequence {S,},.; of self-mappings on C by
(1.4). Then we have the following lemmas which are important to prove our results.

Lemma 2.1 (see [14]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{Tn};q be a sequence of nonexpansive mappings of C into itself such that (\;2F(T,) # @, and let
{An}eq be a sequence in (0,b] for some b € (0,1). Then, for every x € C and k € N the limit
lim,, —, U, kX exists.

Using Lemma 2.1, one can define mapping S of C into itself as follows:

Sx = lim Sp,x = lim U, x, (2.3)

n—oo n— oo

for every x € C. Such a mapping S is called the S-mapping generated by Ty, T5,... and
A1, Ay, .... Throughout this paper, we will assume that 0 < A, < b < 1 for every n > 1.
Since S, is nonexpansive, S : C — C is also nonexpansive.

Lemma 2.2 (see [14]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{Tn};2q be a sequence of nonexpansive mappings of C into itself such that (\;2F(T,) # @, and let
{An}eq be a sequence in (0,b] for some b € (0,1). Then, F(S) = ;21 F(Ty).

Let C be a convex subset of a real Hilbert space H and « : C — R a Fréchet differential

function. Then « is said to be #7-convex strongly convex if there exists a constant y > 0 such
that

R(y) = x(0) — (K (), (%) 2 Sl - yIP, ¥xyeC e4)

If u = 0, then «x is said to be 17-convex. In particular, if 7(y, x) = y — x for all y, x € C, then « is
said to be strongly convex.
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Let C be a nonempty subset of a real Hilbert space H. A bifunction ¢(-,-) : CxC — R
is said to be skew-symmetric if

o(u,v) + (o, u) —p(u,u) —pv,v) <0, VYuoveC (2.5)

If the skew-symmetric bifunction ¢(-, -) is linear in both arguments, then
p(u,u)>0, VYueC (2.6)

We denote — for weak convergence and — for strong convergence. A function¢g : CxC — R
is called weakly sequentially continuous at (xo,y0) € C x C, if ¢(x,, ¥) — ¢(x0,y0) as
n — oo for each sequence {(x,, y,)} in C x C converging weakly to (xo, o). The function
¢ (-,-) is called weakly sequentially continuous on C xC if it is weakly sequentially continuous
at each point of C x C.

Let CB(X) denote the set of nonempty closed bounded subsets of X. For A, B € CB(X),
define the Hausdorff metric # as follows:

H (A, B) = max {sup infd(a,b),sup inf d(b, a) } (2.7)
acA beB beB acA

Lemma 2.3 (see [16]). Let A, B € CB(X) and a € A. Then for ¢ > 1, there must exist a point b € B
such that d(a,b) < oH (A, B).

Let C be a nonempty closed convex subset of a real Hilbert space H and T : C — 2H

a multivalued mapping. For x € C,letw € T(x). Let ¢ : C x C — Rbe a real-valued function
satisfying the following:

(¢1) (-, -) is skew symmetric;

(¢2) for each fixed y € C, (-, y) is convex and upper semicontinuous;

(¢3) ¢(-,-) is weakly continuous on C x C.
Let x : C — Rbe a differentiable functional with Fréchet derivative «'(x) at x satisfying the
following:

(x1) ' is sequentially continuous from the weak topology to the strong topology;

(x2) «' is Lipschitz continuous with Lipschitz constant v > 0.
Let7: C x C — H be a function satisfying the following:

(n1) n(x,y) +n(y,x) =0forall x,y € C;

(12) n(-,-) is affine in the first coordinate variable;

(13) for each fixed y € C, x — 7(y, x) is sequentially continuous from the weak topology
to the weak topology.

Let us consider the equilibrium-like function ® : H xCxC — R which satisfies the following
conditions with respect to the multivalued mapping T : C — 2H:
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(@1) for each fixed v € C, (w,u) — ®(w,u,v) is an upper semicontinuous function
from H x C to R, thatis, w, — w and u, — wu imply limsup,_, ®(wy,,u,,v) <
O(w,u,v);

(®2) for each fixed (w,v) € H x C, u— ®(w, u,v) is a concave function;

(®3) for each fixed (w,u) € H x C, v — ®(w, u,v) is a convex function.

Let r be a positive parameter. For a given element x € C and w, € T(x), consider the
following auxiliary problem for GMEP(1.2): find u € C such that

D (wy, u,0) + (v, u) — @(u,u) + %(K'(u) -«'(x),n(v,u)) >0, VYoeC. (2.8)

It is easy to see that if u = x, then u is a solution of GMEP(1.2).

Lemma 2.4 (see [6]). Let C be a nonempty closed convex bounded subset of a real Hilbert space H
and ¢ : C x C — Ra real-valued function satisfying the conditions (¢1)—(¢3). Let T : C — 2H bea
multivalued mapping and @ : H x C x C — R the equilibrium-like function satisfying the conditions
(D1)—(D3). Assume that 7 : C x C — H is a Lipschitz function with Lipschitz constant A > 0 which
satisfies the conditions (n1)—(n3). Let k : C — R be an n-strongly convex function with constant
u > 0 which satisfies the conditions (x1) and (x2). For each x € C, let wy € T(x). For r > 0, define a
mapping T, : C — C by

T, (x) = {u € C: O(wy,u,v) +¢(v,u) — @(u,u) + %(K'(u) - «'(x),n(v,u)) >0, Vv € C}.
(2.9)
Then one has the following:
(a) the auxiliary problem (2.8) has a unique solution;
(b) T, is single valued;

(¢) if \Ww/p and @ (w1, T, (x1), Ty (x2)) + D(wo, Ty (x2), Tr(x1)) < 0 for all x1,x, € C and all
wy € T(x1), wy € T(xy), it follows that T, is nonexpansive;

(d) F(Ty) = &

(e) Q is closed and convex.
We also need the following lemmas for our main results.

Lemma 2.5 (see [17]). Let {ay,}, {b,}, and {c,} be three sequences of nonnegative numbers such
that

apy1 <bpa,+c, Yn=12,.... (2.10)

Ifby>1, 371 (by—1) < oo, and 377 cn < oo, then limy,_, o, a, exists.

Lemma 2.6. Let {a,} and {c,} be sequences of nonnegative numbers such that

ap <Oa,+c,, Yn=1,2,.... (2.11)

If© € (0,1) and 37 ¢y < oo, then limy, _, ,a, = 0.
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Proof. 1t is easy to see that inequality (2.11) is equivalent to

an <Obya,+c,, Yn=1,2,..., (2.12)

where © € (0,1), b, =1and 37 ¢, < oo. It follows that

ap <bpa,+c, Yn=1,2,.... (2.13)

Note that Lemma 2.5 implies that lim,, _, ,a, exists. Suppose lim,, _,a, = d for some d > 0.
It is obvious that lim,_,c, = 0 and so inequality (2.12) implies that d < ©d, which is a
contradiction. Thus, lim,,_, ,,a, = d = 0. This completes the proof. O

Lemma 2.7 (see [6]). Let {x,} be a sequence in a normed space (X, ||-||) such that

|xn1 = Xniz|| < O||xn = Xt ||br + €, YR =1,2,..., (2.14)

where © € (0,1), and {by,} and {c,} are sequences satisfy the following conditions:
(i) by >1foralln=1,2,...and 377, (b, — 1) < co;
(ii) ¢, >0foralln=1,2,...and 377 ¢, < co.

Then {x,} is a Cauchy sequence.

Lemma 2.8 (see [18]). Let {a,} be a sequence of nonnegative real numbers such that

an1 < (1= An)an + Mo + &, Yn=12,..., (2.15)

where {A,}, {on) and {&,} are sequences of real numbers satisfying the following conditions:

(i) {An} € [0,1], limy oy = 0and 3774 Ay = o0;
(i) imsup,_, 0, <0;

(111) gn > OfOT’ all n = 1,2, ...and Z:ﬁ:lgn < 0.

Then, lim,, _, xa, = 0.

3. Iterative algorithm and convergence theorem

Let C be a nonempty closed convex subset of a real Hilbert space H, T : C — CB(H) a
multivalued mapping, f : C — C a contraction mapping with constant « € [0,1), and
S, : C — C an S-mapping generated by T7,T5,... and Ay, Ay, ..., where sequence {T,} is
nonexpansive. Let {a,} be a sequence in (0,1) and {r,} a sequence in (0, o0). We can develop
Algorithm 3.1 for finding a common element of a set of fixed points of S-mapping S, and a
set of solutions of GMEP(1.2).
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Algorithm 3.1. For given x; € C and w; € T(x1), there exist sequences {x,}, {u,} in C and
{w, :w, € T(x,)}in H such that foralln=1,2,...,

e = wnll < (14 3 ) (T (o), T ()

D (Wn, Un, V) + PV, Un) = ¢(Un, Un) + }(K'(un) —«'(xn),n(v,uy)) 20, Yv€EC; 3.1)

X1 = U f (xn) + (1= ) Sp(un).

We now prove the strong convergence of iterative sequence {x,}, {u,}, and {w,}
generated by Algorithm 3.1.

Theorem 3.2. Let C be a nonempty closed convex bounded subset of a real Hilbert space H, T :
C — CB(H) a multivalued H-Lipschitz continuous mapping with constant L >0, f : C — Ca
contraction mapping with constant a € [0,1). Let ¢p : CxC — R be a real-valued function satisfying
the conditions (¢p1)—(¢3) and let ® : H x C x C — R be an equilibrium-like function satisfying
conditions (01)—(D3) and (D4):

(CD4) q)(w/Tr(x)/Ts(]/)) + (D(w/Ts(y)/Tr(x)) < _Y“Tr(x) - Ts(]/)”2 fOT all X,y € C and
r,s € (0,00), where y >0, w € T(x) and w € T (y).

Assume that 1 : C x C — H is a Lipschitz function with Lipschitz constant A > 0 which satisfies
the conditions (n1)~(n3). Let k : C — R be an n-strongly convex function with constant y > 0
which satisfies conditions (k1) and (x2) with \v/pu < 1. Let S, : C — C be an S-mapping generated
by Ty, Ty,...and Ay, Ay, ... and ;21 F(T,) N Q # @, where sequence {T,} is nonexpansive. Let {x,},
{un} and {w,} be sequences generated by Algorithm 3.1, where {a,} is a sequence in (0,1) and {r,}
in (0, oo) satisfying the following conditions:

(C1) limy, oty =0, Doqaty = c0and > |an — ays1| < oo;

(C2) iminf, ooty > 0and 3,72 |ty — Tne1| < oo;

(C3) X721 (1 = an)en < oo where €, = sup, - [1Sn(x) = Sps1(x)||.
Then the sequences {x,} and {uy,} converge strongly to x* € ;2 F(T,) N Q, and {wy,} converges
strongly to w* € T (x*), where x* = Pz r(r,)naf (X7).

Proof. 1t is easy to see from (P4) that

O(w,T,(x),Ts(y)) + (w0, Ts(y), Tr(x)) <0 (3.2)

forall x,y € Cand r,s € (0,00), where y > 0, w € T(x), and w € T(y). All the conclusions
(a)—(e) of Lemma 2.4 hold.
Let Q = Pre p1,)ne- Then Qf is a contraction of C into itself. In fact,

1Qf () = Qf W < I fx) = fWl <allx-yl, ¥x,yeC. (3.3)

Hence there exists a unique element g € C such that g = Qf(g). Noting that f(g) € C and
Qf(q) € M F(Tn) NQ, we get that g € ;2 F(T,,) N Q.
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Now, we prove that ||x, — x,+1]| — 0and ||u, — uy+1|| — 0as n — oo. Observe that

%1 = xall = [lanf (xa) + (1= ) Sn () = @nr f (%-1) = (1 = A1) St (1) ||
= [lanf (xu) = anf (xn1) + anf (Xn-1) = n1 f (xn-1)
4 (1= ) S (t4) = (1 = 0n) St (14t
+ (1= an)Sna (un1) = (1= @p1) S () |
<l f Gen) = f Gena) [+ lan = @ [ (Lf Gena) [ + 1] St (una) ) (3.4)
+ (1= ) [[Sn (1n) = St (1) |
< aay||xn = xpa || + 2|an — Ay |diam(C)
+ (1= an) ([[Sn (un) = Sna () | + [|Sn-1 () = Sna (n-1) ||)

< aay||xn = xXpa || + 2| o — ap_1|diam(C) + (1 - an) (||ttn — una || + €n-1)-

Noting that u, = T}, x, and 1,41 = T}, Xp+1, it follows from (3.1) that

O (wy, tn,v) + (0, Un) — @ (U, Uy) + %(K’(un) —«'(xn), (v, un)) 20, (3.5)

1 ! !
O (W1, Uns1,0) +¢ (0, un+1)_({)(un+1/un+1)+ﬁ<x (na1) %' (xpa1), (0, Un1)) >0 VYo e C.
(3.6)

Putting v = 1,41 in (3.5) and v = u, in (3.6), respectively, we have

1
D (W, Un, Uns1) + Q(Uns1, Un) — @ (Un, Uy) + r—(K’(un) — ' (2n), 7 (Uns1,un)) >0,

1
D (Whi1, Uns1, Un) + @ (Un, Uns1) — Q(Uni1, Uni1) + r—(K’(um) =& (%n41), (U, Uns1) ) > 0.

n+l
(3.7)

Adding up those inequalities, we obtain from (2.5), (71), and (®4) that

1 ! ! 1 ! !
- (&' () = ' (2n), 7 (thn, tns1) ) + P (K (1) = ' (1), 7ty 1)) > ¥ || = st |-
n n+

(3.8)
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It follows that

2
Y| ttn = e ||

< () = ) = P () = (), 1t 1))

T+l

< (&' (un) = &' (tns1), (U1, Un) )

(I () = () () = () = 52 (0 ) = K () 1 ) )
< |ty = e || + (||K'(xn+1) ~ () || + |1~ :"1 I’ () - K’(xn+1)||> 17 (1t ) |

Tnil — T
<l =t |+ 33 (s = 3] 4 %nunﬂ o] s = ],
n+

(3.9)

since 77 and ' are Lipschitz continuous wiht Lipschitz constants A and v, respectively. Noting
that liminf, _, .7, > 0, without loss of generality, we assume that there exists a real number
7>0suchthatr,>7>0foralln=1,2,.... Thus,

Tnsl — T
YF”urHl - un” < _ﬂ”unJrl - un” + v ”xn+1 - xn” + I n+1_ n| ||un+1 - xn+1| ’ (3.10)
T
which implies that
(1 + %) |tnir = wn| < ||xne1 — x| + Mdiam(C), (3.11)
and hence
|7"n+1 - rnl .
|[24n1 = wn|| < 6||3ns1 — xu| + 76 diam(C), (3.12)

where 6 =1/(1+yr/p) € (0,1).Set © := max{a, 6} € (0,1). Combining (3.4) and (3.12) yields

tnet =l < (it + (1= @0)8) s~ x| + (1~ @)

Tn = Tn- .
+ <2|an —ay |+ (1- an)&%)dmm(C) (3.13)

<O||xn — xpa|| + (1 - an)na + <2|(xn — | + |rn_—;n_l|>diarlr1(C).
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From conditions (C1) and (C3),

2(1 tn)en = S (1= @n)en + (@ - dnen)en)

n=1
(3.14)
[ee)
< Z((l — 0y )En + |y - an+1|sup£n> < 0.
n=1 neN
Set a, := ||x, — x,,1]| and
cn=(1-ay)enq + <2|an — | + @)diam(cy (3.15)

Then Lemmas 2.6 and 2.7 imply that lim,,_, oo||x4+1 — || = 0 and {x,} is a Cauchy sequence
in C. Hence from (3.12), we get

Jgrc}ollun+1 —uy|| =0. (3.16)

We know from (C3) that lim,, ., &, = 0. It follows that

241 = Suer (st ) || < NIt = Su(a) || + 1S () = Su(ensr) || + 1S tner) = S (i) |
< || f (xn) = S () || + s = 1anl| + &

< apdiam(C) + ||uns1 — nl| + €n-
(3.17)

Thus, limy, — o || X, = Sy ()] = 0.
Next, we prove that there exists x* € C, such that x, — x*, u, — x*, and w, — w as
n — oo, where w € T (x*).
Letp € Ny F(T) N Q. Then
2 2
[|tn = p[I” = | T, (xn) = T, () |
< <Trn (xn) = T, (), Xn = P>

3.18
<(Un—p,Xn—p) (3.18)

1
< 5 ln = pII* + lln = pII” = lltn = xal|),

and so

len = pII” < llaw = pI* = It = xal|” < fla = I (3.19)
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By the convexity of |||, we have

2

101 =PI < anll £ (xea) = pII* + (1= @) S () = p|
< | f (2n) = p|I” + (1 = ) || — p || (3.20)
< adiam (C)° + [l = plI” = [lun = ]
It follows that

1t~ < @tiam(C)* + (Jl p* = [lxuss ~ p*)
< adiam(C) + (s~ pll + 5w - pIDl%0 -l 32D)

< aydiam(C)* + 2||2n = %41 ||diam(C).
This implies that

lim ||, — x,|| = 0. (3.22)

n— oo

Since {x,} is a Cauchy sequence in C, there exists an element x* € C such that lim,,_, ., x,, = x*.
Now limy, ., oo ||, — x4|| = 0 implies that lim,,_, x4, = x*. From (3.1), we have

e = sl < (13 ) (T (), T2))

< 26(T (x,), T (xn1)) (3.23)
< 2L||xn - -xn+1||
andform>n>1,
m—1 m—1
[wm = wa|| < 3 llwi —win ]| <21 ||xi = x|, (3.24)
i=n i=n
m—1 m-1 m—1
Z ||xi = xia|| = Zam < Z (©a; +ci)
i=n i=n i=n
m-1 m-1
= @Z a; + ch
i=n i=n
(3.25)

m-1 m-1
= @Zai+1 +0O(ay —anm) + Zci
i=n i=n

m-1 m-1

< @Z ajy1 + @an + ZC,’.

i=n i=n
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Thus,
(3 © S
éllxi—xmll < gl -l + 525 (3.26)
By (3.24) and (3.26), we have
lim |wm —wal| = 0. (3.27)

It follows that {w,} is a Cauchy sequence in H and so there exists an element @ in H such
that lim,, _, ,w, = w:

d(w,T(x*)) = beljg}}fc*)d(w, b)

< [|@ = wul| + d(wn, T(x"))

(3.28)
< @ —wal| + (T (xa), T(x"))
< ||@ - wal| + L||xn = x*|| — 0 as n — oo,
thatis, d(@, T (x*)) = 0. We conclude that w € T (x*) as T(x*) € CB(H).
It follows that
[l = Su ()| < [lx™ = 2| + [foen = xu | + [0 = S (et ) | + [|Sn (14) = S (x")
(3.29)

<2||x* = un|| + ||n = 2| + |20 = Su(un)|| — 0 asn— oo

and so x* = lim,_,,S,(x*) = S(x*), that is, x € F(S) = (,21F(Ty). Since x, — x* and
u, — x*, we know that «'(u,) — «'(x,) — 0. From (3.1) and (®@1), we have

O(w, x*,v) + (v, x*) —p(x*,x*) >0, (3.30)

thatis, x* € Q. Thus, x* € ;2 F(T,) N Q.
Since g = Qf(q), we have (f(q) —q,p—q) < 0forallp € N;2,F(T,) NQ. From x,, — x*,
we have

lim (f(q) =q,%n—q) = (f(q) —q,x" —q) <0 (331)
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and so

e = qll* = 111 = @) (Su () = 9) + a (f () = @)
< (1= )’ (| () = ql* + 20 £ (x0) = 4, %s1 - )
< (1= ) |[un = q* + 200 (F (xa) = £(@) + £(q) = G, %1 — )
< (1= )’ an = ql” + 20010 = qll |01 = 41| + 20 (£ 4) - %01 — )

< (1= @)l - qIF + @@ (120~ I + s = ql1P) + 20 £ @) ~ 4,001~ ).

(3.32)

It follows from (3.19) that

R Ry e R
< (1- LD - g+ 2520 (333)
«[r2supllon i + o @) - g3 - )]
Set
e

n (3.34)

(f@) - g, xns1—9).

G, = - sup||x —q||2+
" 1—0["6]\] " 1—(1

Then, lim, A, = 0, 27211, = oo, and limsup, o, < 0. It follows from Lemma 2.8 that
lim,, . ,x, = g and so x* = q. This completes the proof. O

Remark 3.3. Theorem 3.2 improves and extends the main results of S. Takahashi and W.
Takahashi [12].

We now give some applications of Theorem 3.2. If the set-valued mapping T in
Theorem 3.2 is single-valued, then we have the following corollary.

Corollary 3.4. Let C be a nonempty closed convex bounded subset of a real Hilbert space H, T : C —
H a Lipschitz continuous mapping with constant L > 0, f : C — C a contraction mapping with
constant a € [0,1). Let ¢ : C x C — R be a real-valued function satisfying the conditions ((¢p1)—(¢3)
and let @ : H x C x C — R be an equilibrium-like function satisfying the conditions (®1)—(D3) and
(D4)":

(®4)" O(T(x), Ty (x), Ts(y)) +D(T(y), Ts(y), T, (x)) < —y|IT,(x) = Ts(y)|? for all x,y € C and
7,5 € (0, 00).
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Assume that 17 : C x C — H is a Lipschitz function with Lipschitz constant A > 0 which satisfies the
conditions (1)~(n3). Let k : C — R be an n-strongly convex function with constant p > 0 which
satisfies the conditions (x1) and (x2) with \v/p < 1. Let S, : C — C be an S-mapping generated
by Ty, Ty,...and Ay, Ay, ... and ;2 F(T,) N Q # &, where sequence {T,} is nonexpansive. Let {x,},
{un}, and {w,} be sequences generated by

(T (xn), Un,v) + (v, up) — ¢ (thy, Uy) + %(K’(un) -« (x4),1(v,u)) >0, YveC,

X1 = 0 f (Xn) + (1= a,)Sp(un), n=12,...,
(3.35)

where {a,} is a sequence in (0,1) and {r,} in (0,00) satisfying conditions (C1)—(C3). Then the
sequences {x,} and {u,} converge strongly to x* € (", F(T,) N Q, where x* = Pz p(r,)na f (x).

Corollary 3.5. Let C be a nonempty closed convex bounded subset of a real Hilbert space H, T :
C — CB(H) a multivalued H-Lipschitz continuous mapping with constant L >0, f : C — Ca
contraction mapping with constant a € [0,1). Let ¢ : CxC — R be a real-valued function satisfying
the conditions ((p1)—(¢3) and let @ : H x C x C — R be an equilibrium-like function satisfying the
conditions (D1)—(D4) and Q # @. Assume that : CxC — H is a Lipschitz function with Lipschitz
constant A > 0 which satisfies the conditions (n1)~(n3). Let k : C — R be an n-strongly convex
function with constant u > 0 which satisfies the conditions (x1) and (x2) with \v/u < 1. Let {x,},
{un}, and {w,} be sequences generated by

wn €T (), lon =l < (143 ) (T (), T ),

O (wy, U, ) + (0, Un) — @ (U, Up) + %(K’(un) — ' (xn), (0, 1)) 20, YveC, (3.36)

X1 = 0 f (Xn) + (1 —ap)u,, n=12,...,

where {a,} is a sequence in (0,1) and {r,} in (0, 00) satisfying conditions (C1) and (C2). Then the
sequences {x,} and {u,} converge strongly to x* € Q, and {w,} converges strongly to w* € T (x*),
where x* = Pg f (x*).

Proof. Let T, = I in Theorem 3.2 for n = 1,2,..., where I is an identity mapping. Then
Sy =1forn=1,2,.... Thus, the condition (C3) is satisfied. Now Corollary 3.5 follows from
Theorem 3.2. This completes the proof. O
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