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Let E be a real g-uniformly smooth Banach space which is also uniformly convex (e.g., L, or I,
spaces (1 < p < o)), and K a nonempty closed convex subset of E. By constructing nonexpansive
mappings, we elicit the weak convergence of Mann’s algorithm for a x-strictly pseudocontractive
mapping of Browder-Petryshyn type on K in condition thet the control sequence {a,} is chosen
sothat (i) u < a, < 1Ln > 0; (i) X ;20(1 - a,)[gr — Cy(1 - a,)""] = oo, where U € [max{0,1 -
(qr/ Cq)l/ @1} 1). Moreover, we consider to find a common fixed point of a finite family of
strictly pseudocontractive mappings and consider the parallel and cyclic algorithms for solving
this problem. We will prove the weak convergence of these algorithms.

Copyright © 2008 Y. Zhang and Y. Guo. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Let E be a real Banach space and let J; (g > 1) denote the generalized duality mapping from
E into 25 given by J;(x) = {f € E* : (x, f) = |Ix||7 and || f|| = ||x[|7"!}, where E* denotes the
dual space of E and (-, -) denotes the generalized duality pairing. In particular, ], is called the
normalized duality mapping and it is usually denoted by J. If E* is strictly convex then J, is
single-valued. In the sequel, we will denote the single-valued generalized duality mapping by
jgand F(T) = {x € E: Tx = x}.

Definition 1.1. A mapping T with domain D(T) and range R(T) in E is called strictly pseudo-
contractive of Browder-Petryshyn type [1], if for all x,y € D(T), there exists x € [0,1) and
jqa(x —y) € J4(x - y) such that

(Tx =Ty, jy(x = y)) < =yl - xllx =y - (Tx - Ty) | (1.1)
(If (1.1) holds, we also say that T is k-strictly pseudocontractive.)
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Remark 1.2. If I denotes the identity operator, then (1.1) can be written in the form

(I-T)x-(I-T)y, jo(x-y)) >[I -T)x- (I -T)y|". (1.2)

In Hilbert spaces, (1.1) (and hence (1.2)) is equivalent to the inequality
| Tx - Ty||2 <|lx-yl* +k|x-y - (Tx-Ty) ||2, k=(1-2x)<1, (1.3)

and we can assume also that k > 0, so that k € [0,1). Note that the class of strictly
pseudocontractive mappings strictly includes the class of nonexpansive mappings which are
mappings T on D(T) such that [|[Tx-Ty|| < |[[x—y| forall x,y € D(T). Thatis, T is nonexpansive
if and only if T is O-strictly pseudocontractive.

The class of strictly pseudocontractive mappings has been studied by several authors
(see, e.g., [1-7]). However their iterative methods are far less developed though Browder
and Petryshyn [1] initiated their work in 1967. As a matter of fact, strictly pseudocontractive
mappings have more powerful applications in solving inverse problems (see Scherzer
[8]). Therefore it is interesting to develop the theory of iterative methods for strictly
pseudocontractive mappings.

Browder and Petryshyn proved the following theorem.

Theorem BP (see [1]). Let H be a real Hilbert space and K a nonempty closed convex and bounded
subset of H. Let T : K — K be a k-strictly pseudocontractive map. Then for any fixed y € (1 -x,1),
the sequence {x,} generated from an arbitrary x, € K by

Xn1 =YXn+ (1 =y)Tx,, n>1 (1.4)

converges weakly to a fixed point of T.

Recently Marino and Xu [9] have extended Browder and Petryshyn’s above-mentioned
result by proving that the sequence {x,} generated by the following Mann’s algorithm [10]:

Xns1 = UpXn + (1= a,)Tx,, n>0. (1.5)

Theorem MX (see [9]). Let K be a closed convex subset of a Hilbert space H. Let T : K — K be a
K-strictly pseudocontractive mapping for some 0 < x < 1 and F(T) #@. Let {xy}, be the sequence
generated by Mann’s algorithm (1.5). Assume that the control sequence {ay ), is chosen so that x <
ay <1 forall nand

S (- K) (1 - ) = c0. (1.6)

Then {x,} converges weakly to a fixed point of T.

Meanwhile, Marino and Xu raised the open question: whether Theorem MX can be
extended to Banach spaces which are uniformly convex and have a Frechet differentiable norm.
As a partial affirmative answer, Osilike and Udomene [2] proved the following theorem.
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Theorem OU. Let E be a real g-uniformly smooth Banach space which is also uniformly convex. Let K
be a nonempty closed convex subset of E and let T : K — K be a k-strictly pseudocontractive mapping
with F(T) # @. Let {ay,} be a real sequence satisfying the conditions:

i*)0<a, <1, n>0;
(ii*)0<a<a,<b< (qK/Cq)l/(q_l), n > 0 and for some constants a,b € (0,1).

Then, the sequence {x,} is generated by the Mann’s algorithm:
X1 = (1= an)xn + 2, Txy, (1.7)
converges weakly to a fixed point of T.

We would like to point out that Osilike’s and Udomene’s condition (ii*) excludes the
natural choice 1 - 1/n for a,. This is overcome by our paper. We prove that if a, satisfies the
conditions

u<a,<1l;

3 (1) g~ Cy (1~ )" ] = oo

n=0

(1.8)

where p € [max{0,1 - (qK/Cq)l/(q_l)}

to a fixed point of T.
Moreover, we are concerned with the problem of finding a point x such that

,1), then the iterative sequence (1.5) converges weakly

x € ﬁF(Ti), (1.9)
i=1

where N > 1 is a positive integer and (T}, are N strictly pseudocontractive mappings
defined on a closed convex subset K of a real Banach space E which is g-uniformly smooth
and uniformly convex. Assume that {\;}Y, is a finite sequence of positive numbers such that
>N Ai = 1. We will show that the sequence {x, } generated by the following parallel algorithm:

N
Xna1 = Xy + (1= ay) > ANTix,, n>0 (1.10)
i=1

will converge weakly to a solution to the problem (1.9).

We will consider a more general situation by allowing the weights {1;}Y; in (1.10) to
depend on 1, the number of steps of the iteration. That is we consider the algorithm which
generates a sequence {x,} in the following way:

N
X1 = AnXp + (1 - an)z J\fn)Tixn, n > 0. (1.11)
i=1
Under appropriate assumptions on the sequences of the weights {}LE") } Y, we will also prove
the weak convergence, to a solution of the problem (1.9), of the algorithm (1.11).
Another approach to the problem (1.9) is the cyclic algorithm [11]. (For convenience, we
relabel the mappings {T;} Y, as {T;}N;'.) This means that beginning with an x; € K, we define
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the sequence {x,} cyclically by
X1 = UpXn + (1= ) Tixn, n 20, (1.12)

where T, = T;, with i = n(modN), 0 <i < N —1. We will show that this cyclic algorithm (1.12)
is also weakly convergent if the sequence {a,} of parameters is appropriately chosen.
We will use the notations:

(1) — for weak convergence;

(2) wi(xn) = {x : Ix,, — x} denotes the weak w-limit set of {x,}.

2. Preliminaries

Let E be a real Banach space. The modulus of smoothness of E is the function pg : [0,00) —
[0, 00) defined by

1
pe(r) = sup{ 5 (I + Il + b= yl) - 1: Il <1, Iyl <7} 1)

E is uniformly smooth if and only if lim._o(pe(7)/7) = 0.

Let g > 1. E is said to be g-uniformly smooth (or to have a modulus of smoothness of
power type q > 1) if there exists a constant ¢ > 0 such that pg(7) < c79. Hilbert spaces, L,
(or 1,) spaces (1 < p < ), and the Sobolev spaces, W}, (1 < p < o) are g-uniformly smooth.
Hilbert spaces are 2 uniformly smooth, while

. p-uniformly smooth if 1 <p <2,
L, (or I,) or Wy, is (2.2)
2-uniformly smooth if p > 2.

Theorem HKX (see [12, page 1130]). Let q > 1 and let E be a real g-uniformly smooth Banach space.
Then there exists a constant C, > 0 such that for all x,y € E,

[l + 119 < llxll9 + gy, jg (x)) + Cllyll7 - (2.3)
E is said to have a Frechet differentiable norm if forall x € U = {x € E : ||x|| = 1}

x+ty|| - ||x
N e B

4
t—0 t (2 )

exists and is attained uniformly in y € U. In this case there exists an increasing function b : [0,00) —
[0, o0) with lim;_ob(t) = 0 such that for all x,h € E,

Sl + (R () < sl + BIP <SP + (R, ) + b(Ih). 25)

It is well known (see, e.g., [13, page 107]) that g-uniformly smooth Banach space has a Frechet dif-
ferentiable norm.
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Lemma 2.1 (see [2]). Let E be a real g-uniformly smooth Banach space which is also uniformly convex.
Let K be a nonempty closed convex subset of E and T : K — K a strictly pseudocontractive mapping
of Browder-Petryshyn type. Then (I — T) is demiclosed at zero, that is, {x,} C D(T) such that {x,}
converges weakly to x € D(T) and {(I — T)x,} converges strongly to 0, then Tx = x.

Lemma 2.2 (see [14, 15]). Let {au},;-q, {bu}ser, {6n}seq be nonnegative sequences satisfying the
following inequality

ani1 < (1+64)an+b,, Yn>1 (2.6)
If 370160 < ooand > by, < oo, then lim,,_,.,ay, exists.
Lemma 2.3. Let E be a real g-uniformly smooth Banach space which is also uniformly convex and let

K be a nonempty closed convex subset of E. Let T be a self-mapping on K with F(T) # @. Let {x,}
be the sequence satisfying the following conditions:

(a) lim,_ol||x, — pl| exists for every p € F(T);
(b) limy,_el||x, — Tx,|| = 0;
(c) limyo|txy, + (1 = t)p1 — p2|| exists for all t € [0,1] and for all p1,p, € F(T).

Then, the sequence {x,} converges weakly to a fixed point of T.

Proof. Since lim,,_,.||x, — p|| exists, then {x,} is bounded. By (b) and Lemma 2.1, we have
w(xn) C F(T). Assume that p1,pr € ww(x,) and that {x,,} and {x;,} be subsequences of
{xn} such that x,, — p; and x,;,;, — p», respectively. Since E is a real g-uniformly smooth
Banach space which is also uniformly convex, then E has a Frechet differentiable norm. Set
X =p1—p2, h =t(x, —p1) in (2.5), we obtain

1 |
slp1=pall” + t(en = p1, j(pr = p2))

(2.7)
1 1 .
< sllten+ 1 =pr = pal* < S llpr = p2l* + = p,j (o1 = p2)) + b (Ellxa = 1),
where b is increasing. Since ||x, — p1|| < M, for all n > 0, for some M > 0, then
1 .
Sl =pall* + xa = pr,j(pr = p2))
(2.8)

1 1 .
< slltxa+ @ =0pi=pall” < 5 llp1 = p2ll” + £ = pr, j(pr = p2)) + bUEM).

Therefore,

1 | |
5llpr = pal® + tlimsup (. — 1, j (p1 ~ p2))

1. 1 - .
< 5 lim |ty + (1= 1 = pal|” < 5 llp2 = po*+tlim inf(x = pi, j(p1 = p2) ) +b(EM).
(2.9)

Hence limsup, ,_(x, — p1,j(p1 — p2)) < liminf, ..(x, — p1,j(p1 — p2)) + b(tM)/t. Since
lim;_,0+b(tM)/t = 0, then lim,,_,. (x, — p1, j(p1 — p2)) exists. Since lim,,_,.(x, — p1, j(p1 —p2)) =
(p—p1,j(pr=p2)), for all p € wi(x,). Set p = po. We have (p, ~p1,j(p1 —p2)) = llp2-p1ll> = 0,
that is, p» = p1. Hence wy(x,) is singleton, so that {x,} converges weakly to a fixed point
of T. O
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3. Mann’s algorithm

Theorem 3.1. Let E be a real g-uniformly smooth Banach space which is also uniformly convex and let
K be a nonempty closed convex subset of E. Let T : K — K be a k-strictly pseudocontractive mapping
with F(T) # @. Let {a,} be a real sequence satisfying the condition (1.8). Given xo € K, let {x,}. be
the sequence generated by Mann’s algorithm (1.5). Then the sequence {x,} converges weakly to a fixed
point of T.
Proof. Let p, = (a, — p)/(1 = p). Since a,, € (4, 1), then g, € (0,1). We compute

X1 = AnXp + (1= )Ty = [+ (1= p) ] xn + (1= ) (1 = B) Txn

= Buxn + (1= P) [uxn + (1 = ) Txy] = Buxn + (1= Pu) Spxn,
where S, = ul + (1 — u)T. We will show that S, is a nonexpansive mapping and that F(S,) =
F(T). Indeed, it follows from (1.2) and (2.3) that

[1Spx = Suyll” = lux + A= ) Tx = [py + A=W Ty]||" = |x -y - A= ) [x -y = (Tx = Ty)] ||’
<lle=yll1-q(1-p){(I-T)x~(I = T)y, jy(x~y))+Cq(1-p)||x~y—(Tx = Ty) ||’
<lx =yl = gx(1 = p)||x -y = (Tx = Ty)||"+ Co(1 - w)7||x -y - (Tx - Ty) ||’
= = yll” - (1= ) [gx = Co(1 - )™ T ||lx = y = (Tx - Ty)||".

(3.1)

(3.2)

When 1 - (qK/Cq)l/(q_l) <pu<1,wehave |S,x - S,yl|7 < [|x - y||9, that is, S,, is nonexpansive.
On the other hand, for all x € F(S,), x = S,x = pux + (1 — u)Tx. Then x = Tx, thatis, x € F(T).
Now we show that ||x,, — S,x,|| is decreasing. By (3.1), we have

[[xne1 = Spxna || = [|Bnxn + (1= Pu) Spxn = Spxnaa |
= [|Bn (xn = Suxn) + Pu(Spxn = Spxner) + (1= Pu) (Suxn = Suxnan) |
< Pallxn = Sxeal| + 1S = Spxusa|| < Pallxn = Spxeall +[|2n =2uiall 55
= Pull2cn = S| + (1= Bu) |20 = Sy || = |30 = Spxal|,
1 1- B, 1
0= Tl = = et = 3l = T2 = Syl = 12l Sy

It follows from (3.3) that
1 1
I =Tl = b = Sl € 2 s =Syl = o =Tl (3

Hence lim,,—.,||x, — Tx,|| exists.
Pick a p € F(T). We then show that the real sequence {||x, - p||},-, is decreasing, hence
lim,, ||x, — pl| exists. To see this, using (1.2) and (2.3), we obtain

|1 =Pl = |0 =p = (1= aw) [xn —p = (Txw = p)] ||
< ||xa=p||"=g(1=an) (xn=p=(Txu=p), jg(xa=p) ) +Cq (1) || xn—p— (Txu=p) ||
<|lxw=p||" = ax (1 = an) |20 = p = (Txn = p) ||" + Cq(1 = @) || %0 = p = (Tx = p) ||*

= [lxa =" = (1 = ) [g% = Cy (1= )] ota = p = (Txu = )|
(3.5)
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Then
(1) [ - Cy (1 - @) ]t = p = (T2 = )7 < 0 =Pl = 15 -p " 36)

Since p < a, < 1 for all n, where y € [max{0,1 - (qK/Cq)l/(qfl)},l), we get (1 — a,)[gx —
C,(1- a,)" '] > 0. Therefore, (3.6) implies the sequence {||x, — p||} is decreasing (and hence
lim,—.o||x, — pl| exists). It follows from (3.6) that

o0

S (- ) [gx - Cy(1 - ) - p - (Tra-p) |7 < 50— pl" <. (3)

n=0

Since 3770 (1 - ay)[gr — C4(1 - a,)7!] = oo, then (3.7) implies that

lim inf||x, — T, || = 0. (3.8)
Thus
lim ||, — Tx,|| = 0. (3.9)

Then we prove that for all p;, p» € F(T), limy,—.o||tx, + (1 —t)p1 —p2|| exists for all t € [0, 1].
Let a,(t) = ||tx, + (1 — t)p1 — p2||. It is obvious that lim,_..,a,(0) = ||p1 — p2| and lim,_.,a,(1) =
limy, o || x5 — p2|| exist. So we only need to consider the case of t € (0,1). Define T,, : K — K by

Tox =apx+ (1-a,)Tx, x€K. (3.10)
Then for all x,y € K,

ITwx =Ty ||” < lx=y 1" =q(1-an) {(I=T)x=(I=T)y, jy(x=y))+Cq(1=an)" [ x=y~ (Tx-Ty) ||*

<l = yl7 = (1 - ) [qx = Cy(1 - @)™ ]| x -y = (Tx - Ty)||".
(3.11)

By the choice of a,,, we have (1 - a,)[qx — Cy(1 - a,)7'] > 0, so it follows that ||T,.x - T,y|| <
”x - ]/|| Set Sn,m = Tnim-1Tnsm—2 -+ Ty, m > 1. We have

1Snmx = Sumy|| < llx -yl Vx,y €K,
(3.12)
SnmXn = Xntm, Spymp=p Vp€ F(T).

Set by = ||Snm(txn + (1 =t)p1) = tSumxn — (1 = 1)S,mp1ll. Let 6 denote the modulus of convexity
of E. If ||x, — p1|| = 0 for some ny, then x,, = p; for any n > ng so that lim,_.||x, — p1|| = 0, in
fact {x,} converges strongly to p; € F(T). Thus we may assume ||x, — p1|| > 0 for any n > 0. It
is well known (see, e.g., [16, page 108]) that

ltx+ (1 -ty <1-2min{t, (1 -1)}6(lx-yl) <1-2t1-1)E(||lx - yl) (3.13)
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forallt € [0,1] and for all x, y € E such that ||x|| < 1, ||y|| < 1. Set

Sn,mpl - Sn,m<txn + (1 - t)Pl)

nm —

7

o = |

(3.14)

Sum(txn + (1= £)p1) — SpmXn

Znm =
(I =B)lxn =i

Then ||wy, || <1 and ||z, m| <1 so that it follows from (3.13) that

2t(1 = )6 (||wnm = zum||) <1 = ||twnm + (1 =) zum]|- (3.15)
Observe that
”wn,m - Zn,m” = bn,m 7
E1 = )| = pu

(3.16)

||Sn,mxn - Sn,mpl ”
20 =l

||twn,m +(1- t)zn,m” =

7

it follows from (3.15) that

bn,m
tH(1=1)|[xn—p1 |

2t(1-1)[|xn—p1 |I5< > <|xn=pill=1Snm¥n=Snmpr|l = | Xa=p1|| = | %nem = p1 |-

(3.17)
Since E is uniformly convex, then 6(s)/s is nondecreasing, and since ||x, — p|| is decreasing,
hence it follows from (3.17) that

l|2c0 = pu | 4 < '
6 bum ) < |[xXn = p1|| = || Xnem = since t(1 —t) <
2 %o —pi] [l = pafl = | Pl )

Vt e [0,1]>.

(3.18)
Since 6(0) = 0 and lim,,_,, [|x,,—p|| exists, then the continuity of yields lim,_,., by, » = 0 uniformly
for all m. Observe that

I

an+m(t) < ||txn+m + (1 - t)Pl —p2 + (Sn,m<txn + (1 - t)Pl) - tSn,mxn - (1 - t)sn,mP1> ”
+ ”Sn,m (txn + (1 - t)Pl) - tsn,mxn - (1 - t)sn,mpl ”
= ”Sn,m(txn + (1 - t)Pl) - Sn,mP2” + bn,m < ”txn + (1 - t)Pl - PZ” + bn,m = an(t) + bn,m-
(3.19)

Hence limsup,_,_a,(t) <liminf, ., a,(t), this ensures that lim,_...a,(t) exists for all t € (0,1).
Now apply Lemma 2.3 to conclude that {x,} converges weakly to a fixed point of T. [J

Remark 3.2. In particular, set g = 2, C; = 1, our result reduces to Theorem MX. Moreover, if T is
nonexpansive, then x = 0 and our Theorem 3.1. reduces to Reich’s theorem [17].
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4. Parallel algorithm
The following proposition lists some useful properties for strictly pseudocontractive map-
pings.

Proposition 4.1. Let K be a closed convex subset of a Banach space E. Given an integer N > 1, assume,
foreach1 <i< N, T; : K — K is a k;-strictly pseudocontractive mapping for some 0 < k; < 1. Assume
(N} N, is a positive sequence such that 3N, A; = 1. Then.

(i) SN NT; is a k-strictly pseudocontractive mapping, with x = min{x; : 1 <i < N},

(i) Suppose that {T;}~, has a common fixed point. Then

N N
F<Z A,-:r,-) = (F(T). (4.1)
i=1 i=1

Proof. To prove (i), we only need to consider the case of N = 2 (the general case can be proved
by induction). Set G = (1 — \)T; + AT, where A € (0,1) and for i = 1,2, T; is a «;-strictly
pseudocontractive mapping. Set x = min{xy, k2 };
(Gx = Gy, ja(x - y))

< (1= (Tix = Thy, jg(x = y)) + MTox = Ty, jg(x = y))

< A= [lle=yl? = m || (T = T)x = (I-Ta)y||"] +A[llx = yl1? = o | (T = T2)x = (I - To) y ]

< e =yll? == [A=D|(I-Tr)x= I-To)y || +A | (I-T2) x- (I-T2)y || ]

<l =yl x| -G)x = (I =Gy

(4.2)

Hence G is a k-strictly pseudocontractive mapping.

To prove (ii), again we can assume N = 2. It suffices to prove that F(G) C F(T1) N F(T),
where G = (1 - M\)Ty + AT, with A € (0,1). Let x € F(G) and take z € F(Ty) N F(T3) to deduce
that

lx —z[|7= (1 - V)(Tix - 2, jo(x — 2)) + MTox — 2, j(x - 2))
< (=N [llxe=zl|7=x || (I-T1)x= (I-T1) z|| "] + A [llx=zl|7 = || (I - T2)x - (I - T>)z||"]
= Jlac = 217 = %[ = V|| (T = To)x||? + A[| (T - T2) x| "]

(4.3)
Since k > 0, we get (1 - A)||(I = T1)x||7 + A||(I = T2)x||7 < 0. This together with 0 < A < 1 implies
that T1x = x and Tox = x. Thus x € F(Ty) N F(T7). O

Theorem 4.2. Let E be a real g-uniformly smooth Banach space which is also uniformly convex and
let K be a nonempty closed convex subset of E. Let N > 1 be an integer. Let, for each 1 <i < N, T; :
K — K be a «;-strictly pseudocontractive mapping for some 0 < k; < 1. Let k = min{x; : 1 <i < N}.
Assume the common fixed point set (\N,F(T;) is nonempty. Assume also {\;}Y; is a finite sequence of
positive numbers such that 3N, \; = 1. Given xq € K, let {x,,}22, be the sequence generated by Mann's
algorithm (1.10):

N
X1 = AnXy + (1 - an)z MTix,, n>0. (4.4)
i=1
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Let {a, },-, be a real sequence satisfying the conditions (1.8). Then {x,} converges weakly to a common
fixed point of {T;} Y.

Proof. Put
A= AT (4.5)

Then by Proposition 4.1, A is a x-strictly pseudocontractive mapping and F(A) = Y, F(T;).
We can rewrite the algorithm (1.10) as

X1 = Xy + (1 - ay) Ax,, n20. (4.6)

Now apply Theorem 3.1 to conclude that sequence {x,} converges weakly to a fixed
point of A. ]

Theorem 4.3. Let E be a real g-uniformly smooth Banach space which is also uniformly convex and
let K be a nonempty closed convex subset of E. Let N > 1 be an integer. Let, for each 1 <i < N, T; :
K — K be a «;-strictly pseudocontractive mapping for some 0 < k; < 1. Let x = min{x; : 1 <i < N}.
Assume the common fixed point set (\~, F(T;) is nonempty. Assume also for each n, {)LE") VN, is a finite
sequence of positive numbers such that zﬁl)&’ = 1 for all n and infn21A§") >0foralll <i< N.
Given xg € K, let {x,} - be the sequence generated by the algorithm (1.11):

N
Xns1 = Xy + (1 - an)z )Lf")Tixn, n>0. (4.7)
i=1
Let {a, },. be a real sequence satisfying the condition (1.8). Assume also that

© N
3 (Z A - Af")|) < co. (4.8)

n=0 i=1

Then {x,) converges weakly to a common fixed point of {T;}Y,.

Proof. Write, for eachn > 1,
N
Ap= Y AT, (4.9)
i=1

By Proposition 4.1, each A, is a «-strictly pseudocontractive mapping with F(A,) = X, F(Ty),
and the algorithm (1.11) can be rewritten as

X1 = AnXp + (1 = ay)Ayx,, n>0. (4.10)

As Theorem 3.1, if set B, = (a, — )/ (1 — ), then {x,},;-, can also be generated by the
following algorithm:

Xn+1 = ﬂnxn + (1 - ,Bn)sy,nxn/ (411)

where S, ,, = ul+(1-p)A, and S, , is a nonexpansive mapping with F(S,, ,) = F(A;). Similarly,
we can prove that lim,_..,||x, — p|| exists for every p € ﬂfZlF (T;), and that

lim inf”xn - Anxn” =0. (4.12)
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Since we can write A, 1Xn+1 = AnXns1 + Yn, Where y, = Zgl(/\E"H) - )LE"))Tianrl, then by
(4.11) we obtain

1 = Spmerxnr || = || Buxn + (1 = fn) Sundn = Symerdmsa |
= [|1Bn (xn=Spnxn) +Bn (SunXn=Spnr1xne1) + (1 = fn) (SpnXn=Syne1Xn1) |
< Pullxn = Spnxul| + [[Spnxn = Sunsaxna|
< Bullxn = Sunxul| + || Spnxn = SpnXne|| + || Sunxna = Spme1Xna ||
< Pullxn = Spnxal| + || 20 = Xna1 || + (1 = p) || AnXna1 — Ape1 X ||
< Pl = Spnnl| + (1= Bu) [0 = Spnxal| + (1= p) ||y

= [|on = Spnxa || + 1 = ) [ ya]l-
(4.13)

Assumption (4.8) implies that

ZVB [ Yu| < o0- (4.14)

Using Lemma 2.2, we conclude that limy, . ||x, — S, n x| exists. Then lim,, o [|x, — A, x5 || exists.
Thus, by (4.12) we have lim,,_,.||x, — Apx,|| = 0.
If we define T}, : K — K by

Tux =ayx+ (1-a,)Ax, x€K. (4.15)

According to the corresponding deductive process of Theorem 3.1, we can prove that
lim, .o ||tx, + (1 — t)p1 — p2|| exists for all t € [0,1] and for all p,p» € F(Ay).

Consequently, {x,} converges weakly to a common fixed point of {T;}~, by Lemma 2.3.

O

5. Cyclic algorithm

Theorem 5.1. Let E be a real g-uniformly smooth Banach space which is also uniformly convex and let
K be a nonempty closed convex subset of E. Let N > 1 be an integer. Let, foreach0 <i < N -1, T; :
K — K be a «;-strictly pseudocontractive mapping for some 0 < x; < 1. Let k = min{x; : 0 < i <
N —1}. Assume the common fixed point set (o F(T;) is nonempty. Given xo € K, let {x,}%., be the
sequence generated by the cyclic algorithm (1.12):

Xpe1 = AnXp + (1= ay) Tyxn, n >0, (5.1)

where Tjy) = Ti, with i = n(modN), 0 < i < N - 1. Let {a,},>, be a real sequence satisfying the
condition

U<a,<l-e (5.2)

for all n and some € € (0,1 — u), where p € [max{0,1 — (qK/Cq)l/(q_l) },1). Then {x,} converges
weakly to a common fixed point of {T;}No".
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Proof. Pick a p € F = ﬂf\:](]lF (T;). We first show that the real sequence {|x, —pll};, is
decreasing, hence lim,,_.||x,, — p|| exists. To see this, using (1.2) and (2.3), we obtain
ll2nea = pl|" = |20 = p = (1 = @) [0 = p = (Tim20n = P)] ||
< lxn=pll"=q(=an) Gu=p=Traxn=p), jo Cen=p))+Co(l=an) " [ xn=P= (Trmxu=p) ||*
< lxn=pll*=qre (1=an) [|xn=p= (Tp xa=P) |'Cq (1=an) || xn=p= (i xu=p) ||

= [l = pl|" = (1 = @) [gx = Cq(1 = )" ] |[20 = p = (Tpyxn = p) ||
(5.3)

Since p < a, <1-¢, we getby (5.3)
elax = Cq(1 =" ||xn = p = (Tpun = )| < [l = pl|* = [J2ne1 ~ |- (5:4)

It follows that the sequence {||x, —p||} is decreasing (and hence lim,,_., ||x,, — p|| exists) and that
limy, o0 ||5 = Tinyx,|| = 0. This implies that

lim || 2641 = X || = im (1 = &) || 26 = Tpmyxa|| = 0. (5.5)

Claim: wy(x,) C F.

Indeed, assume x* € wy(x,) and x,, — x* for some subsequence {xy,,} of {x,}. We may
further assume n; = [(modN) for all i. Since by (5.5), we also have Xp; — X" forall j >0, we
deduce that

||x"i+j = Tsj)Xns || = ||x"i+j = Tinsj1 X || — 0. (5.6)
Then Lemma 2.1 implies that x* € F(T|;4;}) for all j. This ensures that x* € F.

If we define T, : K — K by
Tpx = ayx + (1 - ay)Tiyx, x€K. (5.7)

According to the corresponding deductive process of Theorem 3.1, we can prove that
limy, o ||ty + (1 — t)p1 — p2|| exists for all t € [0,1] and for all p;,p, € F.

Consequently, we conclude that {x,} converges weakly to a common fixed point of
{T;} ;! by using Lemma 2.3. This completes the proof. O
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