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1. Introduction

Let K be a nonempty closed convex subset of real normed linear space E. Recall that a
mapping T : K — K is called asymptotically nonexpansive if there exists a sequence{r,} C
[0, ), with lim, ., 7, = 0 such that ||T"x - T"y|| < (1 + ry)|lx — y||, for all x,y € K
and n > 1. Moreover, it is uniformly L-Lipschitzian if there exists a constant L > 0 such
that ||T"x — T"y|| < L||x — y||, for all x,y € K and each n > 1. Denote and define by
F(T) = {x € K : Tx = x} the set of fixed points of T. Suppose F(T) #@. A mapping T
is called asymptotically quasi-non-expansive if there exists a sequence {r,} C [0, o), with
limy, o, 7, = 0 such that [|[T"x — p|| < (1 + 1) ||x = pl|, forall x,y € K, p € F(T),and n > 1.

It is clear from the above definitions that an asymptotically nonexpansive mapping
must be uniformly L-Lipschitzian as well as asymptotically quasi-non-expansive, but the
converse does not hold. Iterative technique for asymptotically nonexpansive self-mapping
in Hilbert spaces and Banach spaces including Mann-type and Ishikawa-type iteration
processes has been studied extensively by many authors; see, for example, [1-6].

Recently, Chidume et al. [7] have introduced the concept of nonself asymptotically
nonexpansive mappings, which is the generalization of asymptotically nonexpansive
mappings. Similarly, the concept of nonself asymptotically quasi-non-expansive mappings
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can also be defined as the generalization of asymptotically quasi-non-expansive mappings
and nonself asymptotically nonexpansive mappings. These mappings are defined as follows.

Definition 1.1. Let K be a nonempty closed convex subset of real normed linear space E, let
P : E — K be the nonexpansive retraction of E onto K, and let T : K — E be a nonself
mapping.

(i) T is said to be a nonself asymptotically nonexpansive mapping if there exists a
sequence {r,} C [0, 00), with lim,_,, 7, = 0 such that

|ITPT)""x - T(PT)" 'y|| < (1 +7)lx -yl (1.1)

forallx,y € Kandn > 1.
(ii) T is said to be a nonself uniformly L-Lipschitzian mapping if there exists a constant
L > 0 such that

|IT(PT)" "% - T(PT)"'y|| < Li|lx - yl|, (1.2)

forallx,y € Kandn > 1.
(iii) T is said to be a nonself asymptotically quasi-non-expansive mapping if F(T) # &
and there exists a sequence {r,} C [0, o0), with lim,_,., 7, = 0 such that

IT(PT)" "% —p|| < (1+ra)llx - pll, (1.3)
forallx,y e K,pe F(T),and n > 1.
By studying the following iteration process (Mann-type iteration):
x1 €K, xp1=P((1-an)x,+a,T(PT)" 'x,), Yn2>1, (1.4)

where {a,} C [0,1], Chidume et al. [7] obtained many convergence theorems for the fixed
points of nonself asymptotically nonexpansive mapping T. Later on, Wang [8] generalized
the iteration process (1.4) as follows (Ishikawa-type iteration):

x1 € K,
Xpe1 = P((1 = ap)xy + a, Ty (PT) " 'y,), (1.5)
Y = P((1= B)xn + PuTo(PT)" '), Vn>1

where T7, T, : K — E are nonself asymptotically nonexpansive mappings and {a,}, {f.} C
[0,1]. Also, he got several convergence theorems of the iterative scheme (1.5) under proper
conditions.

In 2000, Noor [9] first introduced a three-step iterative sequence and studied the
approximate solutions of variational inclusion in Hilbert spaces by using the techniques of
updating the solution and the auxiliary principle. Glowinski and Tallec [10] showed that the
three-step iterative schemes perform better than the Mann-type and Ishikawa-type iterative
schemes. On the other hand, Xu and Noor [11] introduced and studied a three-step scheme
to approximate fixed points of asymptotically nonexpansive mappings in Banach spaces.
Cho et al. [12] and Plubtieng et al. [13] extended the work of Xu and Noor to the three-
step iterative scheme with errors, and gave weak and strong convergence theorems for
asymptotically nonexpansive mappings in Banach spaces.
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Inspired and motivated by these facts, a new class of three-step iterative schemes with
errors, for three nonself asymptotically quasi-non-expansive mappings, is introduced and
studied in this paper. This scheme can be viewed as an extension for (1.4), (1.5), and others.
This scheme is defined as follows.

Let K be a nonempty convex subset of real normed linear space X, let P : E — K be the
nonexpansive retraction of E onto K, and let Ty, T, T3 : K — E be three nonself asymptotically
quasi-non-expansive mappings. Compute the sequences{x,}, {y,}, and {z,} by

x1 € K,
Xn+l = P(anTl (PTl)nilyn + ﬂnxn + ann)r

Yn = P(a,T2(PT2)" 25 + B + 1100),
Zp = P((x',’ng(PT3)"_1xn + oy + Yaun), Yn>1

(1.6)

where {a,}, {a,}, {an}, {Bn}, B}, B0}, {ya}, {1}, and {y,} are real sequences in [0, 1] with
An+Put+yn=a,+P,+y, =a+pn+y, =1,and {u,}, {v,}, and {w,} are bounded sequences

in K.

Remark 1.2. Q) U Ty =To =Ts =T, yn =y, = ¥ = 0, and a), = a), = 0, then scheme (1.6)
reduces to the Mann-type iteration (1.4).

({) U Tr=Ts, v, =7, =7y, =0,and a), = 0, then scheme (1.6) reduces to the Ishikawa-
type iteration (1.5).

(iii) If Th, T,, and Tz are three self-asymptotically nonexpansive mappings, then
scheme (1.6) reduces to the three-step iteration with errors defined by [12, 13], and others.

The purpose of this paper is to study the iterative sequences (1.6) to converge to a
common fixed point of three nonself asymptotically quasi-non-expansive mappings in real
uniformly convex Banach spaces. Our results extend and improve the corresponding results
in [5,7, 8, 11-13], and many others.

2. Preliminaries and lemmas

In this section, we first recall some well-known definitions.
A real Banach space E is said to be uniformly convex if the modulus of convexity of E:

[l + vl
2

6(e) = inf {1- Al =l =1, -yl =} >0, 1)
forall 0 < ¢ <2 (i.e., 6g(¢) is a function (0,2] — (0,1)).

A subset K of E is said to be a retract if there exists continuous mapping P : E — K
such that Px = x, for all x € K, and every closed convex subset of a uniformly convex Banach
space is a retract. A mapping P : E — E is said to be a retraction if P? = P.

A mapping T : K — E with F(T) # @ is said to satisfy condition (A) (see [14]) if there
exists a nondecreasing function f : [0, o0) — [0, 00) with f(0) = 0, for all r € (0, o0), such that

= Tx|| > f(d(x, F(T))), (22)

for all x € K, where d(x, F(T)) = inf{||x — x*|| : x* € F(T)}.
We modify this condition for three mappings T;,T>,T5 : K — E as follows. Three
mappings Ty, T, Tz : K — E, where K is a subset of E, are said to satisfy condition (B) if there
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exist a real number a > 0 and a nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0, for
all » € (0, o0), such that

||x = Tix|| > af (d(x,F)) or |x-Tx|>af(d(x,F)) or |x-Tsx| >af(d(x, F)),
(2.3)
forall x € K, where F = F(T;)NF(T>)NF(T3) # &. Note that condition (B) reduces to condition
(A)ywhenT; =T, =Tz and a = 1.

A mapping T : K — E is said to be semicompact if, for any sequence {x,} in K such
that ||x, —Tx,|| — 0 (n — o), there exists subsequence {x,, } of {x,} such that {x,, } converges
strongly to x* € K.

Next we state the following useful lemmas.

Lemma 2.1 (see [5]). Let {a,}, {b,}, and {c,} be sequences of nonnegative real numbers satisfying
the inequality
an1 < (1+cn)an+by, Yn>1 (2.4)

If ¥ cn <ooand >,°, by < oo, then lim,,_,o, a, exists.

Lemma 2.2 (see [15]). Let E be a real uniformly convex Banach space and 0 < k < t, < g <1,
for all positive integer n > 1. Suppose that {x,} and {y,} are two sequences of E such that

limsup,_,_ |lxql| < 7, limsup,__ [ly.ll < 7, and limy,_o|[t,x, + (1 = t,)yall = r hold, for some
r > 0; then limy, o, ||x, — ¥l = 0.

3. Main results

In this section, we will prove the strong convergence of the iteration scheme (1.6) to a
common fixed point of nonself asymptotically quasi-non-expansive mappings T1, T, and Ts.
We first prove the following lemmas.

Lemma 3.1. Let K be a nonempty closed convex subset of a real normed linear space E. Let Ty, T, T
K — E be nonself asymptotically quasi-non-expansive mappings with sequences (r} such that
S ¥ < oo, forall i =1,2,3. Suppose that {x,} is defined by (1.6) with 3771 Yn < 00, Dy Yo <
oo, and X071 yn < oo. If F = F(T1) N F(T2) N F(T3) # @, then lim,,_.o, ||x,, — pl| exists, for all p € F.

Proof. Let p € F. Since {u,}, {v,}, and {w,} are bounded sequences in K, therefore there
exists M > 0 such that

M = max {sup”un =p||, sup||lvn —p

n>1 n>1

, sup||wn—p||}. (3.1)
n>1
Letr, = max{r,(ll),r,(lz),r,(f)} and k, = max{y,, v, ¥n}. Then > 77 1, < oo and 3,71 k, < oo. By
(1.6), we have
llxne1 = | = [|P[anT1 (PTY ™)y + Puxn + yuton] = P(p)|
< lanT1 (PTY ™)y + Pudtn + Yuton = (tn + u + )P |
<l [Ta (PTF) yu = p] + fn(xn = p) + yu(wn = p) |
< an(1+7u) [yn = pll + Bullxn = | + knllon - p
Iyn =PIl = [|P[a,T2(PT; ™) 20 + Brn + Yo0u] = P(p) |
< @ T2 (PT; ) zn + Bn + Yom = () + B+ 1) | (33)
<a,(L+1)||zn = p|| + Bullxn = pl| + knllon = p|,

(3.2)

7



C. Wang and J. Zhu 5

and similarly, we also have

120 = pll < @ (L 7o) [l =Pl + Bulln = Pl + knll1n = p]l- (34)

Substituting (3.4) into (3.3), we obtain

llyn = pll < e (1+7a) [a, (1 + 1) [|xn = pl| + Bl xn = p| + K[| = p]

+ Bullxn = Pl + Knllon - p|

< ety (1+1) |20 = pll + @By (1+ 7)1 = | + Bl = p
+ ke (1+7) || = pl| + k|0 = p|

<(1=p-v)an(+ )’ lx=pll+ A =B,=y)Br(L+r)lxa =Pl (35)
+ Bullxn = Il + ku (1 + 1) [ = p|| + K [|0n = p|

< (1= By =ya) (@ + ) (L 12)*[lxn = pl| + B lln = | + 72

< (1=B,) (1 + 1) lxa = pll + B (L4 70)* |20 = | + 1

< (1472) % = pll + 1m0,

where m,, = k,(2+1,)M. Since 3,77, 1, < oo and X7, k, < oo, then 377 | m,, < oo. Substituting
(3.5) into (3.2), we have

1 = Pl < an (14 7) [(1+ 72) 200 = | + 170] + Bul| 200 = pI| + Yl |2ww = p|
< fan(1470) + a0 = Pl + (14 7)1 + 3|0 = p|
< (@ + ) (14 72) |0 = P + (1 + 7)1 + k|0 = p| (3.6)
<(1+ rn)3||xn -p|l+ (1 +r)my, + kM
< (14 c)lxa—pll + b

where ¢, = (1 + rn)3 -land b, = (1 + ry)m, + k,M. Since X771, < 00, dpoikny < o0,
and X7, m, < oo, then > 7 ¢, < oo and >, b, < oo. It follows from Lemma 2.1 that
limy, . ||, — pl| exists. This completes the proof. O

Lemma 3.2. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E. Let
T1, T, T5 : K — E be uniformly L-Lipschitzian nonself asymptotically quasi-non-expansive mappings
with sequences {r,(f)} such that 377, r,(f) < oo, foralli=1,2,3. Suppose that {x,} is defined by (1.6)
wWith 3771 Yn < 00, Deq Yo < 00, and X771y, < oo, where a,, a),, and a), are three sequences in
e, 1 —¢€], for some e > 0. If F = F(Ty) N F(T») N F(T3) # @, then

lim ||x, — Ty, || = lim ||, = Tox,|| = lim ||x, — T3, || = 0. (3.7)
n—oo n—oo n—oo

Proof. For any p € F, by Lemma 3.1, we see that lim,,_., ||x, — p|| exists. Assume lim, . ||x, —

pll = a, forsomea>0.Foralln>1,letr, = max{r,(ll),r,(lz),r,(f)} and k,, = max{y,, ¥, ¥ }-
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Then, X721, < oo and X7, k, < co. From (3.5), we have

lyn = pll < (1 +70)* [l = pl| + 110

(3.8)

Taking limsup,,_,  on both sides in (3.8), since 3,72, 7, < o0 and >,;2; m, < oo, we obtain

limsup||y, - p|| < limsup||x, - p| = lim [[x, - p[| = a

n—oo n—oo

so that

lim sup||Ty (PTy)" "y = p|| < limsup (1 +r4)||yn - p|| = limsup|ly, - p|| < a

n—oo n—oo n—oo

Next consider
T (PT0)" o = p + Y (w0 = ) || < T2 (PT)" o = | + Kl |20 = x|
Since lim,,_,, k, = 0, we have

lim sup|| Ty (PT1)" "y = p + Yu (wn = %) || < .

In addition,
ll2n =+ ¥ (wn = xu) | < [lo0n = pl| + Kl 20 = 2]
This implies that

lim sup||x, = p + ¥ (wy = x4) || < a.

Further, observe that
a = tim -l

= lim [|a T (PT1)"" Yo + PuXn + Yo = p

= lim [|a, Ty (PT2)" y + (1= @) %0 = YuXn + Y0 = (1= @n)p = aap |

= nlijgo||anT1 (PTl)"_lyn = AP + AnYn Wy — AnYnXn + (1 — ay) Xy

= (1= an)p = YnXn + YaWn — A YnWn + AnYuXnl|

= i T3 (PT3)" =+ 3 = 30)] + (1 = ) i = + 1 aom = 50}

By Lemma 2.2, (3.12), (3.14), and (3.15), we have

tim |74 (PT3)" 'y, ]| = 0.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Next we will prove that lim,, || T2(PT2)" "z, — x,|| = 0. Since
[l =PIl < ITa (PT2)" v = x| + | T2 (PT1)" i |

< I (PT2)" o = xull + (1 4+ 70) |y |
and lim,,_o, || T1 (PT1)" 'y, — x| = 0 = lim,,_., 7, We Obtain

a = lim [|x, - p|| < lim inf|y, - p||
Thus, it follows from (3.10) and (3.18) that

Lim [y, - p|| = a.

On the other hand, from (3.4), we have

|z = pll < [ (1 +70) + Bal [l = pl| + Kal|un = p|
< (V1) [l = pl| + Kn[lun = p|-

By boundedness of the sequence {u,} and by lim,_,, 7, = lim,_.., k, = 0, we have

limsup||z, - p|| <limsup||x, - p|| = a

n—oo n—oo

so that

limsup||T2(PT2)" 'z, - p|| < limsup(1 +7,) ||z, - p|| < a.
n—oo

n—oo

Next consider
IT2(PT)" 20 - p + Yi(on - 2) | < IT2(PT)" 20— pll + Kallo — ]|
Thus, we have

lim sup|| T2 (PT2)" "z — p + Y4 (00 — x) || < a,

n—oo
[l =P+ 2 (@n = 20) || < llxn = Pl + Knllon = ]|

This implies that

limsup||x, = p + 5 (vn — x) || < .

n—oo

Note that
a=lim ||y, -p||

= lim |, T2 (PT2)" 24 + B + Yyon -

= lim |, [T2(PT)" 2~ p + (o~ )] + (1= ) 5~ p + Yo 00— )] .

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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It follows from Lemma 2.2, (3.24), and (3.25) that

lim | T2(PT2)" " 2, = x| = 0. (3.27)
Similarly, by using the same argument as in the proof above, we obtain
lim | T5(PT3)" " x, = x| = 0. (3.28)
Hence,
tim |13 (PT3)" g — | = lim [ Ta(PTe)"™ 2, - 2] = lim | T (PT)" = x| =0,
(3.29)
and this implies that
[|2n:1 = 2xu || < an||T: (PTl)"_lyn = X || + knl||wn = xp|| — 0 as n — co. (3.30)

Since Tj is uniformly L-Lipschitzian mapping, then we have
1T (PT2)" o = x|
< ITi(PT)" s = Ty (PT2)" | + T2 (PT1) ™ = 20|
< Ll|xa = yall + |IT2 (PT)" yu |
< L||xn = @, T2 (PT2)" " 20 = Byn = youl| + 1T (PT2)" y = x|

< La, | T2(PT2)" " 2, = x| + Lkn|[vn = || + | T2 (PT2)" = xa|| — 0 as n — o,
(3.31)

o~ Tixall
< || xns1 =2 ||+ || 21 =T1 (PT1) "2 ||+ | T (PT1) " %41 = Ty (PT1) " || + || T2 (PT1 ) " 20 = T |

< ||xn+1 - xn” + ||xn+1 - Tl (PTl)nerl” + L”xn+1 - xn” + L”Tl (PTl)nilxn - xn”'

(3.32)
It follows from (3.30), (3.31), and (3.32) that
lim ||x,, — Ty, || = 0. (3.33)

Next consider
IT2(PTo)" 2 — x|

< I T2(PT2)" ' = T2(PT2)" 2| + | T2 (PT2) " 20 = |
< Ll|xu = zall + | T2(PT2)" 20 = x|

< Laly||T5(PT3)" " % = x| + Lk ||t = % || + | T2(PT2)" 2 = x| — 0 as n— oo,
(3.34)

[[xn = Toxa|
<|\xensr=u ||+ ||xns1 = T2 (PT2) “2pit ||+ || T2 (PT2) " xs1 = T2 (PT2) x4 || +|| T2 (PT2) 205 = To x|

< ||xn+1 - xn” + ||xn+1 - TZ(PTZ)nxn+1” + L”xnﬂ - xn” + L”TZ(PTZ)n_lxn - xn”-
(3.35)
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It follows from (3.30), (3.34), and (3.35) that

,%E?o”x" —Toxy|| = 0. (3.36)
Finally, we consider

[[xn = To2xa]|
<21 =u ||+ || 2ns1 = T3 (PT3) 2yt || + || T3 (PT5) " xs1 = T3 (PT3) x4 || + || T3 (PT5) 200 = T3 |

< ||xn+1 - xn” + ||xn+1 - TB(PT3)nxn+1” + L”xn+1 - xn” + L”TB(PT?))n_lxn - xn”'

(3.37)
It follows from (3.29), (3.30), and (3.37) that
&%”xn — Tsx,|| = 0. (3.38)
Therefore,
lim |, ~ Tyog| = lim |12, ~ T | = lim |, ~ Ta|| = 0. (3.39)
This completes the proof. O

Now, we give our main theorems of this paper.

Theorem 3.3. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E.

Let Ty, T,,Ts : K — E be uniformly L-Lipschitzian and nonself asymptotically quasi-non-expansive

mappings with sequences { Y such that > ) < oo, forall i =1,2,3, satisfying condition (B).
Suppose that {x,} is defined by (1.6) with 3,771 Yn < 00, Dipey Yo < 00, and >,07 1 yn < oo, where

ay, &, and a, are three sequences in [e,1 — €], for some € > 0. If F = F(T1) N F(Ty) N F(T3) # 2,
then {x,} converges strongly to a common fixed point of T1, T, and T.

Proof. It follows from Lemma 3.2 that limy, o ||x, = T12, || = imy—eo || 20 — Toxp || = limy—ses || X0 —
T3x,|| = 0. Since T1, T,, and T satisfy condition (B), we have lim,,_.., d(x,, F) = 0.
From Lemma 3.1 and the proof of Qihou [5], we can obtain that {x,} is a Cauchy

sequence in K. Assume that lim,_., x, = p € K. Since lim, . |[x, — T1x,|| = limy,_[x, —
Toxp|| = limy,o|| x5 — T3x,|| = 0, by the continuity of T, T», and T3, we have p € F, thatis, p is
a common fixed point of T1, T, and T3. This completes the proof. O

Corollary 3.4. Let K be a nonempty closed convex subset of a real uniformly convex Banach space
E. Let Ty, T,,T3 : K — E be nonself asymptotically nonexpansive mappings with sequences (r
such that Zler,(j) < oo, forall i = 1,2,3, satisfying condition (B). Suppose that {x,} is defined by
(1.6) with 3771 yn < 00, Doy Yo < 00, and >.071 Y, < oo, where a,, a,, and a,, are three sequences
in [e,1—¢€], for some € > 0. If F = F(T1) N F(T) N F(T3) # @, then {x,} converges strongly to a
common fixed point of T1, T, and Tj.

Proof. Since every nonself asymptotically nonexpansive mapping is uniformly L-Lipschitzian
and nonself asymptotically quasi-non-expansive, the result can be deduced immediately
from Theorem 3.3. This completes the proof. O
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Theorem 3.5. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E.
Let Ty, T>,T3 : K — E be uniformly L-Lipschitzian and nonself asymptotically quasi-non-expansive
mappings with sequences (r9) such that > r¥ < oo, foralli = 1,2,3. Suppose that {x,} is
defined by (1.6) with 3771 Yn < 00, Doy Yy < 00, and >.7° 1 yn < oo, where a,, a,, and a), are three

sequences in [g,1 — €], for some € > 0. If F = F(T1) N F(Ty) N F(T3) # @ and one of Ty, T», and T is
demicompact, then {x,} converges strongly to a common fixed point of T1, T, and T.

Proof. Without loss of generality, we may assume that T} is demicompact. Since lim,,_q ||x, —
T1x,|| = 0, there exists a subsequence {xn].} C {x,} such that xn, — x* € K. Hence, from (3.39),
we have

||« - Tix*

= lim ||x,, = Tixy || =0, i=1,2,3. (3.40)
n—oo

This implies that x* € F. By the arbitrariness of p € F, from Lemma 3.1, and taking p = x*,
similarly we can prove that

lim ||x, - x*|| = 4, (3.41)

n—oo

where d > 0 is some nonnegative number. From X, — X*, we know that d = 0, that is,
x, — x*. This completes the proof. O

Corollary 3.6. Let K be a nonempty closed convex subset of a real uniformly convex Banach space
E. Let T1,T,, T3 : K — E be nonself asymptotically nonexpansive mappings with sequences (riy
such that 3, ¥ < oo, forall i =1,2,3. Suppose that {x,} is defined by (1.6) with 3,771 v, < oo,
S Ye < oo, and 32, yn < oo, where ay, ay, and a,, are three sequences in [¢,1 — €], for some
e > 0. If F = F(Th) N F(Ty) N F(T5) # @ and one of T1, To, and Ts is demicompact, then {x,}
converges strongly to a common fixed point of T1, T, and Tj.
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