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Let S be a left amenable semigroup, let S = {T(s) : s € S} be a representation of S as Lipschitzian
mappings from a nonempty compact convex subset C of a smooth Banach space E into C with a
uniform Lipschitzian condition, let {4, } be a strongly left regular sequence of means defined on an
S-stable subspace of [*°(S), let f be a contraction on C, and let {a,}, {f,}, and {y.} be sequences
in (0, 1) such that a,, + B, + ¥, = 1, for all n. Let x.1 = a, f () + BuXn + YnT (Un) Xy, for all n > 1.
Then, under suitable hypotheses on the constants, we show that {x,} converges strongly to some
z in F(S), the set of common fixed points of S, which is the unique solution of the variational
inequality ((f —I)z, J(y —z)) <0, forall y € F(S).

Copyright © 2008 Shahram Saeidi. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Let E be a real Banach space and let C be a nonempty closed convex subset of E. A mapping
T:C — Cissaid tobe

(i) Lipschitzian with Lipschitz constant I > 0 if

ITx-Tyll <llx-yl, YxyeC; (1.1)

(ii) nonexpansive if

ITx-Tyl <llx-yl, Vx,yeC; (1.2)

(iii) asymptotically nonexpansive if there exists a sequence {k,} of positive numbers
satisfying the property lim, . .k, = 1 and

IT"x - T"y[| < knllx - yll, Vx,y€C. (1.3)
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Halpern [1] introduced the following iterative scheme for approximating a fixed point
of a nonexpansive mapping T on C:

Xpp =apx+(1—a,)Tx,, n=12,..., (1.4)

where x; = x is an arbitrary point in C and {a,} is a sequence in [0, 1]. Strong convergence
of Halpern type iterative sequence has been widely studied: Wittmann [2] discussed such
a sequence in a Hilbert space. Shioji and Takahashi [3] (see also [4]) extended Wittmann’s
result and proved strong convergence of {x,} defined by (1.4) in a uniformly convex Banach
space with a uniformly Gateaux differentiable norm.

In particular, Xu [5] proposed the following viscosity iterative process (originally due
to Moudafi [6]) in a uniformly smooth Banach space:

Xpe1 = Onf(xy) + (1 —ay)Tx,, n=12,..., (1.5)

where, f : C — Cisa contraction, and proved, under appropriate conditions, {x,} converges
to a fixed point of T which is a solution of a variational inequality. Recently, many papers have
been devoted to algorithms for finding such solutions, see, for example, [7-9].

It is an interesting problem to extend the above results to the nonexpansive semigroup
case [10-18]. Lau, Miyake and Takahashi [19] considered the following iteration process;

Xne1 = X + (1 —ay)T(pn)x,, n=12,..., (1.6)

for a semigroup S = {T(s) : s € S} of nonexpansive mappings on a compact convex subset
C of a smooth and strictly convex Banach space with respect to a left regular sequence {,}
of means defined on an appropriate invariant subspace of [(S); for some related results we
refer the readers to [20, 21].

The iterative methods for approximation of fixed points of asymptotically nonexpan-
sive mappings have been studied by authors (see, e.g., [22-32] and references therein).

For a semigroup S, we can define a partial preordering < on S by a < b if and only if
aS D bS. If S is a left reversible semigroup (i.e., aS NbS# @ for a,b € S), then it is a directed
set. (Indeed, for every a,b € S, applying aS N bS # @, there exist a’,b’ € S with aa’ = bb’; by
taking ¢ = aa’ = bb', we have ¢S C aSNbS,and thena < cand b < c.)

If a semigroup S is left amenable, then S is left reversible [33].

Definition 1.1. Let S = {T(s) : s € S} be a representation of a left reversible semigroup S as
Lipschitzian mappings on C with Lipschitz constants {k(s) : s € S}. We will say that .S is an
asymptotically nonexpansive semigroup on C, if there holds the uniform Lipschitzian condition
limsk(s) < 1 on the Lipschitz constants. (Note that a left reversible semigroup is a directed
set.)

It is worth mentioning that there is a notion of asymptotically nonexpansive defined
dependent on left ideals in a semigroup in [34, 35].

In this paper, motivated by (1.5), (1.6) and the above-mentioned results, we introduce
the following viscosity iterative scheme

Xn+1 = Onf (Xn) + PnXn + YT (Un)Xn, Yn2>1, (1.7)
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for an asymptotically nonexpansive semigroup S = {T(s) : s € S} on a compact convex
subset C of a smooth Banach space E with respect to a left regular sequence {y,} of means
defined on an appropriate invariant subspace of I*°(S), where f is a contraction on C, and
{an}, {Bn} and {y,} are sequences in (0,1) such that a,, + B, + y, = 1, for all n. Then, under
appropriate conditions on constants, we prove that the sequence {x,} converges strongly to
some z in F(S), the set of common fixed points of .S, which is the unique solution of the
variational inequality

((f-DzJ(y-2)) <0, VyeF(3). (1.8)

It is remarked that we have not assumed E to be strictly convex and our results are new
even for nonexpansive mappings. Moreover, our results extend many previous results (e.g.,
[11,19]).

2. Preliminaries

Let E be a Banach space and let E* be the topological dual of E. The value of x* € E*atx € E
will be denoted by (x, x*) or x*(x). With each x € E, we associate the set

J(x) = {x" € E*: (x,x") = [l"|I* = [|x||*}. (2.1)

Using the Hahn-Banach theorem, it immediately follows that J(x)# @ for each x € E. A
Banach space E is said to be smooth if the duality mapping J of E is single valued. We know
that if E is smooth, then ] is norm to weak-star continuous; see [20, 21].

Let S be a semigroup. We denote by [*(S) the Banach space of all bounded real valued
functions on S with supremum norm. For each s € S, we define I; and r; on [®(S) by
(I f)(t) = f(st) and (rsf)(t) = f(ts) for each t € S and f € [®(S). Let X be a subspace of
1°(S) containing 1 and let X* be its topological dual. An element p of X* is said to be a mean
on X if |||l = p(1) = 1. We often write p;(f(t)) instead of u(f) for p € X* and f € X. Let X
be left invariant (resp., right invariant), that is, [;(X) C X (resp., r5(X) C X) for each s € S.
A mean p on X is said to be left invariant (resp., right invariant) if u(lsf) = u(f) (resp.,
u(rsf) = p(f)) foreach s € Sand f € X. X is said to be left (resp., right) amenable if X has
a left (resp., right) invariant mean. X is amenable if X is both left and right amenable. A net
{Ha} of means on X is said to be strongly left regular if

li£n||l:ya - el =0, (2.2)

for each s € S, where [} is the adjoint operator of I;. Let C be a nonempty closed and convex
subset of E. Throughout this paper, S will always denote a semigroup with an identity e. S is
called left reversible if any two right ideals in S have nonvoid intersection, thatis, aSNbS # @
for a,b € S. In this case, we can define a partial ordering < on S by a < bif and only if aS > bS.
It is easy too see t < ts, (Vt,s € S). Further, if t < s then pt < ps for all p € S. If a semigroup S
is left amenable, then S is left reversible. But the converse is false.

S ={T(s):s €S} is called a representation of S as Lipschitzian mappings on C if for
each s € S, the mapping T'(s) is Lipschitzian mapping on C with Lipschitz constant k(s), and
T(st) = T(s)T(t) for s, t € S. We denote by F(S) the set of common fixed points of .S, and
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by C, the set of almost periodic elements in C, that is, all x € C such that {T(s)x : s € S} is
relatively compact in the norm topology of E. We will call a subspace X of [*(S), S-stable if
the functions s — (T(s)x,x*) and s — [|T(s)x — y|l on S are in X for all x,y € C and x* € E*.
We know that if y is a mean on X and if for each x* € E* the function s — (T(s)x,x*) is
contained in X and C is weakly compact, then there exists a unique point xy of E such that

us(T(s)x,x*) = (x0,x"), (2.3)

for each x* € E*. We denote such a point xy by T(4)x. Note that T () z = z, for each z € F(S);
see [36-38]. Let D be a subset of B where B is a subset of a Banach space E and let P be
a retraction of B onto D. Then P is said to be sunny [39] if for each x € B and t > 0 with
Px +t(x - Px) € B,

P(Px +t(x — Px)) = Px. (2.4)

A subset D of B is said to be a sunny nonexpansive retract of B if there exists a sunny
nonexpansive retraction P of B onto D. We know that if E is smooth and P is a retraction
of B onto D, then P is sunny and nonexpansive if and only if for each x € Band z € D,

(x—=Px, J(z-Px)) <0. (2.5)

For more details see [20, 21].
We will need the following lemma, which will appear in [32].

Lemma 2.1. Let S be a left reversible semigroup and S = {T(s) : s € S} be a representation of S as
Lipschitzian mappings from a nonempty weakly compact convex subset C of a Banach space E into C,
with the uniform Lipschitzian condition limsk(s) < 1 on the Lipschitz constants of the mappings. Let
X be a left invariant S-stable subspace of 1°(S) containing 1, and p be a left invariant mean on X.
Then F(S) = F(T(u)) N Ca.

Corollary 2.2. Let {u,} be an asymptotically left invariant sequence of means on X. If z € C, and
liminf, ., ||T(4n)z — z|| = 0, then z is a common fixed point for S.

Proof. From liminf, ., [|T (p,)z — z|| = 0, there exists a subsequence {T (u,, )z} of {T(un)z}
that converges strongly to z. Since the set of means on X is compact in the weak-star topology,
there exists a subnet {y,, : a € A} of {yy,} such that {y,, } converges to u in the weak-star
topology. Then, it is easy to show that p is a left invariant mean on X. On the other hand, for
each x* € E*, we have

(T () 2, X°) = i (TO)z,x°) — p(T()z,x*) = (T(w)z, x"). (2.6)

Now, since {T(y,, )z} converges strongly to z, we have (z,x*) = (T(u)z,x*) and hence z =
T (u)z. It follows from Lemma 2.1 that z is a common fixed point of S. O

Lemma 2.3. Let S be a left reversible semigroup and S = {T(s) : s € S} be a representation of S as
Lipschitzian mappings from a nonempty weakly compact convex subset C of a Banach space E into C,
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with the uniform Lipschitzian condition limgk(s) < 1 on the Lipschitz constants of the mappings. Let
X be a left invariant subspace of 1°(S) containing 1 such that the mappings s — (T (s)x, x*) be in X
forall x € X and x* € E*, and {p, } be a strongly left reqular sequence of means on X. Then

limsup sup (||T (n)x = T (un)yll - lIx = yl|) <O0. (2.7)

n—oo xyeC

Proof. Consider an arbitrary ¢ > 0 and take d = diam(C). Since limsk(s) < 1, there exists
sg € S such that

1 2.
s;t:slook(s) <l+— 2d (2.8)
From limy, _, o [|I% pn — ptall = 0, we may choose a natural number N such that
£
|22, pn — pn]| < 53 Vn > N. (2.9)

Then, for each x,y € C,n > N and x* € J(T (pn)x — T (n)y) we have

1T Gen)x = T )y lI* = (T () x = T (i), x*)
= () (T()x = T()y, x") = (I3 ) (T (8)x = T()y, x")
+ (L) (T(5)x = T(s)y, x*)
< Nt = B2y | Al + () (T (508)x = T (508) 7, x7)

< 3T () = TGy |+ supl[T(sus)x = (509 T o =Ty

< S ITGen)x =T )yl + sup (sos) = YT Gen)x = TGan)y ]

(2.10)
Therefore,
€
IT(n)x = T(un)y || < 5 + sup k(sos)llx -y
seS
@.11)
€
<5 esupk@llx -yl < 5+ (1+ 55 ) lx -yl <evlx -y,
5250
that is,
sup (|T(un)x = T(ua)y|| - lIx - yll) <&, V¥n>N. (2.12)

x,yeC

Since € > 0 is arbitrary, the desired result follows. O
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Remark 2.4. Taking in Lemma 2.3

Cn = supC(IIT(un)x—T(ﬂn)y|| ~llx=yll), Vn, (2.13)
x,y€

we obtain limsup,,_, ¢, < 0. Moreover,
T (un)x = T(u)y|| < llx =yl +cn, Vx,y €C. (2.14)

Corollary 2.5. Let S be a left reversible semigroup and S = {T(s) : s € S} be a representation of
S as Lipschitzian mappings from a nonempty compact convex subset C of a Banach space E into C,
with the uniform Lipschitzian condition limgk(s) < 1. Let X be a left invariant S-stable subspace of
1°(S) containing 1, and p be a left invariant mean on X. Then T (u) is nonexpansive and F(S) # @.
Moreover, if E is smooth, then F(S) is a sunny nonexpansive retract of C and the sunny nonexpansive
retraction of C onto F(S) is unique.

Proof. From (2.14), by taking u, = p (Vn), it follows that T, is nonexpansive. So, from
Lemma 2.1, we get F(S) = F(T,)# <. On the other hand, it is well-known that the fixed
point set of a nonexpansive mapping on a compact convex subset of a smooth Banach space
is a sunny nonexpansive retract of C and the sunny nonexpansive retraction of C onto F(S)
is unique [19, 20]. This concludes the result. O

We will need the following lemmas in what follows.

Lemma 2.6 (see [20, 21]). Let X be a real Banach space and let | be the duality mapping. Then, for
any given x,y € X and j(x +y) € J(x +y), there holds the inequality

llxc + ylI? < llxll® +2¢y, j(x + ). (2.15)

Lemma 2.7 (see [40]). Assume {a,} is a sequence of nonnegative real numbers such that

apy1 < (1 - Yn)an +6,, 120, (216)

where {y,} is a sequence in (0,1) and {6,} is a sequence in R such that

(i) Xyayn = oo
(ii) limsup,,_,  6,/yn <001 3771164 < o0.

Then lim,, _, wa, = 0.

Lemma 2.8 (see [41]). Let {x,} and {z,} be bounded sequences in a Banach space X and let {p,,}
be a sequence in [0, 1] with 0 < liminf, , ,f, and limsup,, _, _ p, < 1. Suppose

Xni1 = Puxn + (1= )z (2.17)
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for all integers n > 0 and

1im5up(||zn+1 = Zn|| = |2 - xn”) <0. (2.18)

n— oo
Then hmn—>oo||xn - Zn” =0.

3. The main theorem
We are now ready to establish our main theorem.

Theorem 3.1. Let S be a left reversible semigroup and S = {T(s) : s € S} be a representation of S
as Lipschitzian mappings from a nonempty compact convex subset C of a smooth Banach space E into
C, with the uniform Lipschitzian condition limsk(s) < 1 and f be an a-contraction on C for some
0 < a < 1. Let X be a left invariant S-stable subspace of 1°(S) containing 1, {p,} be a strongly left
regular sequence of means on X such that limy, _, ||pn+1 = pull = 0 and {c,} be the sequence defined
by (2.13). Let {a,}, {Pn} and {y,} be sequences in (0,1) such that
i) an+Pu+yn=1, Vn,

(i) limy, _ a, = 0;

(iil) > qan = o0;

(iv) im suanwcn/an < 0; (note that, by Remark 2.4, limsup, | _c, <0)
)

(v) 0 <liminf, ., ,p, <limsup, , B, <1

Let {x,} be the following sequence generated by x1 € C and Yn > 1,
Xns1 = O f (Xn) + PuXn + YT (n) X 3.1)
Then {x,} converges strongly to z € F(S) which is the unique solution of the variational inequality
(f=DzJ(y-2)) <0, VyeF(S). (3.2)

Equivalently, one has z = P f z, where P is the unique sunny nonexpansive retraction of C onto F(S).
Remark 3.2. For example, we may choose
—+./c, ifc, >0,

a, = (3.3)
if ¢, <0.

S| =

Q=

Proof. We divide the proof into several steps and prove the claim in each step.

Step 1. Claim. Let {w,} be a sequence in C. Then

nli_)rr(}o”T(/’lnH)wn - T(ﬂn)wnll =0. (3.4)
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Put D = sup{||z|| : z € C}. Then

T (1) wn = T (pn)wn || = sup |{T (pns1)wn — T (pn) wn, z) |

lIzl=1

- Sup'(,“rwl) <T(S)wnr Z> (/’ln)s<T(S)wn/ Z>|

|Iz||=1

< lpns1 = pall sup T (s)wnll < [|pns1 = pal|D — 0,  as n — oo.
seS

(3.5)

Step 2. Claim. lim,, _, oo ||Xp+1 — x| = 0.
Define a sequence {z,} by z,, = (xn+1 — Puxn)/ (1 = Bn) so that x,41 = fuxn, + (1 - Pn)z
We now compute

1 1
||Zn+1 - Zn” = H 1——ﬂ+1(xn+2 - ﬁn+1xn+1) - W(xrwl - ,ann)
n n

H 1 fon (ans1 f (xne1) + Yns1 T (st ) Xns1)

- m@cnﬂxn) + YT (n)n)

Hl oot (a1 f (xn1) + (1 = anir = Brs1) T (a1 ) Xna1)

- m(anf(xn) + (1 — Op+l — ﬂn+1)T(,un)xn)

< ”T(ﬂnﬂ)xnﬂ - T(,un)xn”

H Aptl

T Gant) = T e ) = 725 (F (o) =T (i) )|

(3.6)
Since C is bounded and limsup,, _, 3, < 1, we have for some big enough constant K > 0,

||Zn+1 - Zn” < ”T(ﬂnﬂ)xnﬂ =T (pn) xXni1 ” + ”T(ﬂn)xnﬂ - T(ﬂn)xn” + K(anﬂ + an)

(3.7)
SIT (pnsr ) Xner = T(p) Xt || + [ X1 = X || + €0+ K (s + ).
Now, since &, — 0 and by Step 1 and Lemma 2.3, we immediately conclude that
limsup ([|zas = 2| = [lone1 = 2|}
! (3.8)

< Hmsup (|| T (pns1) Xne1 = T(pn) Xns || + cn + K (@nir + ay)) <0.

Applying Lemma 2.8, we get lim,,||x,+1 — X, || = lim,, (1 = ) ||xn — 24| = 0.
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Step 3. Claim. The w-limit set of {x,}, w({x,}), is a subset of F(S).

Let vy € w({x,}) and {x,, } be a subsequence of {x,} converging strongly to y. Note
that

Xne1 — Xn = A f (Xn) + (1 = Bn) (T (pn) X0 — xn) — anT (pn) xy. (3.9)
So

o = T < 1= (s =5l + @l f ) - TGl (310

Hence, by (ii), (v) and Step 2, we have

nlim ||2cn = T (pn) xa|| = 0. (3.11)

From this and Lemma 2.3, we obtain
fim sup|ly = T (pn )yl < fim sup([ly = xu, || + [[n, = T () x| + 1T (e ) e = T (e ) yI)

< timsup 2y ~ || + [, T ()0 [ + €0) <0

— 0

(3.12)

Therefore, applying Corollary 2.2, we get y € F(S).

Step 4. Claim. The sequence {x,} converges strongly to z = Pfz.

We know, from Corollary 2.5 and the proof of Corollary 2.2, that there exists a unique
sunny nonexpansive retraction P of C onto F(S). The Banach Contraction Mapping Principal
guarantees that Pf has a unique fixed point z which by (2.5) is the unique solution of

(f-Dz,J(y-2)) <0, VyeF(S). (3.13)
We first show
limsup((f -I)z, J(x, — z)) <0. (3.14)

Let {x,, } be a subsequence of {x,} such that

kliir;o((f— Dz, J(xn, —z)) =limsup((f - 1)z, J (xn — 2)). (3.15)

n—oo

Without loss of generality, we can assume that {x, } converges to some y € C. By Step 3,
y € F(S). Smoothness of E and a combination of (3.13) and (3.15) give

limsup((f - D)z, J(x, —2)) = {((f =Dz, J(y —z)) <0, (3.16)

n—oo
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as required. Now, taking
Uy =T(Un)Xn, Yn2>1, (3.17)
we have ||u, — z|| < ||x, — z|| + ¢4. By using Lemma 2.6, we have

”xn+1 - Z”2 = ” [Yn(un = 2z) + Pulxn - Z)] +an (Yf(x") - Z) ”2
< ¥ ttn = 2) + BuCen = 2|7 + 200 {f (xn) = 2, T (X1 — 2))

2
+ Pl — 2|

<(1-pB)

(un - 2)

ﬂ
+ 20‘n<f(xn) - f(2), ](xn+1 - Z)> + 2“n<f(z) -z ](xn+l - Z)>

2

g, _
S1-g, [l = 2 || + Bul| 0 - 2|
+2ana||xn = z||||2xna1 = z|| + 200 (f (2) = 2, J (X471 — 2))
P R Ly P (3.18)
-_ 1 ﬂ n 1—ﬂ n n .

v @[ - 2| + [0 - 2I) + 2000 F(2) -2, ] (ot - 2)

YZ 2
- <1—ﬁn +ﬂn+ana>||xn—z||

c
+ apax|| xpi - z|| +2a,(f(2) — 2, ] (%1 — 2) ) + "Y;
n
11121 2
= <(1—ana)—2an+2ana+ )”xn—z”
1-p,
2 Cnla
+ anat||xp1 — z||” + 20, (f (2) = 2, ] (Xpe1 — 2) ) + 5
n

It follows that
2 2(1 - a)ay 2
o =21 < (1= 2222 Y o, -2
ay Yo
2 (2007 - 2T = D) + 12— L 1),
(3.19)
Now, from conditions (ii)—(v), (3.14) and Lemma 2.7, we get ||x, — z|| — 0. O

Corollary 3.3. Let S be a left reversible semigroup and S = {T(s) : s € S} be a representation of
S as nonexpansive mappings from a nonempty compact convex subset C of a smooth Banach space
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E into C and f be an a-contraction on C for some 0 < a < 1. Let X be a left invariant S-stable
subspace of 1°(S) containing 1 and {u,} be a strongly left reqular sequence of means on X such that
Himy, - oo ||ptns1 — pnll = 0. Let {an}, {Bn} and {y,} be sequences in (0, 1) such that

(1) Xp +ﬁn +Yn = 1, VTl,
(i) lim, _ a, =0;
(iii) > qatn = oo;

(iv) 0 < liminf, , 3, < limsup, , fB, <1.

Let {x,} be the sequence generated by x1 € C and Yn > 1,
Xns1 = O f (Xn) + PrXn + YuT (fn) X (3.20)
Then {x,} converges strongly to z € F(S) which is the unique solution of the variational inequality
((f-DzJ(y-2)) <0, VyeF(S). (3.21)

Equivalently, one has z = P f z, where P is the unique sunny nonexpansive retraction of C onto F(S).

Remark 3.4. If S is a countable left amenable semigroup, then there is a strong left regular
sequence on [*(S) consisting finite means y, thatis, g = 31116y, Ai 2 0, 274 = 1. See [42,
Corollary 3.7].

Remark 3.5. It is known that if S is a left reversible semigroup, then WAP(S), the space of
weakly almost periodic functions on S, has a left invariant mean. But the converse is not true
(see [43]).

Problem. Can the hypothesis on S of Theorem 3.1 be replaced by WAP(S) has a left
invariant mean?

4. Applications

Corollary 4.1. Let C be a compact convex subset of a smooth Banach space E and let S, T be
asymptotically nonexpansive mappings of C into itself with ST = TS and f be an a-contraction
on C for some 0 < a < 1. Let {c,} be defined by

!
._x
H

n—

a5

n2 4
i

Cp =

(1-kil;), (4.1)

Iy
(=}
I
[=}

i
where, d = diam(C) and k; and 1; are defined as

ISix - Syl <kllx-yl,  [Tx-Tiyl <ljllx -y, (4.2)
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forall x,y € C, and lim; _, o k; = lim; _, ,,l; = 1. Let {a,,}, {fn} and {y,} be sequences in (0,1) such
that
(D) an+Pu+yn=1 Vn,
(i) lim, _ a, =0;
(iii) > qatn = oo;
(iv) limsup,, _,  cn/a, <0; (note that lim,, _, ., = 0)

(v) 0 <liminf,_, f, < limsup, B, <1.
Let x1 = x € C and {x,} be a sequence defined by

Xn = Anf (Xn) + PuXn + Yn <%§1 "Z_lsinxn> (4.3)

i=0 j=0

foreach n € N. Then {x,} converges strongly to z € F(S) N F(T) which is the unique solution of the
variational inequality

(F =Dz J(y-2)) <0, Yy e F(S)nF(T). (4.4)
Equivalently, one has z = Pfz, where P is the unique sunny nonexpansive retraction of C onto
F(S)nF(T).

Proof. Let T(i, j) = S'T/ for each i,j € NU {0}. Then {T(i, ) : i,j € NU {0}} is a semigroup of
Lipschitzian mappings on C such that forall x,y € C,

1T j)x =Tyl < kG, pllx -yl (4.5)

where k(i,j) = k;l;. Hence lim;; . ,k(i,j) = 1. On the other hand, for each n € N, define

wn(f) = 1/m® 30 S50 f (i, j) for each f € I°((N U {0})*). Then, {u,} is a strongly regular
sequence of means and lim,, _, oo || ftns1 — pnll = 0 [9, 44]. Next, for each x,y € Cand n € N, we
have

1 n-ln-1 1 n-ln-1
IT (e = TGyl = || 5> 2.8 T/x - — STiy|| <llx-yl+cn.  (46)
i=0 j=0 i=0 j=0
Now, apply Theorem 3.1 to conclude the result. O

Corollary 4.2. Let C be a compact convex subset of a smooth Banach space E and let S = {T(t) : t €
R, } be a strongly continuous semigroup of Lipschitzian mappings on C with the uniform Lipschitzian
condition lim;_, ,k(t) < 1 and {t,} be an increasing sequence in (0, 00) such that lim,_, ,t, = oo
and limy, _, oo (tn/the1) = 1. Let {a,}, {Bn) and {y,} be sequences in (0,1) such that

(1) Xn +ﬁn +Yn = 1, VTl,

(i) lim, _ a, = 0;
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(iii) >ty = o0;

(iv) limsup, _,  cn/a, <0, where

ty tn
Cp = sup lf T(s)xds - lf T(s)yds| - llx-yll ¢; (4.7)
x,yeC nJo tn 0
(v) 0 <liminf, ., f, <limsup,_, _fn <1.
Let x1 = x € C and {x,} be a sequence defined by
1 ("
Xn+1 = Onf (Xn) + PnXn + Yn <t__[ T(s)xnds> (4.8)
nJo

for each n € N. Then {x,} converges strongly to z € F(S) which is the unique solution of the
variational inequality

((f =Dz J(y-2)) <0, VyeF(S). (4.9)

Equivalently, one has z = P fz, where P is the unique sunny nonexpansive retraction of C onto F(S).

Proof. For n € N, define p,(f) = 1/t, fg"f(t)dt for each f € C(R.), where f € C(R.) denotes
the space of all real valued bounded continuous functions on R, with supremum norm. Then,
{pn} is a strongly regular sequence of means and lim, _, oo||[ptns1 — pin|l = 0 [9, 44]. Further, for
each x € C, we have T'(u,)x = 1/t, _[E"T(s)xds. Therefore, it suffices to apply Theorem 3.1 to
conclude the desired result. O

Corollary 4.3. Let C be a compact convex subset of a smooth Banach space E and let S = {T(t) : t €
R, } be a strongly continuous semigroup of Lipschitzian mappings on C with the uniform Lipschitzian
condition lim;_, . k(t) < 1 and {r,} be a decreasing sequence in (0, co) such that lim, _, -1, = 0. Let
{an}, {Bn} and {y,} be sequences in (0, 1) such that

(i) Xp +,6n +Yn = 1, Vn,

(i) limy, _ a, = 0;

(iii) >ty = o0;
(iv) limsup, _, cu/a, <0, where
Cn = Sup { T"J‘ exp (- ri,t)T(t)xdt - rnj exp (=1, ) T(t)ydt| - ||lx -yl }; (4.10)
x,yeC 0 0

(v) 0 <liminf,, o,pn <limsup, pn <1.

Let x1 = x € C and {x,} be a sequence defined by

Xn41 = O f (Xn) + Pnxn + annf exp(-1,5)T (s)x,ds (4.11)
0
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for each n € N. Then {x,} converges strongly to z € F(S) which is the unique solution of the
variational inequality

((f=DzJ(y-2)) <0, VyeF(S). (4.12)

Equivalently, one has z = P f z, where P is the unique sunny nonexpansive retraction of C onto F(S).

Proof. For n € N, define u,(f) = rnjgo exp(-r,t) f(t)dt for each f € C(R,). Then, {u,} is a
strongly regular sequence of means and limy, _, oo ||ptn+1—pn|| = 0 [9, 44]. Further, for each x € C,
wehave T'(p,)x =1y, j8° exp(—r,t)T (t)xdt. Therefore, the result follows from Theorem 3.1. [J

Corollary 4.4. Let C be a compact convex subset of a smooth Banach space E and let S be an
asymptotically nonexpansive mapping of C into itself and f be an a-contraction on C for some
0<a <1 Let {c,} be defined by

—_

n—

S

Cp = (1-ki), (4.13)

il
o

where, d = diam(C) and k; is defined as || S'x - S'y|| < killx-yl|, forall x, y € C, and lim; _, .k; = 1.
Let {a,}, {Pn} and {y,} be sequences in (0, 1) such that

(D) an+Pu+yn=1 Vn,
(i) lim, _ a, = 0;
(iii) > aty = oo;
(iv) limsup,,_, cn/a, <0;
)

(v) 0 <liminf, ., f, < limsup, B, <1.

Let x1 = x € C and {x,} be a sequence defined by

Xn = An f(Xn) + Puxn + Yann,mexn (4.14)

m=0

for each n € N where Q = {qum} is a strongly reqular matrix. Then {x,} converges strongly to
z € F(S) which is the unique solution of the variational inequality

(f-DzJ(y-2)) <0, VyeF(S). (4.15)

Equivalently, one has z = P fz, where P is the unique sunny nonexpansive retraction of C onto F(S).

Proof. For each n € N, define

1) = S G f (m) (4.16)
m=0
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for each f € I*(NU {0}). Since Q is a strongly regular matrix, for each m, we have g,,,, — 0,
as n — oo; see [37]. Then, it is easy to see that {y,} is a regular sequence of means, and
|ns1 — pnll — O [44]. Further, for each x € C, we have T(p,)x = Xo_o GnmT™x. Now, apply
Theorem 3.1 to conclude the result. O

For deducing some more applications, we refer to, for example, [44].
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