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1. Introduction and preliminaries

Throughout this paper, we assume that E is a real Banach space, C is a nonempty closed
convex subset ofE,E∗ is the dual space ofE, and J : E→E∗ is the normalized dualitymapping
defined by

J(x) =
{
f ∈ E∗ : 〈x, f〉 = ||x||2 = ||f ||2}, x ∈ E. (1.1)

Recall that a set C ⊂ E is said to be closed, convex, and pointed cone if it is a closed set
and satisfies the following conditions: (1) C + C ⊂ C; (2) λC ⊂ C for each λ ≥ 0; (3) if x ∈ C
with x /= 0, then −x /∈C.
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Definition 1.1. Let T : C→C be a mapping:

(1) T is said to be (λ, {kn})-strictly asymptotically pseudocontractive if there exist a
constant λ ∈ (0, 1) and a sequence {kn} ⊂ [1,∞) with kn → 1 such that for all
x, y ∈ C, and for all j(x − y) ∈ J(x − y),

〈
Tnx − Tny, j(x − y)

〉 ≤ kn||x − y||2 − λ
∥
∥x − Tnx − (

y − Tny
)∥∥2 ∀n ≥ 1, (1.2)

(2) T is said to be λ-strictly pseudocontractive in the terminology of Browder-Petryshyn [1]
if there exist a constant λ ∈ (0, 1) such that for all x, y ∈ C,

〈
Tx − Ty, j(x − y)

〉 ≤ ||x − y||2 − λ
∥
∥x − Tx − (y − Ty)

∥
∥2 ∀j(x − y) ∈ J(x − y), (1.3)

(3) T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

∥∥Tnx − Tny
∥∥ ≤ L||x − y|| ∀n ≥ 1. (1.4)

The class of (λ, {kn})-strictly asymptotically pseudocontractive mappings was first
introduced in Hilbert spaces by Liu [2]. In the case of Hilbert spaces, it is shown by [2] that
(1.2) is equivalent to the inequality

∥∥Tnx − Tny
∥∥2 ≤ kn||x − y||2 + λ

∥∥(I − Tn)x − (
I − Tn)y

∥∥2
. (1.5)

Concerning the convergence problem of iterative sequences for strictly pseudocontrac-
tive mappings has been studied by several authors (see, e.g., [1, 3–7]). Concerning the class
of strictly asymptotically pseudocontractive mappings, Liu [2] and Osilike et al. [8] proved
the following results.

Theorem 1.2 (Liu [2]). LetH be a real Hilbert space, letC be a nonempty closed convex and bounded
subset ofH, and let T : C→C be a completely continuous uniformly L-Lipschitzian (λ, {kn})-strictly
asymptotically pseudocontractive mapping such that

∑∞
n=1(k

2
n − 1) < ∞. Let {αn} ⊂ (0, 1) be a

sequence satisfying the following condition:

0 < ε ≤ αn ≤ 1 − λ − ε ∀n ≥ 1 and some ε > 0. (1.6)

Then, the sequence {xn} generated from an arbitrary x1 ∈ C by

xn+1 =
(
1 − αn

)
xn + αnT

nxn ∀n ≥ 1 (1.7)

converges strongly to a fixed point of T .

In 2007, Oslike et al. [8] proved the following theorem.
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Theorem 1.3 (Oslike et al. [8]). Let E be a real q-uniformly smooth Banach space which is also
uniformly convex, let C be a nonempty closed convex subset of E, let T : C→C be a (λ, {kn})-
strictly asymptotically pseudocontractive mapping such that

∑∞
n=1(kn − 1) < ∞, and let F(T)/=∅.

Let {αn} ⊂ [0, 1] be a real sequence satisfying the following condition:

0 < a ≤ α
q−1
n ≤ b <

q(1 − k)
2cq

(1 + L)−(q−2) ∀n ≥ 1. (1.8)

Let {xn} be the sequence defined by (1.7). Then,

(1) limn→∞||xn − p|| exists ∀ p ∈ F(T),

(2) limn→∞||xn − Txn|| = 0,

(3) {xn} converges weakly to a fixed point of T .

It is our purpose in this paper to introduce the following new implicit iterative process
with errors for a finite family of strictly asymptotically pseudocontractive mappings {Ti} and
a finite family of nonexpansive mappings {Si}:

x1 ∈ C,

xn = αnSnxn−1 +
(
1 − αn

)
Tn
nxn + un ∀n ≥ 1,

(1.9)

where C is a closed convex cone of E, Sn = Sn(modN), Tn
n = Tn

n(modN), and {un} is a bounded
sequence in C. Also, we aim to prove some strong convergence theorems to approximating
a common fixed point of {Si} and {Ti}. The results presented in the paper are new which
extend and improve some recent results of [2–8].

In order to prove our main results, we need the following lemmas.

Lemma 1.4 (see [9]). Let E be a real Banach space, letC be a nonempty subset of E, and let T : C→C
be a (λ, {kn})-strictly asymptotically pseudocontractive mapping, then T is uniformly L-Lipschitzian.

Lemma 1.5. Let E be a real Banach space, let C be a nonempty closed convex subset of E, and let
Ti : C→C be a (λi, {k(i)

n })-strictly asymptotically pseudocontractive mapping, i = 1, 2, . . . ,N, then
there exist a constant λ ∈ (0, 1), a constant L > 0, and a sequence {kn} ⊂ [1,∞) with limn→∞ kn = 1
such that for any x, y ∈ C and for each i = 1, 2, . . . ,N and each n ≥ 1, the following hold:

〈
Tn
i x − Tn

i y, j(x − y)
〉 ≤ kn||x − y||2 − λ

∥∥x − Tn
i x − (

y − Tn
i y

)∥∥2 (1.10)

for each j(x − y) ∈ J(x − y) and

∥∥Tn
i x − Tn

i y
∥∥ ≤ L||x − y||. (1.11)

Proof. Since for each i = 1, 2, . . . ,N, Ti is (λi, {k(i)
n })-strictly asymptotically pseudocontractive,

where λi ∈ (0, 1) and {k(i)
n } ⊂ [1,∞)with limn→∞ k

(i)
n = 1. By Lemma 1.4, Ti is Li-Lipschitzian.
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Taking kn = max{k(i)
n , i = 1, 2, . . . ,N} and λ = min{λi, i = 1, 2, . . . ,N}, hence, for each i =

1, 2, . . . ,N, we have

〈
Tn
i x − Tn

i y, j(x − y)
〉 ≤ k

(i)
n ||x − y||2 − λi

∥
∥x − Tn

i x − (
y − Tn

i y
)∥∥2

≤ kn||x − y||2 − λ
∥
∥x − Tn

i x − (
y − Tn

i y
)∥∥2

.
(1.12)

The conclusion (1.10) is proved. Again, taking L = max{Li : i = 1, 2, . . .N} for any x, y ∈ C,
we have

∥
∥Tn

i x − Tn
i y

∥
∥ ≤ Li||x − y|| ≤ L||x − y|| ∀n ≥ 1. (1.13)

This completes the proof of Lemma 1.5.

Lemma 1.6 (see [9]). Let {an}, {bn}, and {cn} be three nonnegative real sequences satisfying the
following condition:

an+1 ≤
(
1 + bn

)
an + cn ∀n ≥ n0, (1.14)

where n0 is some nonnegative integer such that
∑∞

n=1 bn < ∞ and
∑∞

n=1 cn < ∞, then limn→∞ an

exists.
In addition, if there exists a subsequence {ani} ⊂ {an} such that ani → 0, then an →

0 (n→∞).

2. Main results

We are now in a position to prove our main results in this paper.

Theorem 2.1. Let E be a real Banach space, let C be a nonempty closed pointed convex cone of E, let
Ti : C→C, i = 1, 2, . . . ,N, be a finite family of (λi, {k(i)

n })-strictly asymptotically pseudocontractive
mappings, and let Si : C→C, i = 1, 2, . . . ,N, be a finite family of nonexpansive mappings with

F =
N⋂

i=1

F
(
Si

)⋂ N⋂

i=1

F
(
Ti
)
/=∅ (2.1)

(the set of common fixed points of {Si} and {Ti}). Let {αn} be a sequence in (0, 1), let {un} be a
bounded sequence in C, let λ = min{λi : i = 1, 2, . . . ,N}, kn = max{k(i)

n , i = 1, 2, . . . ,N}, and let
L = max{Li : i = 1, 2, . . . ,N} > 0 be positive numbers defined by (1.10) and (1.11), respectively. If
the following conditions are satisfied:

(i) 0 < max{λ, (1 − 1/L)} < lim infn→∞ αn ≤ αn < 1,

(ii)
∑∞

n=1(1 − αn) = ∞,

(iii)
∑∞

n=1(kn − 1) < ∞ and 1 ≤ kn < (1 − λ)/(1 − lim infn→∞ αn),

(iv)
∑∞

n=1||un|| < ∞,
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then the iterative sequence {xn} with errors defined by (1.9) has the following properties:

(1) limn→∞||xn − p|| exists for each p ∈ F,

(2) limn→∞ d(xn, F) exists,

(3) lim infn→∞||xn − Tn
nxn|| = 0,

(4) the sequence {xn} converges strongly to a common fixed point p ∈ F if and only if

lim inf
n→∞

d
(
xn, F

)
= 0. (2.2)

Proof. We divide the proof of Theorem 2.1 into four steps.
(I) First, we prove that the mapping Gn : C→C, n = 1, 2, . . . , defined by

Gn(x) = αnSnxn−1 +
(
1 − αn

)
Tn
nx + un, x ∈ C (2.3)

is a Banach contractive mapping.
Indeed, it follows from condition (i) that 1 − 1/L < αn, that is, (1 − αn)L < 1. Hence,

from Lemma 1.5, for any x, y ∈ C, we have

∥∥Gnx −Gny
∥∥ =

∥∥αnSnxn−1 +
(
1 − αn

)
Tn
nx + un −

(
αnSnxn−1 +

(
1 − αn

)
Tn
ny + un

)∥∥

= (1 − αn)
∥∥Tn

nx − Tn
ny

∥∥

≤ (1 − αn)L||x − y||, n = 1, 2, . . . ,

(2.4)

that is, for each n = 1, 2, . . . , Gn : C→C is a Banach contraction mapping. Therefore, there
exists a unique fixed point xn ∈ C such that xn = G(xn). This shows that the sequence {xn}
defined by (1.9) is well defined.

(II) The proof of conclusions (1) and (2).
For any given p ∈ F and for any j(xn − p) ∈ J(xn − y) from Lemma 1.5, we have

∥∥xn − p
∥∥2 =

∥∥αn

(
Snxn−1 − p

)
+
(
1 − αn

)(
Tn
nxn − p

)
+ un

∥∥2

= αn

〈
Snxn−1 − p, j

(
xn − p

)〉
+
(
1 − αn

)〈
Tn
nxn − p, j

(
xn − p

)〉
+
〈
un, j

(
xn − p

)〉

≤ αn

∥∥xn−1 − p
∥∥∥∥xn − p

∥∥ +
(
1 − αn

){
kn

∥∥xn − p
∥∥2 − λ

∥∥xn − Tn
nxn

∥∥2} +
∥∥un

∥∥∥∥xn − p
∥∥.

(2.5)

Simplifying it, we have

∥∥xn − p
∥∥ ≤ αn

1 − (
1 − αn

)
kn

∥∥xn−1 − p
∥∥ +

∥∥un

∥∥

1 − (
1 − αn

)
kn

−
(
1 − αn

)
λ

1 − (
1 − αn

)
kn

·
∥∥xn − Tn

nxn

∥∥2

∥∥xn − p
∥∥ .

(2.6)

By virtue of conditions (i) and (iii), we have

kn ≤ 1 − λ

1 − lim infn→∞ αn
≤ 1 − λ

1 − αn
, (2.7)
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and so

0 < λ ≤ 1 − (
1 − αn

)
kn < 1. (2.8)

It follows from (2.6) and (2.8) that

∥∥xn − p
∥∥ ≤ αn

1 − (
1 − αn

)
kn

∥∥xn−1 − p
∥∥ +

∥
∥un

∥
∥

λ
− (

1 − αn

)
λ ·

∥
∥xn − Tn

nxn

∥
∥2

∥
∥xn − p

∥
∥

=

(

1 +

(
1 − αn

)(
kn − 1

)

1 − (
1 − αn

)
kn

)

‖xn−1 − p‖ +
∥
∥un

∥
∥

λ
− (

1 − αn

)
λ ·

∥
∥xn − Tn

nxn

∥
∥2

∥
∥xn − p

∥
∥ .

(2.9)

Letting bn = (1 − αn)(kn − 1)/(1 − (1 − αn)kn) and cn = ‖un‖/λ, then we have

∥∥xn − p
∥∥ ≤ (

1 + bn
)∥∥xn−1 − p

∥∥ + cn ∀n ≥ 1. (2.10)

By using (2.8),

bn ≤
(
1 − αn

)(
kn − 1

)

λ
<

kn − 1
λ

. (2.11)

By conditions (iii) and (iv),
∑∞

n=1 bn < ∞ and
∑∞

n=1 cn < ∞. By virtue of Lemma 1.6,
limn→∞||xn − p|| exists; and so {xn} is a bounded sequence in C. Denote

M = sup
n≥1

∥∥xn − p
∥∥. (2.12)

From (2.10), we have

d
(
xn, F

) ≤ (
1 + bn

)
d
(
xn−1, F

)
+ cn ∀n ≥ 1. (2.13)

By using Lemma 1.6 again, we know that limn→∞ d(xn, F) exists.
The conclusions (1) and (2) are proved.
(III) The proof of conclusion (3).
It follows from (2.9) that

∥∥xn − p
∥∥ ≤ (

1 + bn
)‖xn−1 − p‖ + cn −

(
1 − αn

)
λ ·

∥∥xn − Tn
nxn

∥∥2

M

≤ ∥∥xn−1 − p
∥∥ + bnM + cn −

(
1 − αn

)
λ ·

∥∥xn − Tn
nxn

∥∥2

M
,

(2.14)

that is,

(
1 − αn

)
λ ·

∥∥xn − Tn
nxn

∥∥2

M
≤ ∥∥xn−1 − p

∥∥ − ∥∥xn − p
∥∥ + bnM + cn. (2.15)
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For any positive number n1, we have

λ

M

n1∑

n=1

(
1 − αn

)∥∥xn − Tn
nxn

∥
∥2 ≤ ∥

∥x0 − p
∥
∥ − ∥

∥xn1 − p
∥
∥ +

n1∑

n=1

(
bnM + cn

)

≤ ∥
∥x0 − p

∥
∥ +

n1∑

n=1

(
bnM + cn

)
.

(2.16)

Letting n1 →∞, we have

λ

M

∞∑

n=1

(
1 − αn

)∥∥xn − Tn
nxn

∥
∥2 ≤ ∥

∥x0 − p
∥
∥ +

∞∑

n=1

(
bnM + cn

)
< ∞. (2.17)

By condition (ii), we have

lim inf
n→∞

∥∥xn − Tn
nxn

∥∥ = 0. (2.18)

(IV) Next, we prove the conclusion (4).

Necessity

If {xn} converges strongly to some point p ∈ F, then from 0 ≤ d(xn, F) ≤ ‖xn − p‖→ 0, we
have

lim inf
n→∞

d
(
xn, F

)
= 0. (2.19)

Sufficiency

If lim infn→∞ d(xn, F) = 0, it follows from the conclusion (2) that limn→∞ d(xn, F) = 0.
Next, we prove that {xn} is a Cauchy sequence in C. In fact, since for any t > 0, 1 + t ≤

exp(t), therefore, for any m,n ≥ 1 and for given p ∈ F, from (2.10), we have

∥∥xn+m − p
∥∥ ≤ (

1 + bn+m
)∥∥xn+m−1 − p

∥∥ + cn+m

≤ exp
{
bn+m

}∥∥xn+m−1 − p
∥∥ + cn+m

≤ exp
{
bn+m

}[
exp

{
bn+m−1

}∥∥xn+m−2 − p
∥∥ + cn+m−1

]
+ cn+m

= exp
{
bn+m + bn+m−1}

∥∥xn+m−2 − p
∥∥ + exp

{
bn+m

}
cn+m−1 + cn+m

≤ · · ·

≤ exp

{
n+m∑

i=n+1

bi

}
∥∥xn − p

∥∥ +
n+m∑

i=n+1

(

exp

{
n+m∑

j=i+1

bj

})

ci

≤ K

(
∥∥xn − p

∥∥ +
n+m∑

i=n+1

ci

)

< ∞,

(2.20)
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where K = exp{∑∞
j=1 bj} < ∞. Since

lim
n→∞

d
(
xn, F

)
= 0,

∞∑

n=1

cn < ∞ (2.21)

for any given ε > 0, there exists a positive integer n1 such that

d
(
xn, F

)
<

ε

4(K + 1)
,

∞∑

i=n+1

ci <
ε

2K
∀n ≥ n1. (2.22)

Hence, there exists p1 ∈ F such that

∥
∥xn − p1

∥
∥ <

ε

2(K + 1)
∀n ≥ n1. (2.23)

Consequently, for any n ≥ n1 and m ≥ 1, from (2.20), we have

∥∥xn+m − xn

∥∥ ≤ ∥∥xn+m − p1
∥∥ +

∥∥xn − p1
∥∥

≤ K

{
∥∥xn − p1

∥∥ +
n+m∑

i=n+1

ci

}

+
∥∥xn − p1

∥∥

≤ (K + 1)
∥∥xn − p1

∥∥ +K

(
n+m∑

i=n+1

ci

)

≤ (K + 1)
ε

2(K + 1)
+K

ε

2K
= ε.

(2.24)

This implies that {xn} is a Cauchy sequence in C. Let xn →x∗ ∈ C. Since limn→∞ d(xn, F) = 0,
and so d(x∗, F) = 0. Again, since {Sn} is a finite family of nonexpansive mappings and {Tn}
is a finite family of strictly asymptotically pseudocontractive mappings, by Lemma 1.5, it is
a finite family of uniformly Lipschitzian mappings. Hence, the set F of common fixed points
of {Sn} and {Tn} is closed and so x∗ ∈ F.

This completes the proof of Theorem 2.1.

Remark 2.2. Theorem 2.1 is a generalization and improvement of the corresponding results in
Osilike et al. [8] and Liu [2] which is also an improvement of the corresponding results in
[3, 5–7].

The following theorem can be obtained from Theorem 2.1 immediately.

Theorem 2.3. Let E be a real Banach space, let C be a nonempty closed pointed convex cone of E, let
T : C→C be a (λ, {kn})-strictly asymptotically pseudocontractive mappings, and let {Si : C→C, i =
1, 2, . . . ,N} be a finite family of nonexpansive mappings with

F =
N⋂

i=1

F
(
Si

)⋂
F(T)/=∅ (2.25)
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(the set of common fixed points of {Si} and T ). Let {αn} be a sequence in (0, 1), let {un} be a bounded
sequence in C. If the following conditions are satisfied:

(i) 0 < max{λ, (1 − 1/L)} < lim infn→∞ αn ≤ αn < 1, where L > 0 is a constant appeared in
Lemma 1.4,

(ii)
∑∞

n=1(1 − αn) = ∞,

(iii)
∑∞

n=1(kn − 1) < ∞ and 1 ≤ kn < (1 − λ)/(1 − lim infn→∞ αn),

(iv)
∑∞

n=1||un|| < ∞,

then the conclusions in Theorem 2.1 still hold.

Theorem 2.4. Let E be a real Banach space, let C be a nonempty closed convex subset of E, and
{Ti : C→C, i = 1, 2, . . . ,N} be a finite family of (λi, {k(i)

n })-strictly asymptotically pseudocontractive
mappings, and let {Si : C→C, i = 1, 2, . . . ,N} be a finite family of nonexpansive mappings with

F =
N⋂

i=1

F
(
Si

)⋂ N⋂

i=1

F(Ti)/=∅ (2.26)

(the set of common fixed points of {Si} and {Ti}). Let {xn} be the sequence defined by the following:
for any given x1 ∈ C,

xn = αnSnxn−1 + βnT
n
nxn + γnun ∀n ≥ 1, (2.27)

where Sn = Sn(modN), Tn
n = Tn

n(modN), {αn}, {βn}, and {γn} are sequences in [0, 1] with αn + βn +

γn = 1, {un} is a bounded sequence in C, λ = min{λi : i = 1, 2, . . . ,N}, kn = max{k(i)
n , i =

1, 2, . . . ,N}, and L = max{Li : i = 1, 2, . . . ,N} > 0 are positive numbers defined by (1.10) and
(1.11), respectively. If the following conditions are satisfied:

(i) 0 < λ < lim infn→∞ αn ≤ αn < 1,

(ii)
∑∞

n=1(1 − αn) = ∞,

(iii) 0 < βn ≤ lim supn→∞ βn ≤ min{1 − λ, 1/L} < 1,

(iv)
∑∞

n=1(kn − 1) < ∞ and 1 ≤ kn < (1 − λ)/(1 − lim infn→∞ αn),

(v)
∑∞

n=1 γn < ∞,

then the conclusions of Theorem 2.1 for sequence {xn} defined by (2.27) still hold.

Proof. By the same method as given in the proof of Theorem 2.1, we can prove that the
mapping Wn : C→C defined by

Wn(x) = αnSnxn−1 + βnT
n
nx + γnun, x ∈ C, n ≥ 1, (2.28)

is a Banach contractive mapping. Hence, there exists a unique xn ∈ C such that xn = W(xn).
This implies that the sequence {xn} defined by (2.27) is well defined.
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For each p ∈ F, we have

∥
∥xn − p

∥
∥2 = αn

〈
Snxn−1 − p, j

(
xn − p

)〉
+ βn

〈
Tn
nxn − p, j

(
xn − p

)〉
+ γn

〈
un − p, j

(
xn − p

)〉

≤ αn

∥
∥xn−1 − p

∥
∥
∥
∥xn − p

∥
∥ + βn

{
kn

∥
∥xn − p

∥
∥2 − λ

∥
∥xn − Tn

nxn

∥
∥2

}
+ γn

∥
∥un − p

∥
∥
∥
∥xn − p

∥
∥.

(2.29)

Simplifying it, we have

∥
∥xn − p

∥
∥2 ≤ αn

∥
∥xn−1 − p

∥
∥
∥
∥xn − p

∥
∥

1 − βnkn
− βnλ

1 − βnkn

∥
∥xn − Tn

nxn

∥
∥2 +

γn
1 − βnkn

∥
∥un − p

∥
∥
∥
∥xn − p

∥
∥.

(2.30)

Since

lim sup
n→∞

βn = lim sup
n→∞

(
1 − αn − γn

) ≤ lim sup
n→∞

(
1 − αn

)
= 1 − lim inf

n→∞
αn, (2.31)

by conditions (i), (iii), and (iv), we have

kn ≤ 1 − λ

1 − lim infn→∞ αn
≤ 1 − λ

lim supn→∞ βn
≤ 1 − λ

βn
, (2.32)

that is, 1 − βnkn ≥ λ > 0. Hence, we have

∥∥xn − p
∥∥ ≤ αn

∥∥xn−1 − p
∥∥

1 − βnkn
+
γn
λ

∥∥un − p
∥∥

=
(
1 +

βnkn − βn − γn
1 − βnkn

)∥∥xn−1 − p
∥∥ +

γn
λ

∥∥un − p
∥∥

≤
(
1 +

βnkn − βn
1 − βnkn

)∥∥xn−1 − p
∥∥ +

γn
λ

∥∥un − p
∥∥.

(2.33)

By condition (iv),

∞∑

n=1

βnkn − βn
1 − βnkn

≤ 1
λ

∞∑

n=1

(
kn − 1

)
< ∞. (2.34)

Again, since {||un − p||} is bounded, by condition (v), we have

∞∑

n=1

γn
∥∥un − p

∥∥

λ
< ∞. (2.35)

It follows from (2.33) and Lemma 1.6 that limn→∞||xn − p|| exists, and so {xn} is bounded.
Since {Ti} is uniformly Lipschitzian, {Tn

nxn} is bounded.
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Now, we rewrite (2.27) as follows:

xn = αnSnxn−1 +
(
1 − αn

)
Tn
nxn + vn ∀n ≥ 1, (2.36)

where vn = γn(un − Tn
nxn). By condition (v),

∞∑

n=1

∥
∥vn

∥
∥ < ∞. (2.37)

These imply that all conditions in Theorem 2.1 are satisfied. Therefore, the conclusion of
Theorem 2.4 can be obtained from Theorem 2.1 immediately.

This completes the proof of Theorem 2.4.

Theorem 2.5. Let E be a real Banach space, let C be a nonempty closed convex subset of E, and let
{Ti : C→C, i = 1, 2, . . . ,N} be a finite family of (λi, {k(i)

n })-strictly asymptotically pseudocontractive
mappings with

F =
N⋂

i=1

F
(
Ti
)
/=∅ (2.38)

(the set of common fixed points of {Ti}). Let {xn} be the sequence defined by the following:
for any given x1 ∈ C,

xn = αnxn−1 + βnT
n
nxn + γnun ∀n ≥ 1, (2.39)

where Tn
n = Tn

n(modN), {αn}, {βn}, and {γn} are sequences in [0, 1] with αn + βn + γn = 1, {un}
is a bounded sequence in C, λ = min{λi : i = 1, 2, . . . ,N}, kn = max{k(i)

n , i = 1, 2, . . . ,N}, and
L = max{Li : i = 1, 2, . . . ,N} > 0 are positive numbers defined by (1.10) and (1.11), respectively. If
the following conditions are satisfied:

(i) 0 < λ < lim infn→∞ αn ≤ αn < 1,

(ii)
∑∞

n=1(1 − αn) = ∞,

(iii) 0 < βn ≤ lim supn→∞ βn ≤ min{1 − λ, 1/L} < 1,

(iv)
∑∞

n=1(kn − 1) < ∞ and 1 ≤ kn < (1 − λ)/(1 − lim infn→∞ αn),

(v)
∑∞

n=1γn < ∞,

then the conclusions of Theorem 2.1 for sequence {xn} defined by (2.39) still hold.
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